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De Rham Hilbert Complex

Ω ⊂ R
3 =̂ bounded Lipschitz domain, trivial topology✛

✚

✘

✙
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H(Λ0,Ω)
d
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Whitney Forms

✄ Ω =̂ bounded (curvilinear) Lipschitz polyhedron ⊂ R
3

✄ T =̂ tetrahedral mesh of Ω

W
ℓ
0(T ) =̂ T -piecewise linear FE spaces, ℓ = 0, . . . , 3

D.o.f.:

ℓ = 0 ℓ = 1 ℓ = 2 ℓ = 3✤

✣

✜

✢

⊂

H1(Ω)
grad

−−−−→

⊂

H(curl,Ω)
curl

−−−−→
⊂

H(div,Ω)
div

−−−−→

⊂

L2(Ω)

W0
0 (T )

grad
−−−−→ W

1
0(T )

curl
−−−−→ W

2
0(T )

div
−−−−→ W3

0 (T )
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Ω =̂ Lipschitz polyhedron, trivial topology✤

✣

✜
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Theorem: Discrete DeRham exact sequence in 3D
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Discrete De Rham Exact Sequence

Ω =̂ Lipschitz polyhedron, trivial topology✤

✣

✜

✢

Theorem: Discrete DeRham exact sequence in 3D

W0
0 (T )

grad
−−−−→ W

1
0(T )

curl
−−−−→ W

2
0(T )

div
−−−−→ W

3
0(T ) .

is an exact sequence.

+ commuting nodal interpolation operators:

C∞(Ω)
grad

−−−−→ C
∞(Ω)

curl
−−−−→ C

∞(Ω)
div

−−−−→ C∞(Ω)
yΠ0

0

yΠ1
0

yΠ2
0

yΠ3
0

W0
0 (T )

grad
−−−−→ W

1
0(T )

curl
−−−−→ W

2
0(T )

div
−−−−→ W

3
0(T ) .
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What Next ?

1 Spaces

2 Regular Decomposition

3 Discrete Regular Decomposition (DRD): h-Version

4 Discrete Regular Decomposition: p-Version
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{
grad H1(Ω)⊕ curl H0(curl,Ω)⊕HD(Ω) ,

grad H1
0 (Ω)⊕ curl H(curl,Ω)⊕HN(Ω) .

➤ Restriction to H(curl,Ω), HΓD
(curl,Ω) (also H(div,Ω), HΓN

(div,Ω))

L2(Ω)-orthogonal Helmholtz decompositions of H(curl,Ω), H0(curl,Ω):

H(curl,Ω) = grad H1(Ω)⊕ (H0(div 0,Ω) ∩ H(curl,Ω)) ,

HΓD
(curl,Ω) = grad H1

ΓD
(Ω)⊕ (HΓN

(div 0,Ω) ∩ HΓD
(curl,Ω)) .
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R :

{
HΓD

(curl,Ω) → (H1
ΓD
(Ω))3

L2(Ω) → L2(Ω)

N : L2(Ω) → H1
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Regular Decompositions

Ω convex/smooth

H(div 0,Ω) ∩ H0(curl,Ω) ⊂ (H1(Ω))3
↔

Ω reentrant edges

H(div 0,Ω) ∩ H0(curl,Ω)6⊂(H1(Ω))3

✬

✫

✩

✪

Regular decomposition theorem: ∃ stable splitting

HΓD
(curl,Ω) = V ⊕ grad H1

ΓD
(Ω) , V ⊂ (H1

ΓD
(Ω))3
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“Gradients fill gap between HΓD
(curl,Ω) and (H1

ΓD
(Ω))3”

7



What Next ?

1 Spaces

2 Regular Decomposition

3 Discrete Regular Decomposition (DRD): h-Version

4 Discrete Regular Decomposition: p-Version

8



h-DRD for Whitney 1-Forms: Goal

[Focus on Whitney forms]

9



h-DRD for Whitney 1-Forms: Goal

[Focus on Whitney forms]✤

✣

✜

✢

“Continuous” Regular Decomposition Theorem:

∀ v ∈ HΓD
(curl,Ω) : ∃ z ∈ (H1

ΓD
(Ω))3, ϕ ∈ H1

ΓD
(Ω) : v = z + gradϕ ,

‖z‖L2(Ω) . ‖v‖L2(Ω) , |z|H1(Ω) . ‖v‖H(curl,Ω) , ‖ϕ‖L2(Ω) . ‖v‖L2(Ω) .

9



h-DRD for Whitney 1-Forms: Goal

[Focus on Whitney forms]✤

✣

✜

✢

“Continuous” Regular Decomposition Theorem:

∀ v ∈ HΓD
(curl,Ω) : ∃ z ∈ (H1

ΓD
(Ω))3, ϕ ∈ H1

ΓD
(Ω) : v = z + gradϕ ,

‖z‖L2(Ω) . ‖v‖L2(Ω) , |z|H1(Ω) . ‖v‖H(curl,Ω) , ‖ϕ‖L2(Ω) . ‖v‖L2(Ω) .

FE space for regular part: Vh := (W0
0,ΓD

(T ))3 ⊂ (H1
ΓD
(Ω))3

9



h-DRD for Whitney 1-Forms: Goal

[Focus on Whitney forms]✤

✣

✜

✢

“Continuous” Regular Decomposition Theorem:

∀ v ∈ HΓD
(curl,Ω) : ∃ z ∈ (H1

ΓD
(Ω))3, ϕ ∈ H1

ΓD
(Ω) : v = z + gradϕ ,

‖z‖L2(Ω) . ‖v‖L2(Ω) , |z|H1(Ω) . ‖v‖H(curl,Ω) , ‖ϕ‖L2(Ω) . ‖v‖L2(Ω) .

FE space for regular part: Vh := (W0
0,ΓD

(T ))3 ⊂ (H1
ΓD
(Ω))3

?
For all vh ∈ W

1
0,ΓD

(T ) ⊂ HΓD
(curl,Ω):

∃ zh ∈ Vh, ϕh ∈ W0
0,ΓD

(T ): vh = zh + gradϕh ,

‖zh‖L2(Ω) . ‖vh‖L2(Ω) , |zh|H1(Ω) . ‖vh‖H(curl,Ω) , ‖ϕh‖L2(Ω) . ‖vh‖L2(Ω) .

9



h-DRD for Whitney 1-Forms: Goal

[Focus on Whitney forms]✤

✣

✜

✢

“Continuous” Regular Decomposition Theorem:

∀ v ∈ HΓD
(curl,Ω) : ∃ z ∈ (H1

ΓD
(Ω))3, ϕ ∈ H1

ΓD
(Ω) : v = z + gradϕ ,

‖z‖L2(Ω) . ‖v‖L2(Ω) , |z|H1(Ω) . ‖v‖H(curl,Ω) , ‖ϕ‖L2(Ω) . ‖v‖L2(Ω) .

FE space for regular part: Vh := (W0
0,ΓD

(T ))3 ⊂ (H1
ΓD
(Ω))3

?
For all vh ∈ W

1
0,ΓD

(T ) ⊂ HΓD
(curl,Ω):

∃ zh ∈ Vh, ϕh ∈ W0
0,ΓD

(T ): vh = zh + gradϕh ,

‖zh‖L2(Ω) . ‖vh‖L2(Ω) , |zh|H1(Ω) . ‖vh‖H(curl,Ω) , ‖ϕh‖L2(Ω) . ‖vh‖L2(Ω) .

9



h-DRD for Whitney 1-Forms: Goal

[Focus on Whitney forms]✤

✣

✜

✢

“Continuous” Regular Decomposition Theorem:

∀ v ∈ HΓD
(curl,Ω) : ∃ z ∈ (H1

ΓD
(Ω))3, ϕ ∈ H1

ΓD
(Ω) : v = z + gradϕ ,

‖z‖L2(Ω) . ‖v‖L2(Ω) , |z|H1(Ω) . ‖v‖H(curl,Ω) , ‖ϕ‖L2(Ω) . ‖v‖L2(Ω) .

FE space for regular part: Vh := (W0
0,ΓD

(T ))3 ⊂ (H1
ΓD
(Ω))3

?
For all vh ∈ W

1
0,ΓD

(T ) ⊂ HΓD
(curl,Ω):

∃ zh ∈ Vh, ϕh ∈ W0
0,ΓD

(T ): vh = zh + gradϕh ,

‖zh‖L2(Ω) . ‖vh‖L2(Ω) , |zh|H1(Ω) . ‖vh‖H(curl,Ω) , ‖ϕh‖L2(Ω) . ‖vh‖L2(Ω) .

9
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✣
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∀ v ∈ HΓD
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h-DRD of Whitney 1-Forms: Construction & Proof

Continuous RD of vh ∈ W
1
0,ΓD

(T ): vh = z + gradϕ,
z ∈ (H1

ΓD
(Ω))3 ,

ϕ ∈ H1
ΓD
(Ω)
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h-DRD of Whitney 1-Forms: Construction & Proof

Continuous RD of vh ∈ W
1
0,ΓD

(T ): vh =

6∈ Vh

z + grad

6∈ W0
0,ΓD

ϕ,
z ∈ (H1

ΓD
(Ω))3 ,

ϕ ∈ H1
ΓD
(Ω)

A special interpolation error estimate for edge interpolation

If v ∈ (H1(Ω))3, curl v ∈ W
2
0(T ), then

∥∥v − Π1
hv
∥∥

0,T
. hT |v|1,T ∀T ∈ T .

! curl z = curl vh discrete ➤
∥∥(Id − Π1

h)z
∥∥

L2(Ω)
. h‖z‖H1(Ω)
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Continuous RD of vh ∈ W
1
0,ΓD

(T ): vh =

6∈ Vh

z + grad
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0,ΓD

ϕ,
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(Ω))3 → Vh

Quasi-interpolation operator

= linear, H1/L2-stable, boundary-aware Qh : H1
ΓD
(Ω) → W0

0,ΓD
(T )

‖Qhψ‖L2(T ) . ‖ψ‖L2(ωT )
,

|Qhψ|H1(T ) . |ψ|H1(ωT )
,

‖ψ − Qhψ‖L2(T ) . hT |ψ|H1(ωT )

∀T ∈ T ,

ωT =̂ mesh neighborhood of T .
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h-DRD of Whitney 1-Forms: Construction & Proof
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1
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✤

✣

✜

✢

“Continuous” Regular Decomposition Theorem:

∀v ∈ HΓD
(curl,Ω): ∃ z ∈ (H1

ΓD
(Ω))3, ϕ ∈ H1

ΓD
(Ω) : v = z + gradϕ ,

‖z‖L2(Ω) . ‖v‖L2(Ω) , |z|H1(Ω) . ‖v‖H(curl,Ω) , ‖ϕ‖L2(Ω) . ‖v‖L2(Ω) .
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1
0,ΓD

(T ): vh = Π1
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Applications:

Multigrid theory
DD theory

Auxiliary space
preconditioners

Error estimators Edge BEM analysis
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What Next ?

1 Spaces

2 Regular Decomposition

3 Discrete Regular Decomposition (DRD): h-Version

4 Discrete Regular Decomposition: p-Version
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Higher-Order Discrete Differential Forms
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Higher-Order Discrete Differential Forms

✄ Ω =̂ bounded (curvilinear) Lipschitz polyhedron

✄ T =̂ tetrahedral mesh of Ω

✄ p ∈ N0 =̂ (uniform) polynomial degree

13



Higher-Order Discrete Differential Forms

First family of discrete differential forms (Pp =̂ polynomials)

ℓ = 0: Lagrangian finite element spaces

W0
p (T ) := {v ∈ H1(Ω) : v |T ∈ Pp+1, T ∈ T } .
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Higher-Order Discrete Differential Forms

First family of discrete differential forms (Pp =̂ polynomials)

ℓ = 0: Lagrangian finite element spaces

W0
p (T ) := {v ∈ H1(Ω) : v |T ∈ Pp+1, T ∈ T } .

ℓ = 1: Nédélec (edge) finite elements

W
1
p(T ) :=

{
v ∈ H(curl,Ω) :

v |T (x) = p(x) + q(x)× x ,
p,q ∈ (Pp(T ))3,

T ∈ T

}
.

13



Higher-Order Discrete Differential Forms

First family of discrete differential forms (Pp =̂ polynomials)

ℓ = 0: Lagrangian finite element spaces

W0
p (T ) := {v ∈ H1(Ω) : v |T ∈ Pp+1, T ∈ T } .

ℓ = 1: Nédélec (edge) finite elements

W
1
p(T ) :=

{
v ∈ H(curl,Ω) :

v |T (x) = p(x) + q(x)× x ,
p,q ∈ (Pp(T ))3,

T ∈ T

}
.
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{
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v |T (x) = p(x) + q(x)x ,
p ∈ (Pp(T ))3, q ∈ Pp(T )

T ∈ T

}
.
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}
.

ℓ = 3: Discontinuous piecewise polynomials

W3
p (T ) := {v ∈ L2(Ω) : v |T ∈ Pp, T ∈ T } .
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Higher-Order Discrete Differential Forms

First family of discrete differential forms (Pp =̂ polynomials)
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2
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{
v ∈ H(div,Ω) :

v |T (x) = p(x) + q(x)x ,
p ∈ (Pp(T ))3, q ∈ Pp(T )

T ∈ T

}
.

ℓ = 3: Discontinuous piecewise polynomials

W3
p (T ) := {v ∈ L2(Ω) : v |T ∈ Pp, T ∈ T } .

✄ FE spaces with locally vanishing ∂Ω-trace: Wℓ
p,ΓD

(T ) ⊂ HΓD
(Λℓ,Ω)
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p-DRD: (Ambitious) Goal
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“Continuous” Regular Decomposition Theorem:
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Tool: Smoothed Poincaré Lifting

T ∈ T , a ∈ T : Poincaré lifting Ba : C0(T ) → C0(T ) defined as

Ba(u)(x) :=

∫ 1

0

tu(x + t(x − a)) dt × (x − a) , x ∈ T .

✓
✒

✏
✑curl Bau = u , if divu = 0 .
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Thm.: B can be extended to a continuous operator B : L2(T ) → H1(T ):

curl Bu = u ∀u ∈ H(div,T ), divu = 0 .
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✓
✒

✏
✑

Thm.: B can be extended to a continuous operator B : L2(T ) → H1(T ):

curl Bu = u ∀u ∈ H(div,T ), divu = 0 .

+ B = polynomial preserving
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Tool: Projection-Based Interpolation
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Tool: Projection-Based Interpolation

Projection-based interpolation operators Πℓ
p,T : C∞(T ) → Wℓ
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p,T = Π2

p,T ◦ curl .

perfect locality :

u|f = 0 , f a facet of T (Πℓ
p,T u)

∣∣
f
= 0 .

✬

✫

✩

✪

Thm.: (Spectral interpolation error estimate for Π0
T ,p)

∣∣(Id − Π0
T ,p)v

∣∣
H1(T )

.
hT

p + 1
|v |H2(T ) ∀v ∈ H2(T ) ,

with constants depending only on shape regularity of T .
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(Q3) |Qpu|
H1(Ω) . |u|

H1(Ω̃) for all u ∈ H1(Ω̃),

(Q4)
∥∥ǫ−1(Id − Qp)u

∥∥
L2(Ω)

. |u|
H1(Ω̃) for all u ∈ H1(Ω̃),
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1
p,ΓD

(T ), ϕp ∈ W0
p,ΓD

(T ) :

vp = Π1
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)
,

constants depending only on the shape of Ω, ΓD, and shape regularity.

✤

✣

✜

✢

“Continuous” Regular Decomposition Theorem:

∀v ∈ H :(curl, ΓD) ∃ z ∈ (H1
ΓD
(Ω))3, ϕ ∈ H1

ΓD
(Ω) : v = z + gradϕ ,

‖z‖L2(Ω) . ‖v‖L2(Ω) , |z|H1(Ω) . ‖v‖H(curl,Ω) , ‖ϕ‖L2(Ω) . ‖v‖L2(Ω) .
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1
p,ΓD

(T ), ϕp ∈ W0
p,ΓD

(T ) :

vp = Π1
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p
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(
∑

T∈T

∥∥∥∥
p + 1

hT

ṽp

∥∥∥∥
2

L2(T )

)1/2

. ‖vp‖H(curl,Ω) ,
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