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Traveling	salesman	problem

• MIP	for	TSP
– Decision	variables,	constraints,	objectives?

• Decision	variables
– Is	an	edge	part	of	the	tour	or	not?

• Constraints
– Degree	constraints:	Each	node	has	exactly	two	
edges	selected



MIP	for	TSP

• Decision	variables
– xe is	1	if	edge	e	is	selected

• Notation
– V:	set	of	vertices
– E:	set	of	edges
– δ(v):	edges	adjacent	to	vertex	v
– δ(S):	edges	with	exactly	one	vertex	in	S	(subset	of	V)
– γ(S):	edges	with	both	vertices	in	S
–



MIP	for	TSP



MIP	for	TSP
Traveling Salesman Problem
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MIP	for	TSP



MIP	for	TSP
• Eliminate	these	subtours



Subtour elimination

• Great,	but	too	many	(exponential	no.)	of	them
• Branch	and	cut
– Generate	them	on	demand



Subtour elimination

• How	to	separate	subtour constraints?



Separation	of	subtour constraints

• Build	a	graph	G*	=	(V,	E)	where
– weight	of	an	edge	e,	w(e)	=	xe*

• Finding	a	separation	is	equivalent	to	finding
– A	minimum	cut	in	G*
– If	the	cost	of	the	cut	is	less	than	2,	then	we	have	
isolated	a	subtour constraint	violated	by	the	linear	
relaxation

– Recall:	Finding	the	cut	takes	polynomial	time



MIP	for	TSP
The Subtour Elimination Problem
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MIP	for	TSP

• Comb	constraints

• Number	of	edges	crossed?



MIP	for	TSP

• Comb	constraintsComb Constraints
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MIP	for	TSP

• Comb	constraints

x�(H) +
tX

i=1

x�(Ti)  |H|+
kX

i=1

|Ti|� d3k
2
e

Comb Constraints
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Branch	and	cut	for	TSP

• On	the	TSPLIB	benchmark
– Subtour elimination:	2%	of	optimality	gap
– Subtour +	comb	cuts:	0.5%	of	optimality	gap

• Other	constraints	are	needed	for	large	instances



Practicalities

• How	to	find	min	cut?
– Stoer-Wagner	minimum	cut	algorithm

• How	to	run	MIP	on	this?
– Use	lazy	constraint	generation
• https://techblog.aimms.com/2015/05/26/solving-a-tsp-
using-lazy-constraints/



TSP

• Approximation	methods
– Using	MST,	Perfect	matchings	and	Euler	circuit



• Mixed	Integer	Program
• Examples
–Warehouse	location
– Knapsack

• Branch	and	Bound
• Branch	and	Cut
• TSP
• Bonus!	(Duality)

Outline



Duality

https://en.wikipedia.org/wiki/File:G erman_postcard_from_1888.png



Duality

max y b
subject to

yA  c
yi � 0

min c x

subject to

Ax � b

xj � 0

Duality
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Duality
Duality
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min 3x1 + 2x2 + 4x3

subject to

2x1 + x2 + � 2

2x1 � x2 + x3 � 5

max 2y1 + 5y2
subject to

2y1 + 2y2  3

y1 � y2  2

y2  4
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Duality
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Theorem:
If	the	primal	has	an	optimal	 solution,	 the	dual	has	an	optimal	solution	with	the	same	cost
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Vehicle	routing	problem

• The	most	important	extension	of	TSP
• One	has	to	schedule	a	number	of	vehicles,	of	
limited	capacity,	around	a	number	of	
customers

• Sequence	the	customers	(TSP)	+	decide	which	
vehicles	visit	which	customers

• MANY	applications:	waste	collection,	street	
cleaning,	school	bus	routing,	…



VRP

• We	assume
– Each	customer	apart	from	the	depot	(customer	0)	
is	visited	by	exactly	1	vehicle

– There	are	m vehicles
– Vehicle	k	has	capacity	Qk

– Customer	i has	requierement qi
– Time	taken	between	customers	i and	j is	dij
– Customer	imust	take	delivery	between	times	ai
and	bi



VRP

• Possible	objectives:
– Minimize	total	cost
– Minimize	the	number	of	vehicles	needed
– Minimize	maximum	time	taken	by	a	vehicle



VRP	with	min	total	cost	objective



VRP

• Separation	of	constraints	to	make	the	solution	
easier

• …



Exo	1	– Formulate	IP










