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De Rham Hilbert Complex

Q c R® = bounded Lipschitz domain, trivial topology

Theorem:

d

De Rham domain complex in 3D

d d

H(A°, Q) ——— H(A',Q) —— H(A\%,Q) —— H(A3,Q).

'p c 9Q “Dirichlet boundary part”

Theorem: 3D boundary-aware De Rham domain complex

H (@) 24,

curl

Hr,(curl, Q) —" Hr,(div,2) —— (2 (Q).
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De Rham Hilbert Complex

Q c R® = bounded Lipschitz domain, trivial topology

Theorem: De Rham domain complex in 3D

H'(Q) —22% H(curl, Q) — H(div,Q) — [2(Q).

'p c 9Q “Dirichlet boundary part”

Theorem: 3D boundary-aware De Rham domain complex
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nD generalization: Hilbert complexes of differential forms on Q
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> Q = bounded (curvilinear) Lipschitz polyhedron c R®
> 7 = tetrahedral mesh of Q

W§(T) = T-piecewise linear FE spaces, / =0, ...

D.o.f.:
€0| €1| gzl

é:




Whitney Forms

> Q = bounded (curvilinear) Lipschitz polyhedron c R®

> 7T = tetrahedral mesh of Q

W{(T) = T-piecewise linear FE spaces, / =0,...,3

/

D.o.f.:
130| €1| ezl 0=

H'(Q)

U

Wo(T)

grad

—99%, H(eurl, Q) — H(div,Q) —2 12(Q)

grad
e

U

Wo(T)

curl
_—

U U

WA(T) — WH(T)

/
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Discrete De Rham Exact Sequence

Q = Lipschitz polyhedron, trivial topology

Theorem: Discrete DeRham exact sequence in 3D

grad

WOT) 225 Wi(T) -2 W3(T) — W3(T).

is an exact sequence.




Discrete De Rham Exact Sequence

Q = Lipschitz polyhedron, trivial topology

Theorem: Discrete DeRham exact sequence in 3D

grad curl

WO(T) 225 Wi(T) - W3(T) —2 W3(T).

is an exact sequence.

+ commuting nodal interpolation operators:

cx(Q) -2, cx@) —M, cx @)~ o> (Q)

lng lng, lng lng

grad

WOT) 225 wi(T) - WA(T) — W(T).



® Regular Decomposition

What Next ?
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Helmholtz Decompositions

% spaces: Q C R® bounded Lipschitz domain, 9Q =TpUTy
Hr,(curl, Q) := {v € L*(Q): curlv e L?(Q),vxn=0o0nTp}
Hr, (div, Q) := {v € L*(Q): divv e L?(Q),v-n=0o0ny}

Classical L?(Q2)-orthogonal Helmholtz decompositions:

12(0) - {gradH‘(Q)@curlHo(curI,Q)@HD( ),

grad H}(Q) @ curl H(curl, Q) & Hn(Q) .

» Restriction to H(curl, Q), Hr,(curl, Q) (also H(div, Q2), Hr,(div,))

L2(Q2)-orthogonal Helmholtz decompositions of H(curl, Q), Ho(curl, Q):

H(curl, Q) = grad H'(Q) @ (Ho(div0, Q) N H(curl, Q)) ,

Hr,(curl, Q) = grad H! (Q) & (Hr,(div0,Q) N Hr,(curl, Q)) .
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Regular Decompositions

@ Q2 convex/smooth
H(div0,Q) N Hy(curl, Q) c (H'(Q))3

@ Q reentrant edges
H(div0, Q) N Ho(curl, Q)7 (H'(Q))3

egular decomposition theorem: 3 continuous operators

m. [ Hroleurl Q) — (H (Q)
{ Q) = LXQ)

N: L*(Q) — H (Q),

R+gradoN=/d on Hr,(curl,Q).




Regular Decompositions

@ Q2 convex/smooth 5 @ Q reentrant edges

H(div0,Q) N Ho(curl, Q)  (H'(Q))®  H(div0,Q) N Ho(curl, Q)7 (H'(Q))°?

egular decomposition theorem: 3 stable splitting

Hr,(curl, Q) =VaegradH (Q) , V. (H (Q)°.




Regular Decompositions

@ Q2 convex/smooth 5 @ Q reentrant edges
H(div0,Q) N Ho(curl,Q) C (H'(Q))*  H(div0,Q) N Ho(curl, Q)7 (H'(2))3

egular decomposition theorem: 3 stable splitting

Hr,(curl, Q) =VaegradH (Q) , V. (H (Q)°.

“Gradients fill gap between Hr,(curl, Q) and (H! (Q))*”



What Next ?

® Discrete Regular Decomposition (DRD): h-Version
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[Focus on Whitney forms]

“Continuous” Regular Decomposition Theorem:
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h-DRD for Whitney 1-Forms: Goal

[Focus on Whitney forms]

“Continuous” Regular Decomposition Theorem:
Vv e Hr,(cur,Q): 3 ze(H ()3, oeH (Q: v= z+grady,

12ll 200y < IVl 2(q) - |Z|H1(y/5 ||V||H(curl,7/a ||<P)|L2(Q) S ||"||L2(§2 :

FE space for regular part: V= (W&rD(T )8

- ("799(9))3
/

For all vy € Wy (T) C Hr,(cutl,Q): /

/ ‘
324 € Vi, on €W (T): V= zp+gradyp,

H 12nll 20y < VAl 120lH1(0) < IVAllHEun,2) > lenlliz@) S VAl 20



h-DRD for Whitney 1-Forms: Goal

[Focus on Whitney forms]

“Continuous” Regular Decomposition Theorem:
Vv e Hr,(cur,Q): 3 ze(H ()3 oeH (2 : v=z+grady,

12l 20y S IVl » 12l S IVllkEune) - 1€lliz) S IVIl2q)

FE space for regular part: ~— Vy:= W0, (T))% C (H,(Q))*
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h-DRD for Whitney 1-Forms: Goal

[Focus on Whitney forms]

“Continuous” Regular Decomposition Theorem:
Vv e Hr,(cur,Q): 3 ze(H ()3 oeH (2 : v=z+grady,

1Zll20) S IVllz@) » 1ZlHi) S IVlkeuna) » I€9llz@) < VIl

FE space for regular part: ~— Vy:= W0, (T))% C (H,(Q))*

Forall vy € Wi, (T) C Hr,(curl,Q):

3z, €V, @hewgr (T): Vva= zn+gradyy,

] 1Zall2(0) S IVhlliz) > 1Zal@) < VAl Heun.) > 1enllz@) S IVAll2@0)

Not possible: Vi ¢ Wi, (T)



h-DRD of Whitney 1-Forms: Construction & Proof



h-DRD of Whitney 1-Forms: Construction & Proof

ze (H,(Q),

Continuous RD of v, e W} (T): v, =2z+grado,
h O,FD( ) h g ¥ QOGHFD(Q)
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h-DRD of Whitney 1-Forms: Construction & Proof

ZVn EWor,
. o e L e @
Continuous RD of v, € Wy, (T): vh=2z+grado, e HFDD(Q)
! curlz=curlv, discrete » | (1d — ﬂ},)ZHLZ(Q) S hlzll g g

A special interpolation error estimate for edge interpolation

If v e (H'(Q))3, curlv € W2(T), then

lv—Tivllo s Shrivl; VTeT.




h-DRD of Whitney 1-Forms: Construction & Proof

ZVn €W,
| o L aem @,
Continuous RD of v, € Wi (T): Va=2z+grady, e HFDD(Q)
discrete » [(d = 1)zl gy < Mzl

! curlz =curlvy
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Throw z — V}; by quasi-interpolation Qy, : (H! ())* — V»



h-DRD of Whitney 1-Forms: Construction & Proof

ZVn EWor,
. oy ey S ze @)
Continuous RD of v, € Wy, (T): vh=2z+grado, e HFDD(Q)
! curlz=curlv, discrete » | (1d — ﬂ},)ZHLZ(Q) S hlzll g g
@ Throw z — V}; by quasi-interpolation Qy, : (H! ())* — V»

Quasi-interpolation operator
= linear, H'/L?-stable, boundary-aware  Qp : H! (Q) — W5 (T)
“Qh¢||L2(T) S H¢||L2((JJT) )

‘Qh¢‘H1(T) 5 |w|H‘(wr) 3 VT e T:
1% = Qntllz(ry < A7l o)

wTt = mesh neighborhood of T.




h-DRD of Whitney 1-Forms: Construction & Proof

€Vh ¢Wor,
| o o e @)r,
Continuous RD of v, € Wi (T): Va=2z+grady, e HFDD(Q)
! curlz =curlv, discrete » [(d = 1)zl gy < Mzl
@ Throw z — V}; by quasi-interpolation Qy, : (H! ())* — V»

z =Ny(z — Qpz) +N4 (Qpz) + (Id — Np)z
—_———— —_—— —

— v, =Zn curl=0!




h-DRD of Whitney 1-Forms: Construction & Proof

€Vh ¢Wor,
| o o L em@p,
Continuous RD of v, € Wi (T): Va=2z+grady, e HFDD(Q)
! curlz =curlv, discrete » [(d = 1)zl gy < Mzl
@ Throw z — V}, by quasi-interpolation Qy, : (H! (2))* — Vi
Commuting dia-

gram property

z =Ny(z — Qpz) +N4, (Qpz) + (Id — Np)z
—_———— ~——

— v, =Zn curl=0!
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Continuous RD of v, € Wi, (T): Vh=2z+grade,

! curlz =curlv, discrete »
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e WY(T), curl =0
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Continuous RD of v, € Wi, (T): Vh=2z+grade,

! curlz =curlv, discrete »

ZVn EWor,

L e @),
v € Hi,(Q)

||(ld - n}I)ZHLZ(Q) S h”z”H‘(Q)
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h-DRD of Whitney 1-Forms: Construction & Proof

€Vh ¢Wor,
| o o e @)r,
Continuous RD of v, € Wi (T): Va=2z+grady, e HFDD(Q)
! curlz =curlv, discrete » [(d = 1)zl gy < Mzl
@ Throw z — V}; by quasi-interpolation Qy, : (H! ())* — V»

z =Ny(z — Qpz) +N4 (Qpz) + (Id — Np)z
—_———— —_—— —

— W =Zn curl=0!

o as discrete potential: (Id—-Np)z+gradp = grad . ¢
e WY(T), curl =0

||Vh||L2(Q) < [[(ld = Ap)(Id = Qp)z|| ;2(q + (/D = Qn)Z|| 20y < HllZ|111()-
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Summary: h-DRD for Whitney 1-Forms

“Continuous” Regular Decomposition Theorem:

W € Hr,(curl,Q): 3 ze (H! ()3 veH (Q) :

1Zll 20y S IVl » 1Zlie) S IVIkEun,0) -

v=2z+gradyp,

ellz) S IVl 2y -
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Summary: h-DRD for Whitney 1-Forms

“Continuous” Regular Decomposition Theorem:
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“Continuous” Regular Decomposition Theorem:
W e Hr,(curl,Q): 3 ze (H ()3 veH (2 : v=z+grady,
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||Vh||L2(Q) S ||vh||L2(Q) ) ||h71vh||L2(Q) i~ ||"’7||H(<=url,f2) )

@nstants depending only on Q, I'p, and shape regularity.

Izl 20 < IVhlli2@) » 126k S IVallaeuna) + lenlliz@) S IVAll2@)

~

)




Summary: h-DRD for Whitney 1-Forms

“Continuous” Regular Decomposition Theorem:

Applications:
Multigrid theory Auxiliary space
DD theory preconditioners
O
Error estimators Edge BEM analysis

COrIStarns uepermamniy oriry UIT X, T p, dIrta STidpe Teyguidrity.



What Next ?

@ Discrete Regular Decomposition: p-Version



Higher-Order Discrete Differential Forms



Higher-Order Discrete Differential Forms

> Q = bounded (curvilinear) Lipschitz polyhedron
> T = tetrahedral mesh of Q
> peNy = (uniform) polynomial degree



Higher-Order Discrete Differential Forms

First family of discrete differential forms (Pp = polynomials)
® (=0: Lagrangian finite element spaces

WNT) ={veH (Q): V|; €Pps1. TET}.
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First family of discrete differential forms (Pp = polynomials)
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¢ =0: Lagrangian finite element spaces
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¢ =1: Nédélec (edge) finite elements
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Higher-Order Discrete Differential Forms

First family of discrete differential forms (Pp = polynomials)

¥ ]

¢ =0: Lagrangian finite element spaces
WNT) ={veH (Q): V|; €Pps1. TET}.

¢ =1: Nédélec (edge) finite elements

W;(T) :—{VEH(curl.,Q): I:’/|<TI(€)(7’p(7('))()3 q(x) x X, TET},

¢ = 2: Raviart-Thomas (face) elements

Wi(T) :—{veH(div.,Q); r‘:';((PL( I;)( )q+€q7(>pz < TeT} '



Higher-Order Discrete Differential Forms

First family of discrete differential forms (Pp = polynomials)

¥ ]

¢ =0: Lagrangian finite element spaces
WNT) ={veH (Q): V|; €Pps1. TET}.

¢ =1: Nédélec (edge) finite elements

W;(T) = {v € H(curl, Q) : I‘D/|<T1(€ )(,Pp(7(-)x)3:’_ q(x) x X, Tc T} .

¢ = 2: Raviart-Thomas (face) elements

p € (Po(T))% q € Pp(T)
¢ =3: Discontinuous piecewise polynomials

Wo(T)={vel?(Q): v, €Pp, TET}.

WE(T):—{veH(div.,Q): Vir (x) = p(X) + q(0)x, TET},



Higher-Order Discrete Differential Forms

First family of discrete differential forms (Pp = polynomials)

¥ ]

>

¢ =0: Lagrangian finite element spaces
WNT) ={veH (Q): V|; €Pps1. TET}.

¢ =1: Nédélec (edge) finite elements

W;(T) = {v € H(curl, Q) : I‘D/|<T1(€ )(Pp(7('))()3jr q(x) x X, Tc T} .

¢ = 2: Raviart-Thomas (face) elements

Wi(T) :—{veH(div.,Q); I‘D/|€T((7’L( I;)( )q+€q7(3pz < TeT} '

¢ =3: Discontinuous piecewise polynomials
Wo(T)={vel?(Q): v, €Pp, TET}.
FE spaces with locally vanishing 9Q-trace: Wy, - (T) € Hr, (A, Q)



p-DRD: (Ambitious) Goal
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“Continuous” Regular Decomposition Theorem:

W € Hr,(curl,Q): 3 ze (H! ()3 veH (Q) :

1Zll 20y S IVllz) » 12l e) S IVIkEun.o) -

v=2z+grady,

lell2i@) S IVll2) -
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FE space for regular part:  V, := (W, (7))° C (H!,(Q))°, degree p € Ny



p-DRD: (Ambitious) Goal

“Continuous” Regular Decomposition Theorem:

W € Hr,(curl,Q): 3 ze (H! (Q))3,

peH (Q) : v=z+grady,

2l 20 S IVll2) > 1Zlm@) S IVllHeuna) » [1€llz@) S VIl

FE space for regular part:  V, := (W),

Desired:

o(T))°

C (H! ()3, degree p € Ny

Forallv, € Wp ro(7), p € No:

9 3z € Vp, pp e W
|

o 12oll 20) < Vol 2 () 1Zolii) S Vol eur,a) 190l 2@) < Vol 20

o(T):
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Projection-based interpolation operators 17 : C>*(T) — Wy(T):
® projectors: (I‘If;}T)2 =57

® commuting diagram property:
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grado ; =M} rograd , curloM) ;=N3 rocurl .

ﬁ\m.: (Spectral interpolation error estimate for I‘I°T7p)

hr

0
|(1d — I_IT,p)V|H1(T) Soaq o+

——|Vle(ry YveHA(T),

With constants depending only on shape regularity of T.
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