Discrete Optimization
Lecture 2

Part 1

Minimum Spanning Tree

Slides online: https://project.inria.fr/2015ma2827
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Recap of previous class

e Basics of Graphs (directed, undirected)
— Walks
— Paths
— Circuits

* Shortest Path Algorithms
— 4 of them

* Assignment 1 given
— Register team. Deadline: 7/4 !



Outline

Chow-Liu Tree

Minimum Spanning Tree Problem

Kruskal’s Method

Prim’s Method



Distribution

Eg: Pose estimation — Estimate joint probability of body parts

£

Our new public‘dataset: Poses in the Wild




Known Tree Structure

Distribution Pp(x)

Vo) = Parent” of v,

Pr(ws|z3) Pr(za|z1) Pr(zs|zo) Pr(va|ro) Pr(r1|To) Pr(To)

Estimate PT(xa‘xp(a)) — P(xa\xp(a))



Known Tree Structure

Distribution Pp(x)

Vo) = Parent” of v,

Pr(xs|z2)Pr(za|z2) Pr(zs|ze) Pr(x2|xo)Pr(zi|z2) Pr(xo)

Estimate PT(xa\xp(a)) = P(xa\xp(a)) Which tree?



Kullback-Leibler Divergence

KL(PY[|Py) = = X2, P () log Pa() 4, P () log Pr(2

Constant

KL(Pi||P;) 20
KL(Pi||P1) =0

Substitute P, = P and P, = P;. Minimize KL(P Il P)



Estimating the Tree Structure

min — » , P(z)log Pr(x)



Estimating the Tree Structure

AN — Zx P(x) log Ha PT(CUa\pr(a,))



Estimating the Tree Structure

min — >, P(x) 3, 10g Pr(za|Tp(a))



Estimating the Tree Structure

min — ), P(x) ) log PZ}?{;’;ZS))



Estimating the Tree Structure

. Pr La,Lp(a P(zq
min — Zx P(x) Za, log P(T(a;p(ag ))Il(w(a) )



Estimating the Tree Structure

. PT xa;xp a
Tin — Za: P('CE) Za 1Og Pr (x(p(a))fg()x)a)

’ xP(QE) ZCLIOgP(ZECL

Independent of the tree structure




Estimating the Tree Structure

min-) . Z% >

p(a)

rin =5 Qv

Mutual Information
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Undirected Connected Simple Graph
2 G=(V, E)
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Spanning Tree

G=(V,E)

T=(V, ET)

E;isasubsetof E Graph T is a tree



Weight of a Spanning Tree
G=(V,E)

T=(V, E)

w(T) = Sum of the length of all edges in E;
w(T) = 2+1-1-5+1-2 =4



Minimum Spanning Tree Problem
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T* = argmin; w(T)

G = (V, E)

!
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Find a tree with the minimum weight



Outline

Chow-Liu Tree

Minimum Spanning Tree Problem

Kruskal’s Method

Prim’s Method



Kruskal’s Method
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Start with a forest where every vertex is a tree



Kruskal’s Method

Select the edge with the minimum length



Kruskal’s Method

Select the edge with the minimum length



Kruskal’s Method

YES Add the edge to the forest

Does this edge connect two different trees?



Kruskal’s Method

Select the edge with the minimum length



Kruskal’s Method

Select the edge with the minimum length



Kruskal’s Method

YES Add the edge to the forest

Does this edge connect two different trees?



Kruskal’s Method

Select the edge with the minimum length



Kruskal’s Method

Select the edge with the minimum length



Kruskal’s Method

YES Add the edge to the forest

Does this edge connect two different trees?



Kruskal’s Method

Select the edge with the minimum length



Kruskal’s Method

Select the edge with the minimum length



Kruskal’s Method

NO Discard the edge

Does this edge connect two different trees?



Kruskal’s Method

Select the edge with the minimum length



Kruskal’s Method

Select the edge with the minimum length



Kruskal’s Method

CN

YES Add the edge to the forest

Does this edge connect two different trees?



Kruskal’s Method

o o

Select the edge with the minimum length



Kruskal’s Method

Select the edge with the minimum length



Kruskal’s Method

YES Add the edge to the forest

Does this edge connect two different trees?



Kruskal’s Method

Select the edge with the minimum length



Kruskal’s Method

Select the edge with the minimum length



Kruskal’s Method

YES Add the edge to the forest

Does this edge connect two different trees?



Kruskal’s Method

Spanning Tree !l! Algorithm terminates.



Summary
Given G =(V, E). Define T=(V, {}) and S = E.
While T is not a spanning tree

Select the minimum length edge e from S

If e connects two different trees
Addeto T
End

Remove e from S

End



Time Complexity

O(mlog(m)) where m = | E|



Proof of Kruskal’s Algorithm

On the board
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Prim’s Method
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Initialize T = (V, {}) where V; = {v,}



Prim’s Method

N
1| Zi.s \
_1|_ /

Choose (u*,v*) = minl(u,v),ueV,veVv\V;



Prim’s Method
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Choose (u*,v*) = minl(u,v),ueV,veVv\V;



Prim’s Method
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Add v* to V;. Add (u*,v*) to E;.



Prim’s Method
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Choose (u*,v*) = minl(u,v),ueV,veVv\V;



Prim’s Method
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Choose (u*,v*) = minl(u,v),ueV,veVv\V;



Prim’s Method
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Add v* to V;. Add (u*,v*) to E;.



Prim’s Method
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Choose (u*,v*) = minl(u,v),ueV,veVv\V;



Prim’s Method

Choose (u*,v*) = minl(u,v),ueV,veVv\V;



Prim’s Method

Add v* to V.. Add (u*,v*) to E;.



Prim’s Method

Choose (u*,v*) = minl(u,v),ueV,veVv\V;



Prim’s Method

Choose (u*,v*) = minl(u,v),ueV,veVv\V;



Prim’s Method

Add v* to V.. Add (u*,v*) to E;.



Prim’s Method

Choose (u*,v*) = minl(u,v),ueV,veVv\V;



Prim’s Method

Choose (u*,v*) = minl(u,v),ueV,veVv\V;



Prim’s Method

Add v* to V.. Add (u*,v*) to E;.



Prim’s Method

Choose (u*,v*) = minl(u,v),ueV,veVv\V;



Prim’s Method

Choose (u*,v*) = minl(u,v),ueV,veVv\V;



Prim’s Method

Add v* to V.. Add (u*,v*) to E;.



Summary
Given G = (V, E). Define T = (V, {}) = ({vy}, {})-
While V; is not equal to V
Select (u,v) = min l(u,v) where
(1) u belongs to V;
(2) v does not belong to V;
Add v to V;. Add (u,v) to E;

End



Time Complexity

O(n%) wheren = |V|



Proof of Prim’s Algorithm

Homework!



