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MULTILEVEL LIFTING OF THE ALGEBRAIC RESIDUAL

Let ) e Vj’ be arbitrary. We construct its associated level-wise algebraic residual liftings { /)}}}'/:o and
level-wise step-sizes { )}, as follows:
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MULTILEVEL LIFTING OF THE ALGEBRAIC RESIDUAL

Let ) e V7 be arbitrary. We construct its associated level-wise algebraic residual liftings { Pj },—J:O and
level-wise step-sizes { )]}, as follows:

Coarse solve: Define ppe Vo by: (KVph, Vo) = (f, vo) — (KVU), V), Vw € Vo andset \) := 1.
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(KV/)/a,VVja)wa = (fVia)ue — (KVUJ,VV,a ZAK(KV/)k,Vv,a)w , WYVa€ VP
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MULTILEVEL LIFTING OF THE ALGEBRAIC RESIDUAL

Let ) e V7 be arbitrary. We construct its associated level-wise algebraic residual liftings { 0] },—J:O and
level-wise step-sizes { )]}, as follows:

Coarse solve: Define ppe Vo by: (KVph, Vo) = (f, vo) — (KVU), V), Vw € Vo andset \) := 1.

Level-wise local solves: For j=1: J, foralla € V;, define p,’[,a € Viby:
j—1
(KV/)/a,VVJa)wa = (fVia)ue — (KVUJ,VV,a Z)\k(KVpk,VV,a)w , WYVa€ VP
k=0

Level-wise algebraic residual liftings: Define p) € V7 by: 1 := > ..
aEVj

(f,0) — (KV () + Sl o Merk), Vo))
[Lsa1 &

Level-wise step-sizes: If ,a, # 0, set M= , otherwise set /\} = 1,
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A POSTERIORI ESTIMATOR AND SOLVER

Definition 1 (A posteriori estimator of the algebraic error)

Let u) € V¥ be arbitrary. Let {p};_, and {)/};, be constructed as above. Define the a posteriori
estimator of the algebraic error associated to v/, as
J

o = (32 (VIKEVA)?) .

j=0
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A POSTERIORI ESTIMATOR AND SOLVER

Definition 1 (A posteriori estimator of the algebraic error)

Let u), € V¥ be arbitrary. Let {p,'}j o and {X}, 0 be constructed as above. Define the a posteriori
estimator of the algebraic error associated to u !, as

77alg = (Z /\ HKZV/’/” )
j=0
Definition 2 (A posteriori-steered solver)

Initialize u% = 0 and let i = 0. Perform the following steps:
1. Construct {p;}7, and {)\/};_, as detailed above.
2. Update the current approximation u/™" := uJ+Z/ 0/\’ f

3. If u’+1 = 1/}, then stop the solver; otherwise increase i := i + 1 and go to step 1.

10/37



A-POSTERIORI-STEERED MULTIGRID
O000@000000000

Proposition (Pythagorean error representation of one solver step)
For u} € V%, let /"' € V¥ be the next iterate constructed from 51[, by our solver. Then

K2V (uy — &P = K2y — a2 = 52 (L |KEV )2
j=0
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Proposition (Pythagorean error representation of one solver step)

For u, € VP, let U’} € V* be the next iterate constructed from uj by our solver. Then
J J J J

IKE T~ = KD — )] 3 (K1)
- = ("zl;ug)z
Proof: Going from the finest level to the coarsest and by construction of the optimal step-sizes A’
K2V (uy — d = Hsz(uJ — (U)+ Z)\ )H

)2

J
= K&V (- u) - ZA’ )P = (UlIKEw ) = :IIKEV(UJ—U’J)IIZ—Z(A}IIK%W}H)Z
j=0

Hsz(quuJ ZA

2AJ[(f pJ) - (sz(uJ +Z/\ o) va)] + (V]| k2 v

= ”K%V(UJ*uJ)” - (nalg)2'

Corollary (Guaranteed lower bound on the algebraic error)

There holds: Mg < ||K2 V(uy — Uj)]|-

11/37



A-POSTERIORI-STEERED MULTIGRID
0O000@00000000

MAIN RESULTS?

Theorem 1 (p-robust reliable and efficient bound on the algebraic error)

Let u) € V¥ be arbitrary. Let n;,g be the associated a posteriori estimator on the algebraic error.
Then, in addition to ||[K2 V(uy — )|l > 1k, there holds:

i ol i
nag > BlIK2V (us — uy)ll, 0 < B(kr,J,d,K) < 1.

2Chapter 2
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Theorem 1 (p-robust reliable and efficient bound on the algebraic error)

Let u) € V¥ be arbitrary. Let ng,g be the associated a posteriori estimator on the algebraic error.
Then, in addition to ||[K2 V(uy — )|l > 1k, there holds:

i ol i
nag > BlIK2V (uy — wy)l], 0 < B(kr,J,d,K) < 1.

Theorem 2 (p-robust error contraction of the multilevel solver)

For u} € V5, let u/'' € V¥ be constructed from u), using one step of the solver. There holds:

1 i 1 f
K2V (w — uj™)] < allKeV(uy - Uy, a=1- .

2Chapter 2
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Let u) € V¥ be arbitrary. Let ng,g be the associated a posteriori estimator on the algebraic error.
Then, in addition to ||[K2 V(uy — )|l > 1k, there holds:

i ol i
nag > BlIK2V (uy — wy)l], 0 < B(kT,J,d,K) <1

Theorem 2 (p-robust error contraction of the multilevel solver)

For u} € V5, let u/'' € V¥ be constructed from u), using one step of the solver. There holds:

1
K29 (uy — U] < allKEV (s — u))]), a=y/1-p2

Remark: e The dependence on J is at most linear under minimal H'-regularity.
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MAIN RESULTS?

Theorem 1 (p-robust reliable and efficient bound on the algebraic error)

Let u) € V¥ be arbitrary. Let ng,g be the associated a posteriori estimator on the algebraic error.
Then, in addition to ||[K2 V(uy — )|l > 1k, there holds:

i ol i
nag > BlIK2V (uy — wy)l], 0 < B(kT,J,d,K) <1

Theorem 2 (p-robust error contraction of the multilevel solver)

For u} € V5, let u/'' € V¥ be constructed from u), using one step of the solver. There holds:

1
K29 (uy — U] < allKEV (s — u))]), a=y/1-p2

Remark: ¢ The dependence on J is at most linear under minimal H'-regularity.
o Complete independence from J is obtained in H2-regularity setting.

2Chapter 2
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ADDITIONAL RESULTS
Corollary (Equivalence of the two main results)

Proving the efficiency of the a posteriori estimator n;,g is equivalent to proving the solver
contraction.
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ADDITIONAL RESULTS
Corollary (Equivalence of the two main results)

Proving the efficiency of the a posteriori estimator n;,g is equivalent to proving the solver
contraction.

Proof: By using the link between solver and estimator given by the Pythagorean formula, there
holds: (nfag)® > ,82||K1§ V(uy — u))|[® (estimator efficiency)
& KV (- u)|P - K2V (w — u | > 8KV (- u)|?

& |[KEV(uy — )P < (1 - B?)||KEV(uy — u))||* (solver contraction).
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ADDITIONAL RESULTS

Corollary (Equivalence of the two main results)

Proving the efficiency of the a posteriori estimator n;,g is equivalent to proving the solver
contraction.

Proof: By using the link between solver and estimator given by the Pythagorean formula, there

holds: (772‘1|g)2 > ,82||K1?V(UJ - uQ)H2 (estimator efficiency)

& [[K2V(w — d))|]P = K2V (uy — d5)|° > B2|KEV(wy — )|

<:>||K%V(u., ’+‘)H <(1- ﬂZ)HKZV(uJ—uJ)H (solver contraction).

Corollary (Equivalence of error—global estimator—local estimators)

Let the assumptions of Theorem 2 hold. Then

IKET (- I~ (re)? = 3 OUIKEVAIN? = [KEW I + 3 3 I Vijal
j=0 j=1 acy;
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“Efstathiou and Gander. “Why restricted additive Schwarz converges faster than additive Schwarz”. BIT.
2003.
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ALTERNATIVES®
Different solvers can be obtained by modifying the:
» patches: larger subdomains can be chosen in the definition of the local spaces V7,
» smoothing: by modifying the assembly of the local contributions p; ,

» damped additive Schwarz (dAS) smoothing,
» weighted restricted additive Schwarz (WRAS) smoothing*,

J J
P+ Y pia (AS),  po+w D pla (dAS), /)o+ZZIp’(¢,/)/a (WRAS),

j=1aeV; j=1aey; j=1aeV;
o for vertex a € V;, we denote the associated hat function by v7,
) If’" is the P? Lagrange interpolation operator on mesh level j.

» combination of level-wise algebraic residual liftings: only one global optimal step-size in
the finest level J can used.

3Chapter 1

“Efstathiou and Gander. “Why restricted additive Schwarz converges faster than additive Schwarz”. BIT.
2003.
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Different solvers can be obtained by modifying the:
» patches: larger subdomains can be chosen in the definition of the local spaces V7,
» smoothing: by modifying the assembly of the local contributions p; ,

» damped additive Schwarz (dAS) smoothing,
» weighted restricted additive Schwarz (WRAS) smoothing*,

J J
P+ Y pia (AS),  po+w D pla (dAS), /)o+ZZIp’(¢,/)/a (WRAS),

j=1aeV; j=1aey; j=1aeV;
o for vertex a € V;, we denote the associated hat function by 1/)7,
. If’" is the P”/ Lagrange interpolation operator on mesh level j.
» combination of level-wise algebraic residual liftings: only one global optimal step-size in
the finest level J can used.
Some of these variants are parallelizable also level-wise.

3Chapter 1

“Efstathiou and Gander. “Why restricted additive Schwarz converges faster than additive Schwarz”. BIT.
2003.
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NUMERICAL RESULTS

Consider the test cases:

Sine: u(x, y) = sin(2rx)sin(2ry), 2 :=(—1,1)?,

Peak: ulx,y)=x(x—=1)y(y — 1)e*m(’((X*O'S)z*(y*O"17)2); 2:=(0,1)2,

L-shape: u(r,0) = r?/3sin(20/3); 2 = (—1,1)2\([0,1] x [-1,0]),

Checkerboard®: u(r, ) = ru(p); 2:=(—1,1)? ‘
with jump in the diffusion coefficient .7 (K) = O(10%) or no jump, ..H

Skyscraper: unknown analytic solution;  £2:=(0,1)?
with jump in the diffusion coefficient 7 (K) = O(107) or 7 (K EH

SKellogg. “On the Poisson equation with intersecting interfaces”. Appl. Anal. 1975.
15/37



A-POSTERIORI-STEERED MULTIGRID
0000000080000

NUMERICAL CONFIRMATION OF p-ROBUSTNESS: CONTRACTION FACTORS

L-shape problem, J = 3, and mesh hierarchy p; = 1 (left) and p; = p (right), je{1,...,J — 1}

081 08¢

. _06

S061 S

3 S04

c c

9204 o

§ ——p=1 § 0.2 ——p=1

'E —»—p=3 'E —»—p=3

8 p=6 8 p=6
——p=9 ——p=9

0.2 . . . . ; ) . . . i
0 5 10 15 20 25 30 0 5 10 15 20
iteration iteration
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NUMERICAL CONFIRMATION OF p-ROBUSTNESS: CONTRACTION FACTORS

L-shape problem, J = 3, and mesh hierarchy p; = 1 (left) and p; = p (right), je{1,...,J — 1}

contraction factor
o
N

08¢
_06
k)
Q0.4
c
K]
——p=1 §02
—»—p=3 'E
p=6 3
——p=9
5 10 15 20 25 30
iteration
1—-1,p

——p=1
——p=3
p=6
——p=9
5 10 15 20
iteration
L,p—=p
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NUMERICAL CONFIRMATION OF p-ROBUSTNESS: ITERATION NUMBERS

IFy — AJU5| < 10-5 IFy — A Uy

Stopping criterion:
PpIng I I

The mesh hierarchies here are obtained from J uniform refinements of an initial Delaunay mesh 7s.

Sine Peak L-shape Checkerboard Skyscraper
K=1/ K=/ K=1/ K=1 J(K):O(1O5) JK)=0(1) J(K):O(1O7)
1—-1Lp|l,p—=p|[1=1p|l,p—=pl||1—=1p|1,p—p||[1=1Lp|l,p—p|1=1p|1l,p—p|[1—=1p|1,p—=p|1=1p|1,p—p
J| p | DoF is is is is Is is is is Is is is is is is
31 2¢e4 19 19 19 19 21 21 18 18 18 18 19 19 19 19
3| 1é° 29 13 28 14 29 11 27 11 28 11 31 13 31 13
6 | 6e° 30 13 30 14 26 9 24 9 25 10 28 11 28 11
9 | 1eb 31 14 30 14 23 9 23 9 23 9 26 10 26 10
411 6e? 21 21 20 20 21 21 19 19 19 19 19 19 19 19
3 | 66’5 29 13 29 14 28 11 26 11 27 11 30 11 30 11
6 | 2e° 31 13 30 14 25 9 24 9 24 9 27 10 27 10
9 | 5eb 32 14 31 15 23 9 22 9 23 9 25 9 25 9
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NUMERICAL CONFIRMATION OF p-ROBUSTNESS: ITERATION NUMBERS

F,— AyUs F,— AyUS
Stopping criterion: IF, = AUl < 10*SM
[IFsll [IFl
The mesh hierarchies here are obtained from J uniform refinements of an initial Delaunay mesh 7s.
H2-regular
Sine Peak L-shape Checkerboard Skyscraper
K=/ K=/ K=/ K=/ JK)=0(109 JK)=0(1) JK)=0(107)
1—-1Lp|l,p—=p|[1=1p|l,p—=pl||1—=1p|1,p—p||[1=1Lp|l,p—p|1=1p|1l,p—p|[1—=1p|1,p—=p|1=1p|1,p—p
J| p | DoF s is s s is s s s is s s is s s
31| 2e% 19 19 19 19 21 21 18 18 18 18 19 19 19 19
3| 1e® 29 13 28 14 29 11 27 11 28 11 31 13 31 13
6 | 6e° 30 13 30 14 26 9 24 9 25 10 28 11 28 11
9 | 1eb 31 14 30 14 23 9 23 9 23 9 26 10 26 10
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F,— AyUs F,— AyUS
Stopping criterion: IF, = AUl < 10*SM
[IFsll [IFl
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NUMERICAL CONFIRMATION OF p-ROBUSTNESS: ITERATION NUMBERS

F,— AyUs F,— AyUS
Stopping criterion: IF, = AUl < 10*SM
[IFsll [IFl
The mesh hierarchies here are obtained from J uniform refinements of an initial Delaunay mesh 7s.
H2-regular H'-regular
Sine Peak L-shape Checkerboard Skyscraper
K=/ K=/ K=/ K=/ JK)=0(109 JK)=0(1) JK)=0(107)
1—-1Lp|l,p—=p|[1=1p|l,p—=pl||1—=1p|1,p—p||[1=1Lp|l,p—p|1=1p|1l,p—p|[1—=1p|1,p—=p|1=1p|1,p—p
J| p | DoF s is s s is s s s is s s is s s
31 [ 2e* 19 19 19 19 21 21 18 18 18 18 19 19 19 19
3| 1ed 29 13 28 14 29 11 27 11 28 11 31 13 31 13
6 | 6e° 30 13 30 14 26 9 24 9 25 10 28 11 28 11
9 | 1eb 31 14 30 14 23 9 23 9 23 9 26 10 26 10
41| 6e* 21 21 20 20 21 21 19 19 19 19 19 19 19 19
3 | 6e® 29 13 29 14 28 11 26 11 27 11 30 11 30 11
6 | 28 31 13 30 14 25 9 24 9 24 9 27 10 27 10
9 | 5eb 32 14 31 15 23 9 22 9 23 9 25 9 25 9

Numerical K- and J-robustness is observed even in low-regularity cases.
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NUMERICAL TESTS FOR GRADED MESHES

Lshape :I1p—>p
Jlp| & PH J Pl &
511 16 1 1 17
3 7 3 3| 11
6 6 6 6 5
9 5 9 9 4
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NUMERICAL TESTS FOR GRADED MESHES

L-shape, K=/,1,p—p
Jlp |k dlplli dlp i
511 16 10 | 1 15 15 | 1 17
3 7 3 6 3| 11
6 6 6 5 6 5
9 5 9 5 9 4
Checkerboard, 7(K) = O(109,1,p — p
J|p| i J|p| i J | p|l &
5|1 33 10 | 1 57 15 | 1 97
3 15 31| 23 3 || 382
6 || 12 6 || 15 6 || 20
9| 11 9| 12 9 15

18/37
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NUMERICAL TESTS FOR GRADED MESHES

L-shape K=1, 1 ,Pp—p
J|p| i pH J Pl &
5|1 16 1 1 17
3 7 3 3 || 11
6 6 6 6 5
9 5 9 9 4
Checkerboard, J(K) = 0(10%,1,p — p
JIp| i J|p| i J | pll i
5|11 33 10 | 1 || 57 15 | 1 || 97
31 15 3| 28 3| 32
6 | 12 6 | 15 6 || 20
9 | 11 9 | 12 9| 15
These H'-regular test cases indicate the possibility of J-dependence,

in accordance with the theoretical results.
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NUMERICAL TESTS IN THREE SPACE DIMENSIONS

Test cases: exact solution u when available; K = | except where explicitly specified,

uniform mesh refinement, p; =1, € {1,...,J},and J = 4.
Cube: 2:=(0,1)3, Nested cubes: 2 :=(—1,1)3, Checkers cubes: (2 := (0,1)°,
u(x,y,z) =x(x—=1)y(y —1)z(z-1). unknown analytic solution, unknown analytic solution,
K =10% « /in (—0.5,0.5)°%. K =108 % /in (0,0.5)° U (0.5,1)°.
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NUMERICAL TESTS IN THREE SPACE DIMENSIONS

Test cases: exact solution u when available; K = | except where explicitly specified,
uniform mesh refinement, p; =1, € {1,...,J},and J = 4.

Cube: 2:=(0,1)3, Nested cubes: 2 :=(—1,1)3, Checkers cubes: (2 := (0,1)°,
u(x,y,z) = x(x — Ny(y — 1)z(z = 1). unknown analytic solution, unknown analytic solution,
K =10% « /in (—0.5,0.5)°%. K =108 « /in (0,0.5)° U (0.5,1)°.
10°
£ e :
g 8102 g
g 210 2
e 310 E
10-°
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
iteration iteration iteration
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NUMERICAL TESTS IN THREE SPACE DIMENSIONS

Test cases: exact solution u when available; K = | except where explicitly specified,
uniform mesh refinement, p; =1, € {1,...,J},and J = 4.

Cube: 2:=(0,1)3, Nested cubes: 2 :=(—1,1)3, Checkers cubes: (2 := (0,1)°,
u(x,y,z) =x(x—=1)y(y —1)z(z-1). unknown analytic solution, unknown analytic solution,

K =10% « /in (—0.5,0.5)°%. K =108 % /in (0,0.5)° U (0.5,1)°.
10°
® ® © 107
% % % 1073
E E L

0 10 20 30 40 0 10 20 30 40 h 0 10 20 30 40
iteration iteration iteration
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NUMERICAL ADVANTAGES OF OPTIMAL STEP-SIZES

Level-wise optimal step-sizes determined by line search:
» analytically: Pythagorean formula for the algebraic error
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NUMERICAL ADVANTAGES OF OPTIMAL STEP-SIZES

Level-wise optimal step-sizes determined by line search:
» analytically: Pythagorean formula for the algebraic error
» numerically: advantages of using even a single global step-size on level J

Slne Peak L-shape
J | p MG(0,1)-J AS | MG(0,1)-J AS | MG(0,1)-J
3 1] 21 - [T 19 ] 68 [T 17 ] 44

ATTI &3] - M 20 7 - IR

STTI 22 ] - M 207 - M 177

Forp=1: AS and MG(0,1)-J only differ by the use of the global optimal step-size.
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NUMERICAL ADVANTAGES OF OPTIMAL STEP-SIZES

Level-wise optimal step-sizes determined by line search:
» analytically: Pythagorean formula for the algebraic error
» numerically: advantages of using even a single global step-size on level J

Sine Peak L-shape
J p WRAS MG(0,1)-J WRAS MG(0,1)-J WRAS MG(0,1)-J
3 1 21 - 19 68 17 44
3 15 - 15 - 12 -
6 13 - 14 - 10
9 13 - 14 - 10
4 1 23 - 20 - 18
3 15 - 15 - 12
6 13 - 14 - 10
9 13 - 14 - 9
5 1 22 - 20 - 17
3 15 - 15 - 12
6 13 - 14 - 9
9 13 13 - 8

For p = 1: wRAS and MG(0,1)-J only differ by the use of the global optimal step-size.
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ADAPTIVE NUMBER OF SMOOTHING STEPS
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ADAPTIVE NUMBER OF SMOOTHING STEPS
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@000

ADAPTIVE NUMBER OF SMOOTHING STEPS

uyevy  ujlevy uyeVy  ujttevy
i
1 vy
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Non-adaptive Adaptive

Variable number of smoothing steps
» Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
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ADAPTIVE NUMBER OF SMOOTHING STEPS
@000

ADAPTIVE NUMBER OF SMOOTHING STEPS

wyeVy  uilevy uyeVy  ufteVy
i
1 vy
1 123
 —
1 vi
Non-adaptive Adaptive

Variable number of smoothing steps/multigrid cycles:
» Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.

» Thekale, Gradl, Klamroth, and Riide. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010.
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Non-adaptive Adaptive leve

Variable number of smoothing steps/multigrid cycles:

» Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.

» Thekale, Gradl, Klamroth, and Riide. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010.
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Variable number of smoothing steps/multigrid cycles:
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Variable number of smoothing steps/multigrid cycles:
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Variable number of smoothing steps/multigrid cycles:

» Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
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NUMERICAL TESTS
Checkerboard case, 7(K) = O(10°), p = 3, J = 3, and mesh hierarchy p; = p,j € {1,...,J — 1}.

pj p, non-adapt
5 | it=6 | it=7 | it

it=1 | it=2 | it
3

3 | it=4 | it 8 | it=9 | it=10 | it=11

level 1
level 2

level 0
level 3

- a4
N AT

3
1
1
1

-
N AT]
N A T]

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

—_
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NUMERICAL TESTS
Checkerboard case, 7(K) = O(10°), p = 3, J = 3, and mesh hierarchy p; = p,j € {1,...,J — 1}.

pj p, non-adapt

‘ it=1 | it=2 | it=3 | it=4 | it=5 | it=6 | it=7 | it=8 | it=9 | it=10 | it=11
level 0 1 1 1 1 T 1 1 1 1 1 1
level 1 1 1 1 1 1 1 1 1 1 1 1
level 2 1 1 1 1 1 1 1 1 1 1 1
level 3 1 1 1 1 1 1 1 1 1 1 1

_ Checkerboard O (1 0°) problem, J=3, p=3, p_j=[1ppp]

235
23  [EEnon-adapt \
2
£o5¢
820
£
P15
[s]
510
Qo

£ 5p
P4
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NUMBER OF POST-SMOOTHING STEPS: ADAPTIVE VS FIXED
Checkerboard 0(10°) problem, J=3, p=6, p_j=[1666] , 6=0.2
T T T

Checkerboard 0(10°) problem, J=3, p=6, p_j=[1116] , 8=0.2
T T T

T
I stop
[ nflops
[sync

Costs
N

Costs
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|Vo\3 J ndof(\/ja)3 a s J j j—1 i I
nflops := 5 +E Z —5 z [2|V0\ +Zu Zanof (V7 ]+ Z [2 nnz(Z 1) + 2nnz(l'/ )+ 2v; nnz(A;) + 3uj(2 S|ze(A/))];
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oooe

COMPARISON WITH OTHER MULTILEVEL SOLVERS

We compare our methods with [6,7,8] in terms of the number of iterations (and CPU times®).

8 Antonietti et al. J. Sci. Comput. 2017.
"Botti et al. J. Comput. Phys. 2017.
8Schoberl. “C++11 Implementation of Finite Elements in NGSolve”. Tech. report. 2014.

%The experiments were run on one Dell C6220 dual-Xeon E5-2650 node of Inria Sophia Antipolis -
Méditerranée “NEF” computation cluster, however, in a sequential Matlab script.
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COMPARISON WITH OTHER MULTILEVEL SOLVERS

We compare our methods with [6,7,8] in terms of the number of iterations (and CPU times®).

~MG(0,1) ~MG(0,adapt) PCG(MG MG(1,1)- MG(0,1)- MG(3,3)-
-bJ -bJ (WRAS) (8,3)-bJ) PCG(iChol) bGS GS
,p—p 1P p—p 1.'p 1—=1p 1P
J \ p is time | i time Is time Is time s time | i time
411119 012s | 9 011s | 11 0.20s 16 0.74s | 11 0.06s | 4 0.05s
3| 11 207s | 7 1.62s 3 2.34s 44 27.48s | 10 964s | 5 1.37s
6 9 20.19s | 4 12.54 s 3 38.40s | >80 >6.87m 9 3478s | 6 14.44s
9 9 213m | 3 49.84 s 2 224m | >80 >23.08m 8 1.72m | 9 1.21m

8 Antonietti et al. J. Sci. Comput. 2017.
"Botti et al. J. Comput. Phys. 2017.
8Schoberl. “C++11 Implementation of Finite Elements in NGSolve”. Tech. report. 2014.

%The experiments were run on one Dell C6220 dual-Xeon E5-2650 node of Inria Sophia Antipolis -
Méditerranée “NEF” computation cluster, however, in a sequential Matlab script.
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We compare our methods with [6,7,8] in terms of the number of iterations (and CPU times®).

~MG(0,1) ~MG(0,adapt) PCG(MG MG(1,1)- MG(0,1)- MG(3,3)-
-bd -bd (WRAS) (3,3)-bd) PCG(iChol) bGS GS
,p—p 1P p—p 1.'p 1—=1p 1P

J \ p is time | i time Is time Is time s time | i time
411119 012s | 9 011s | 11 0.20s 16 0.74s | 11 0.06s | 4 0.05s
3| 11 207s | 7 1.62s 3 2.34s 44 27.48s | 10 964s | 5 1.37s
6 9 20.19s | 4 12.54 s 3 3840s | >80 >6.87m 9 3478s | 6 14.44s
9 9 213m | 3 49.84 s 2 2.24m | >80 >23.08m 8 1.72m | 9 1.21m

not p-robust not p-robust

8 Antonietti et al. J. Sci. Comput. 2017.
"Botti et al. J. Comput. Phys. 2017.
8Schoberl. “C++11 Implementation of Finite Elements in NGSolve”. Tech. report. 2014.

%The experiments were run on one Dell C6220 dual-Xeon E5-2650 node of Inria Sophia Antipolis -
Méditerranée “NEF” computation cluster, however, in a sequential Matlab script.
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Recall: [|K2V(uy — u))|[? ~ [K2 V| + S Al Facv, ||sz,;;va{|j7.
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ADAPTIVE LOCAL SMOOTHING
1 . 1 . . 1 .
Recall: [|K2V(uy — u))|[? ~ [K2 V| + S Al Facv, ||K§Vﬂ/’->a“i?.
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V7 [l x10
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ADAPTIVE LOCAL SMOOTHING

Recall: ||K2 v (uy — u))|]? ~ |[K2 Vo |[* + 7y A Saev, ||K%Vp/’:>a||i?.

V55l

V71l

%103
12
10
8

N Ao

(A0)?(|Vph ol

(D} Vh} allus

x103

M25

20
15
10

x102
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ADAPTIVE LOCAL SMOOTHING
1 . 1 . . 1 .
Recall: [|K2V(uy — u))|[? ~ [K2 V| + S Al Facv, ||K2Vp/’->a||i?.

1Vl %1073 (A0 (|Vph ol %1073
7 n2s5
12
10 20
8 15
6 10
4
2 5
(V54 . <1072 OD)HIVA s x102
8 6
6
4
4
> 2

Local smoothing in adaptively-refined meshes

e Bai and Brandt. “Local mesh refinement multilevel techniques.” SIAM J. Sci. Statist. Comput. 1987.
e Riide. “Mathematical and computational techniques for multilevel adaptive methods.” SIAM. 1993.
e Xu, Chen, and Nochetto. “Optimal multilevel methods for H(grad), H(curl), and H(div) systems on graded and unstructured grids”. Springer. 2009.
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ADAPTIVE LOCAL SMOOTHING

Recall: ||K2 v (uy — u))|]? ~ |[K2 Vo |[* + 7y A Saev, ||K%V/)/’:>3Hi?.
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(ADHIVpL alles
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Local smoothing in adaptively-refined meshes v. adaptive local smoothing on a given mesh hierarchy
e Bai and Brandt. “Local mesh refinement multilevel techniques.” SIAM J. Sci. Statist. Comput. 1987.
e Riide. “Mathematical and computational techniques for multilevel adaptive methods.” SIAM. 1993.

e Xu, Chen, and Nochetto. “Optimal multilevel methods for H(grad), H(curl), and H(div) systems on graded and unstructured grids”. Springer. 2009.
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ADAPTIVE LOCAL SMOOTHING
1 i 1 : : 1 :
Recall: [|K2V(uy — u))|[? ~ [K2 V| + S Al Facv, ||K2V/)/’->3Hi7.

() 41V 05l %1073
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(D HIV A alog
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Non-adaptive

Local smoothing in adaptively-refined meshes v. adaptive local smoothing on a given mesh hierarchy
e Bai and Brandt. “Local mesh refinement multilevel techniques.” SIAM J. Sci. Statist. Comput. 1987.

e Riide. “Mathematical and computational techniques for multilevel adaptive methods.” SIAM. 1993.

e Xu, Chen, and Nochetto. “Optimal multilevel methods for H(grad), H(curl), and H(div) systems on graded and unstructured grids”. Springer. 2009.
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Non-adaptive

Local smoothing in adaptively-refined meshes v. adaptive local smoothing on a given mesh hierarchy
e Bai and Brandt. “Local mesh refinement multilevel techniques.” SIAM J. Sci. Statist. Comput. 1987.

e Riide. “Mathematical and computational techniques for multilevel adaptive methods.” SIAM. 1993.

e Xu, Chen, and Nochetto. “Optimal multilevel methods for H(grad), H(curl), and H(div) systems on graded and unstructured grids”. Springer. 2009.
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Non-adaptive Adaptive local smoothing

Local smoothing in adaptively-refined meshes v. adaptive local smoothing on a given mesh hierarchy
e Bai and Brandt. “Local mesh refinement multilevel techniques.” SIAM J. Sci. Statist. Comput. 1987.

e Riide. “Mathematical and computational techniques for multilevel adaptive methods.” SIAM. 1993.

e Xu, Chen, and Nochetto. “Optimal multilevel methods for H(grad), H(curl), and H(div) systems on graded and unstructured grids”. Springer. 2009.
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1 . 1 . . 1 .
Recall: [|K2 v (uy — u))[* ~ [[K2 W7 |* + 5514 ) Saey, K2 V][

full

smoothing
substep
——
il
Wittt i+2 i it3
uy uy uy Uy uy
1 1 1
1 1 ) 1

Non-adaptive

Local smoothing in adaptively-refined meshes v. adaptive local smoothing on a given mesh hierarchy

Adaptive local smoothing

ADAPTIVE LOCAL SMOOTHING
®0000000

e Bai and Brandt. “Local mesh refinement multilevel techniques.” SIAM J. Sci. Statist. Comput. 1987.
e Rude. “Mathematical and computational techniques for multilevel adaptive methods.” SIAM. 1993.

e Xu, Chen, and Nochetto. “Optimal multilevel methods for H(grad), H(curl), and H(div) systems on graded and unstructured grids”. Springer. 2009.

() 41V 65,

(D IV alog

1°Doriler. “A convergent adaptive algorithm for Poisson’s equation”. SIAM J. Numer. Anal. 1996.
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ADAPTIVE LOCAL SMOOTHING
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Recall: [|K2V(uy — ul)||? = [[KE V|2 + 5L, Tacv, ||K§V/’},a||i7-

marking ()} Vphallus
full
smoothing
substep
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. . h . i+l
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Non-adaptive Adaptive local smoothing
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Local smoothing in adaptively-refined meshes v. adaptive local smoothing on a given mesh hierarchy

e Bai and Brandt. “Local mesh refinement multilevel techniques.” SIAM J. Sci. Statist. Comput. 1987.
e Rude. “Mathematical and computational techniques for multilevel adaptive methods.” SIAM. 1993.

e Xu, Chen, and Nochetto. “Optimal multilevel methods for H(grad), H(curl), and H(div) systems on graded and unstructured grids”. Springer. 2009.

°Doriler. “A convergent adaptive algorithm for Poisson’s equation”. SIAM J. Numer. Anal. 1996.
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ADAPTIVE LOCAL SMOOTHING
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Recall: [|K2 v (uy — u))[* ~ [[K2 W7 |* + S50 ) Saey, K2 V] o[-
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full
smoothing
substep
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Local smoothing in adaptively-refined meshes v. adaptive local smoothing on a given mesh hierarchy

e Bai and Brandt. “Local mesh refinement multilevel techniques.” SIAM J. Sci. Statist. Comput. 1987.
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INTRO

SETTING A-POSTER STEERED MULTIGRID  ADAPTIVE NUMBER OF SMOOTHING STEPS ~ ADAPTIVE LOCAL SMOOTHING EXTENSION
000 © ) 0000 00000000 00

Algorithm: A-posteriori-steered multigrid with local adaptive smoothing

Input: [p, J, Dorfler's parameter 0, adaptivity parameter +, tolerance tol]
i:=0; uJ 1= 0; 174 := 10tol;
while 1, > toldo
i=i+1;u) = ; (Ul), 11yg) := FULL_SMOOTHING SUBSTEP(p, J, U));
if 7,4 < tol break while loop;
(M, {a € M;}jcr) := DORFLER MARKING (6,7},);
if [ TEST_ADAPT(7) ] then
| (U}, njy) = ADAPTIVE SMOOTHING SUBSTEP (p, J, t}, M, {a € M}jcr);

end
end
istop =1 _
Output: [ u5*, n:f;"]
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FULL_SMOOTHING_SUBSTEP (p, J, U)): @\f
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FULL_SMOOTHING_SUBSTEP (p, J, U)): @\f

Coarse solve: Define pye Vo by: (KVph, V) = (f, w) — (KVU), V), Vw e Vo andset ) := 1.
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ADAPTIVE LOCAL SMOOTHING
[e]e] le]e]e]e]e)

FULL_SMOOTHING_SUBSTEP (p, J, U)): @\f

Coarse solve: Define pye Vo by: (KVph, V) = (f, w) — (KVU), V), Vw e Vo andset ) := 1.

Level-wise local solves: For j= 1 : J, for alla € V}, define p,’:,a € \/,»a by :

j—1
(Kvpjl',avvvj,a)w/fa = (favf,a)w (KVUvavja Z)\k(KvpkaVV/ a) B9 VVj,a € ‘/ja~
k=0
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TEERED MULTIGRID PTIVE NUMBER OF SMOOTHING STEPS ADAPTIVE LOCAL SMOOTHING EXTENSION  Cc¢

[e]e] le]e]e]e]e)

FULL_SMOOTHING_SUBSTEP (p, J, U)): @\f

Coarse solve: Define pye Vo by: (KVph, V) = (f, w) — (KVU), V), Vw e Vo andset ) := 1.

Level-wise local solves: For j= 1 : J, for alla € V}, define p}‘a € Vf by :

j—1
(KVpja VVja)or = (FVia)us — (KVU), VVja)oa = D MKV, Viia)oe,  VWja € V.
k=0

Level-wise contributions: Define ;| € \/,’J oy o= pla
aEV/'
(f, 7)) — (KV (1) + 324 Mepk)s Vo))
[Leaits

andset: )} =
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INTRO

SETTING A-POS d GRID ) VE NUMBER OF SMOOTHING STEPS  ADAPTIVE LOCAL SMOOTHING EXTENSION
000 ©] [e]e] le]e]e]e]e) [e]e]

FULL_SMOOTHING_SUBSTEP (p, J, U)): @\f

Coarse solve: Define pye Vo by: (KVph, V) = (f, w) — (KVU), V), Vw e Vo andset ) := 1.

Level-wise local solves: For j=1: J, for all a € V;, define pj’:‘a € \/,»a by :

j—1
(KVpja VVja)or = (FVia)us — (KVU), VVja)oa = D MKV, Viia)oe,  VWja € V.
k=0

Level-wise contributions: Define ;| € \/,’J oy o= pla
EEV/'
(f, 7)) — (KV (1) + 324 Mepk)s Vo))

dset: )\ :=
e KV |

U . ! , . & L
Outputs: Define the estimator 7, := (Z (/\/I-HK%V[)}H)Z) ° and update uy +— u)+ > N
=0 j=0
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[e]e]e] le]ele]e)

DORFLER MARKING (0, 0, ):

Since we have the error localization: ||K%V(UJ = uf,)|| ||K2 Vo] +Z/\ > ||K2 " a|| .
we use a bulk-chasing criterion: =1 asy;
6% | ||K2Vh? +ZA’Z||K Voalla ] < SN ST KEVAL
j=1 acy; JEM ac M

Outputs: Marked levels M and marked vertices on marked levels {a € M, };c .
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DORFLER MARKING (0, 0, ):

Since we have the error localization: ||K%V(UJ = uf,)|| HK2 Vo] +Z/\ Z:HK2 " a|| .

we use a bulk-chasing criterion: =1 asy;

o | IKEV 0o +ZA’ZIIK2VMH <3N X KV,

j=1 acy; JEM ac/ \/l
Outputs: Marked levels M and marked vertices on marked levels {a € M;};c v

ADAPTIVE_SMOOTHING_SUBSTEP(p, J, U}, M, {a € M, }jc): \/@

Coarse solve only if 0 € M and level-wise local solves only in patches whose vertices are marked
give us the level-wise contibutions {)\/};- v¢, {9/}jc 1.

1
Outputs: Update the estimator 15 := (Z ()\}]|K%Vp}||)2) * and update u)+— uj+ > M)
jEM jJEM
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ADAPTIVE LOCAL SMOOTHING
[e]e]o]e] Jelele)

Proposition (Pythagorean error representation per substep)

. il N .
For u), € VP, let U, 2 € VP and u/" € V¥ be constructed from , from the full-smoothing and
adaptive-smoothing substep, respectively. Then

K3 V(s — Uy 3|2 = [KEV (s — I = 2 (IKEVA)?
j=0
KW — ] = K — I~ 30 (kv ?
Jj=0

29/37



TEERED MULTIGRID \PTIVE NUMBER OF SMOOTHING STEPS ADAPTIVE LOCAL SMOOTHING E T[ SION  C H LUSION

[e]e]o]e] Jelele)

Proposition (Pythagorean error representation per substep)

. i+1 . ;
For u), € VP, let U, 2 € VP and u/" € V¥ be constructed from , from the full-smoothing and

adaptive-smoothing substep, respectively. Then
J

KA w (s — ) = KAV (= I =3 (k)
j=0
ot~ = kot - - 3 04 ke
Jj=0

Corollary (Guaranteed lower bound on the algebraic error per substep)

There holds: . ; ;
|K2V (uy — u))|| > mag,
i+3

il
||K%V(UJ - U.11+2)|| 2 MNag -
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ADAPTIVE LOCAL SMOOTHING
[e]e]o]e]e] lele)

MAIN RESULTS'!

Theorem 3 (p-robust error contraction of the multilevel solver)

g i+l g ;
For ), € VA, let U, 2 € V& and u" € V¥ be constructed from w, from the full-smoothing and
adaptive-smoothing substep when the analysis-driven TEST_ADAPT is satisfied, respectively. Then

||K1§V(UJ = ’+2)|| < a||K2V(UJ = UJ)” 0 < afk7,d,d,K) < 1,
IKEV(— i) < aIKEV — ) 0 <aardidK.07) < 1.

"Chapter 3
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[e]e]o]e]e] lele)

MAIN RESULTS'!

Theorem 3 (p-robust error contraction of the multilevel solver)

g i+l g ;
For ), € VA, let U, 2 € V& and u" € V¥ be constructed from w, from the full-smoothing and
adaptive-smoothing substep when the analysis-driven TEST_ADAPT is satisfied, respectively. Then

||K1§V(UJ = ’+2)|| < a||K2V(UJ = UJ)” 0 < afk7,d,d,K) < 1,
IKEV(— i) < aIKEV — ) 0 <aardidK.07) < 1.

Theorem 4 (p-robust efficient bound on the algebraic error)

There holds: 7}, > B|IK2V(uy — u})|| and na,92 > ,BHKZV(UJ = '+2)|| B=v1—a2, B=+/1

"Chapter 3
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ADAPTIVE LOCAL SMOOTHING

[e]e]o]e]o]e] o)

CAN WE PREDICT THE DISTRIBUTION OF THE ALGEBRAIC ERROR?

Dérfler’s bulk-chasing criterion: 6? HKZV,OOH +ZA’ > HK VojalZa | < SN HK Volall?

j=1 acy; JEM  aeM;
(V751 s <102 ()} Vphally x1072
. . . 8
Hierarchy: uniform refinement, J =2, p1 = p. = 3. 6
6
. T 1 i 4
» local algebraic error indicators [|[K2Vp; ,||..a 4
2
» local algebraic error distribution ||K2V ||w 2
with 5 = ph and 5} € V7, for j € {1,...,J}, given by
j—1 (V35 |s x10°  (A)*|Vph s %107

(KVﬁLVv,) () = (KVU)v) = (KVpvy) vy eV

k=0
so that Eﬁ,‘- =uy— U
j=0
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ADAPTIVE LOCAL SMOOTHING
0O000000e

DOES THE ADAPTIVITY PAY OFF?

Skyscraper O(10?) test case
100

~
o

precentage of
marked patches
n «
(4] o

o

iteration

Hierarchy: J=3,pp=1,p1=1,po0=2,p3 =3,6 =0.95
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0O000000e

DOES THE ADAPTIVITY PAY OFF?

Skyscraper O(10?) test case (non-adaptive 15 iterations)
100

~
o

precentage of
marked patches
n «
(4] o

o

iteration

Skyscraper O(10°) test case (non-adaptive 15 iterations)
100

~
o

n
o

precentage of
marked patches
«
o

o

iteration

Hierarchy: J=3,pp=1,p1=1,p2=2,p3 =3,6 =0.95
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ADAPTIVE LOCAL SMOOTHING

O000000e
DOES THE ADAPTIVITY PAY OFF?

Skyscraper O(10?) test case (non-adaptive 15 iterations)
g 100 -
o€ 75
o 10°
€2 50 —— Skyscraper O(10?)
8 E o5 non—adap(Skyscraper0(102)
o= s
Q.g . %102

iteration §

Skyscraper O(10°) test case (non-adaptive 15 iterations) g
g 100
g(ﬁ 01 2 3 4 5 6 7 8 9 10 11 12 13 14 15
40‘:_; _g 50 iteration
82 25
ag

o

iteration

Hierarchy: J=3,pp=1,p1=1,p2=2,p3 =3,6 =0.95
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EXTENSION
[ o)

EXTENSIONS TO MFE: MULTIGRID

Introduce the discrete spaces:

Vi c V' :={veH(div;2), V-v=F, v-n=0o0ondN}
VS c V%= {v e H(div,2), V-v=0, v-n = 0o0n §R}.

Discrete problem: find u, €V’ so that

(K 'uy,vy)) =0 wv,e Vi
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EXTENSION
[ o)

EXTENSIONS TO MFE: MULTIGRID AND DOMAIN DECOMPOSITION

Introduce the discrete spaces:

Vi c V' :={veH(div;2), V-v=F, v-n=0o0ondN}
VS c V%= {v e H(div,2), V-v=0, v-n = 0o0n §R}.

Discrete problem: find u, €V’ so that

(K 'uy,vy)) =0 wv,e Vi

Remark: In two space dimensions

» V9 =curlV,.
» (curl-,curl) =(V-,V:)

the previous analysis can then be applied.
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EXTENSION
oce

MAIN RESULTS'?

Theorem 5 (p-robust error contraction of the multilevel solver)

Let d = 2. For u, e V/, let u’;'! € V/, be constructed from u, using one step of the solver
(multigrid or domain decomposition). There holds:

K ) < oK )], 0<alir K <

12Chapter 4
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MAIN RESULTS'?

Theorem 5 (p-robust error contraction of the multilevel solver)

Let d = 2. For u, e V/, let u’;'! € V/, be constructed from u, using one step of the solver
(multigrid or domain decomposition). There holds:

K ) < oK )], 0<alir K <

Theorem 6 (p-robust reliable and efficient bound on the algebraic error)

Let d = 2. Let u), €V, be arbitrary. Let 1, be the associated a posteriori estimator on the
algebraic error. Then, in addition to |[K~2(u, — u})|| > 7, there holds:

77a|g>ﬂ||K UJ—UJ)H ﬂ: \/1 —Oéz.

12Chapter 4
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OCAL SMOOTHING EXTENSION CONCLUSION

@00

IMPLEMENTATION NOTES

The numerical tests were performed thanks to an in-house academic-oriented MATLAB finite
element 2D code developed initially by Jan Papez. The solver modules were gradually added and
currently the code handles:

» polynomial degrees from 1 to 13,

» different smoothers: additive Schwarz, damped additive Schwarz, weighted restricted additive
Schwarz,

» different patch sizes,
» two adaptive approaches presented in the thesis.

The numerical tests in 3D were performed with NGSolve'®.

8Schéberl. “C++11 Implementation of Finite Elements in NGsolve”. Tech. report. 2014.
35/37
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Results for conforming h and p finite elements, with extensions to h and p mixed finite elements
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ANALYSIS-DRIVEN TEST FOR ADAPTIVE LOCAL SMOOTHING

TEST_ADAPT ()
When the following tests are satisfied:

S (S KT <A [k

JEM aEM; k=j “Io JEM aeM;
A <2(d+1) vjedo,...,J},

for v € (0,1) a user-prescribed parameter, proceed to the adaptive-smoothing substep.

1/4



J-DEPENDENCE FOR dAS SMOOTHING

Construction: Z pla 1<i<,

acy;
S =

(v/)](‘,m vv/,a)wja = (fv Vj,a)wl.a - (Vujl: ij,a)wj".’ - @Z(v/)iﬂ vvj,a)wja:

. 5J2(d+1)2
Compatibility condition: 1 < 6J(d + 1 d > 1, — .
patibility L Sw <6J(d+1) an W2max<’w1(6J(d+1)—W1)

1

wy=Jd(d+1)andw, =1: < B,
1= Jd+1) and e 12Comn /2 d 17 =
1
wi=d+1andw, =J: <8,
! 2 1203MDJ\/ CERE =6
Wy = Wo = J(d+1) <
12\/§CSMDJZ(d +1)
1
wy =1and wo = oo : — < 5,
Parallelizable{ ! ° 8CsmpVJ(d + 1)
level-wise i
wy =4vJand ws = oo <B.
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TEST WITH H?-REGULAR SOLUTION ON GRADED MESHES

Peak,1,p— p

J | p | i

16

J o i

8

©
Coowoo

- MO o

© ®» oo

~—

— Moo

14
11
9
8

- MO

J o i

4
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DEPENDENCE ON THE MARKING PARAMETER

L-shape test case

0 =07 0 =009 6 =0.95 6 =0.99
pj niter nflops niter nflops niter nflops niter nflops
4 | 11111 | 21000 7.24x107 | 21(0) 7.24x10 21(0)  7.24x107 | 21(0)  7.24x107
11223 | 9(4) 1.28x10° 8(5) 1.24x10° 8(5) 1.24x10° 6(5) 1.06x10°
12356 | 6@3) 2.97x10"0 | 6(4)  3.03x10' 55) 2.92x10'0 | 4@4)  2.70x10'°
13579 | 66) 2.90x10" 55)  2.78x10"! 55 2.78x10'" | 4(4) 2.68x10"!
Skyscraper test case (diff. contrast 0(102))
6=0.7 6 =009 6 =0.95 6 =0.99
J pj niter nflops niter nflops niter nflops niter nflops
4 [ 11111 | 1900) 6.31x107 | 19(0) 6.31x10 19(0)  6.31x10 19(0)  6.31x107
11223 | 10(4)  1.38x10° 8(7) 1.34x10° 8(7) 1.35x10° 6(6) 1.10x10°
12356 | 84) 3.38x10'0 | 6(6) 3.15x10'0 | 6(6) 3.15x10'° | 505  2.92x10'°
13579 | 7(7) 2.99x10" 6(6) 2.88x10"! 55) 2.77x10'" 55  2.77x10"!
Skyscraper test case (diff. contrast O(10°))
0=07 0 =009 0 =0.95 6 =0.99
J b niter nflops niter nflops niter nflops niter nflops
4 | 11111 | 1900) 6.31x107 | 19(0) 6.31x10 | 19(0) 6.31x107 | 19(0)  6.31x107
11223 | 11(5)  1.53x10° 8(7) 1.34x10° 8(7) 1.35%x10° 7(7) 1.26x10°
12356 | 8@4) 3.38x10"0 | ()  3.15x10' 66) 3.15x10"0 | 55) 2.91x10'°
13579 | 7(7) 2.99x10'"! 6(6) 2.88x10'" 55)  2.77x10" 55)  2.77x10"
ndof v"*)3 s "
nflops := ——— Z S ——+ Z [260|V0| + > >~ 2ndof(V? ] + Z Z {2 nnz(Z 1) +2 nnz(I’ ) +2nnz(4;) + 3(2 size(A/))]
j=1aeV; je M\{0} aeM; i=1 j=1
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