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Parabolic evolution equations

Model problem: Heat equation®. With / := (0, T),

diu—Ayu = f onlxQ
u=0 onlxoQ (1)
u(0,-) = up onQ

Traditional approach is time marching. E.g. method of lines; discretize first in
space with e.g. fem, and then in time with say trapezoidal rule: Crank—Nicolson.
Vice versa: Rothe's method.

1_A, may read as general elliptic 2nd order spatial PDO
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Parabolic evolution equations

Model problem: Heat equation®. With / := (0, T),

diu—Ayu = f onlxQ
u=0 onlxoQ (1)
u(0,-) up on Q)

Traditional approach is time marching. E.g. method of lines; discretize first in
space with e.g. fem, and then in time with say trapezoidal rule: Crank—Nicolson.
Vice versa: Rothe's method.

Growing interest in simult. space-time variational methods for parabolic problems
(monolithic approach), because they are much better suited for a massively parallel
implementation, allow for local refinements simultaneously in space and time, and
produce numerical approximations from the employed trial spaces which are
quasi-best (‘Cea’s lemma).

Superior in applications where the full time evolution is needed at the same time,
as with problems of optimal control or data assimilation. For parameter-dependent
problems, reduced basis methods reduce equally well complexity in time.

1_A, may read as general elliptic 2nd order spatial PDO
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Some references space-time methods (for parabolic)

[Andreev, 2013], [Babuska and Janik, 1989], [Babuska and Janik, 1990],

[Beranek, Reinholt, and Urban, 2020], [Boiveau, Ehrlacher, Ern, and Nouy 2019],
[Devaud, 2020], [Diening and Storn, 2022]

[Dyja, Ganapathysubramanian, and van der Zee, 2018], [Gander and Neumiiller, 2016],
[Gantner and St., 2021], [Gantner and St., 2022], [Gimperlein and Stocek, 2019],
[Fiihrer and Karkulik, 2021], [Griebel and Oeltz, 2007], [Gunzburger and Kunoth, 2011],
[Loli, Montardini, Sangalli, and Tani, 2019], [Langer and Zank, 2020],

[Hofer, Langer, Neumdiller, and Schneckenleitner, 2019],

[Kestler, Steih, and Urban, 2016], [Langer, Moore, and Neumiiller, 2016],

[Larsson and Schwab, 2015], [Messner, Schanz, and Tausch, 2014], [Mollet, 2014],
[Rekatsinas, 2018], [Schwab and St., 2009], [Schwab and St., 2017],

[Steinbach and Zank, 2020], [Neumiiller and Smears, 2019], [Steinbach, 2015],
[Steinbach and Yang, 2018], [St. and Westerdiep, 2021b],

[St., van Veneti€, and Westerdiep, 2021], [St. and Westerdiep, 2021a],

[van Venetié and Westerdiep, 2021], [van Venetié and Westerdiep, 2021],

[Voulis and Reusken, 2018], ...
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Being interested in optimally convergent adaptive methods, we focus on methods
that are quasi-best w.r.t. mesh-independent norms.
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Simultaneous space-time variational formulation

For Gelfand triple V — H ~ H' < V' on spatial domain (), for a.e. t € /, let
a(t; -, -) bilinear form on V x V s.t. for some ¢ € R

la(t:, O < lnlivIiglv - (1.8 € V) (boundedness), )
a(tin ) +elrn) 2 Il (1€ V)  (Girding inequality).  (3)
With A(t) € L(V, V') by (A(t)n)(C) := a(t;n,{), given f and up, find

u(t): Q3 — R,
{ o (£) + A(t)u(t)
u(0)

f(t) (tel),
up.
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Simultaneous space-time variational formulation

For Gelfand triple V — H ~ H' < V' on spatial domain (), for a.e. t € /, let
a(t; -, -) bilinear form on V x V s.t. for some ¢ € R

la(t:, O < lnlivIiglv - (1.8 € V) (boundedness), )
a(ti. ) + el 2 Y (1€ V)  (Girding inequality).  (3)
With A(t) € L(V, V') by (A(t)n)(C) := a(t;n,{), given f and up, find

u(t): QO — R,
{ du () 1 A(t)u(t) = f(t) (tel), (4)
u(0) = up.

Find u € X := Lo(I; V)N HY(1; V') with you = ug, s.t. Vv € Y 1= Ly(; V),
(Bu)(v) = [(% () v(O)de+ [(ADu(O)(v(e)de = [ (F(e),v(e)) ot
(0ru)(v):= (Au)(v):= f(v):=

Theorem (e.g. [Dautray and Lions, 1992] or [Wloka, 1982])
(B,70) € Lis(X, Y x H).
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Conditioning of (B =9, + A, 7o) € Lis(X, Y' x H)

W.lo.g. a(t;17.1) 2|73 (coercivity inst. of Garding).
Then A€ Lis(Y,Y'). As:= J(A+A), A== 3(A—A).

Equip Y = Lo(I; V), X = La(I; V) N HL(I; V') with ‘energy-norms’

Dy =/ (As) (), H~||x:=\/II~H2y+\|3t~|\2y/+|lw~|\2-
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Conditioning of (B =9, + A, 7o) € Lis(X, Y' x H)

W.lo.g. a(t;17.1) 2|73 (coercivity inst. of Garding).
Then A€ Lis(Y,Y'). As:= J(A+A), A== 3(A—A).
Equip Y = Lo(I; V), X = La(I; V) N HL(I; V') with ‘energy-norms’

Dy =/ (As) (), H~||x:=\/II~H2y+\|3t~|\2y/+|lw~|\2-

Proposition ([St. and Westerdiep, 2021a])

With a == || Asll £y, yr) = p(AS 1 Aa),

1Bull%: + lvoul® [ 1

& /o2
lull% g (arvarra) TRV

For @ = 0: [Jovanovi¢ and Siili, 2014, Tantardini and Veeser, 2016,
Ern, Smears, and Vohralik 2017].
General a: related result in [Ern and Guermond, 2021] not based on energy-norms.
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Minimal residual discretization |

Recall (B, 0) € Lis(X, Y’ x H), but test # trial. ‘Stable’ Petrov-Galerkin
discretizations are difficult to construct.
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Minimal residual discretization |

Recall (B, 0) € Lis(X, Y’ x H), but test # trial. ‘Stable’ Petrov-Galerkin
discretizations are difficult to construct.

Clearly _ _ 9 9
u = argmin ||Bw — f||3, + || vow — up]|*.
weX

Following [Andreev, 2013], for closed subspaces X0 C X, Y CY take

u® := argmin || Bw — fH%,y + [ yow — wo|®.
weX?
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Minimal residual discretization |

Recall (B, 0) € Lis(X, Y’ x H), but test # trial. ‘Stable’ Petrov-Galerkin
discretizations are difficult to construct.

Clearly _ _ 9 9
u = argmin ||Bw — f||3, + || vow — up]|*.
weX

Following [Andreev, 2013], for closed subspaces X0 C X, Y CY take

u® := argmin || Bw — fH%,y + [ yow — wo|®.
weX?

Theorem ([St. and Westerdiep, 2021a])

5 - 5 o HatWHst/
Let X O Y? and Yo = Infwex,s W > 0. Then

1
1+§(a2+am) inf f|lu— wl|x.?

H“ u‘SHX <
1 2 0
5 (7(5_;,_“2_;,_1_ (75_;,_“24_1)2_475) weX

a\ﬁzlwhen'mzlandazo
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Minimal residual discretization |l

infse s > 0 has been verified for families (X°)sea, (Y?)sea where
X%, Y% = Y¥(X°) with dim Y? < dim X° are

@ tensor products of ‘temporal’ and ‘spatial’ spaces, or
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Minimal residual discretization |l

infse s > 0 has been verified for families (X°)sea, (Y?)sea where
X%, Y% = Y¥(X°) with dim Y? < dim X° are
@ tensor products of ‘temporal’ and ‘spatial’ spaces, or

@ spans of collections of such (adaptively selected) tensor products.
E.g. coll. of temporal wavelet ® spatial wavelet (with Rekatsinas 2018), or
temporal wavelet & spatial finite element space (with van Venetié¢ and
Westerdiep, 2021)
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Minimal residual discretization |l

infse s > 0 has been verified for families (X°)sea, (Y?)sea where
X%, Y% = Y¥(X°) with dim Y? < dim X° are
@ tensor products of ‘temporal’ and ‘spatial’ spaces, or

@ spans of collections of such (adaptively selected) tensor products.
E.g. coll. of temporal wavelet ® spatial wavelet (with Rekatsinas 2018), or
temporal wavelet & spatial finite element space (with van Venetié¢ and
Westerdiep, 2021)

@ FEM spaces w.r.t. partitions of type U;[t;, tj11] x 'Qp." (‘time-slab setting’).
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temporal wavelet & spatial finite element space (with van Venetié¢ and
Westerdiep, 2021)

@ FEM spaces w.r.t. partitions of type U;[t;, tj11] x 'Qp." (‘time-slab setting’).

With (2) rates as for corr. stationary problem (cf. sparse grids), but
implementation quite complex.
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Minimal residual discretization |l

infsca 75 > 0 has been verified for families (X%)sea, (Y9)sea where
X%, Y% = Y¥(X°) with dim Y? < dim X° are
@ tensor products of ‘temporal’ and ‘spatial’ spaces, or

@ spans of collections of such (adaptively selected) tensor products.
E.g. coll. of temporal wavelet ® spatial wavelet (with Rekatsinas 2018), or
temporal wavelet & spatial finite element space (with van Venetié¢ and
Westerdiep, 2021)

@ FEM spaces w.r.t. partitions of type U;[t;, tj11] x 'Qp." (‘time-slab setting’).

With (2) rates as for corr. stationary problem (cf. sparse grids), but
implementation quite complex.
Implementation FEM easy, but stability for fully general partitions not available.

To get rid of dual norm therefore: FOSLS.
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FOSLS |

Model problem
(0t —Ax)u = f onlxQ
u= 0 onlxdQ
u(0,-) = ug onQ
First order system:
G(u,w) := (dru + dive w, —w — Vxu, u(0,-)) = (f,0, up).

—_——
div(u,w):=

(with u =0 on / x 0Q)).
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FOSLS |

Model problem
(0t —Ax)u = f onlxQ
u= 0 onlxdQ
u(0,:) = wg onQ

First order system:

G(u,w) := (dru + dive w, —w — Vxu, u(0,-)) = (f,0, up).
%,—/
div(u,w):=

(with u =0 on / x 0Q)).
(B,70) € Lis(X,Y' x H), Vx € L(X, La(I x Q)), divx € L(L2(I x Q), Y')

~ G e Lis(XxL(IxQ),Y x Ll xQ)x L(Q)).

[recall: X := Ly(I; H3(Q)) NHY(1; HTL(Q)), Y := Ly(1; H3 (Q)).]
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FOSLS |

Model problem
(0t —Ax)u = f onlxQ
u= 0 onlxdQ
u(0,:) = wg onQ

First order system:

G(u,w) := (dru + dive w, —w — Vxu, u(0,-)) = (f,0, up).
%/_/
div(u,w):=

(with u =0 on / x 0Q)).
(B,70) € Lis(X,Y' x H), Vx € L(X, La(I x Q)), divx € L(L2(I x Q), Y')

~ G e Lis(XxL(IxQ),Y x Ll xQ)x L(Q)).

[recall: X := Ly(I; H3(Q)) NHY(1; HTL(Q)), Y := Ly(1; H3 (Q)).]

[Bochev and Gunzburger, 2009]: Incorporate condition div(u, w) € Lp(l x Q) in
definition of the domain of G.
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FOSLS I
Theorem ([Fiihrer and Karkulik, 2021])

With U :={id:= (u,w) € X x La(I x Q): divi € Lr(I x Q)}
and L:= L2(I X Q) X L2(/ X Q) X L2(Q),

Gl = lldllu-

[In [Gantner and St., 2021] gen. ellip. 2nd order spatial PDOs; gen. b.c., G € Lis(U, L);
replaced X = Lo(/; H}(Q)) N HY(1; H71(Q)) by La(1; H3(€Q2)); and by decomposing
feY =1Ly(I; H1(Q)) as f = f; + divx f2, showed

(B, y0)u = (f,up) <= Gii =F := (A, fa, up). |
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FOSLS I
Theorem ([Fiihrer and Karkulik, 2021])

With U :={id:= (u,w) € X x La(I x Q): divi € Lr(I x Q)}
and L:= L2(I X Q) X L2(/ X Q) X L2(Q),

Gl = lldllu-

[In [Gantner and St., 2021] gen. ellip. 2nd order spatial PDOs; gen. b.c., G € Lis(U, L);
replaced X = Lo(/; H}(Q)) N HY(1; H71(Q)) by La(1; H3(€Q2)); and by decomposing
feY =1Ly(I; H1(Q)) as f = f; + divx f2, showed

(B, y0)u = (f,up) <= Gii =F := (A, fa, up). |

Advantages:
o For any closed subspace U° C U, @ := argmin||GV — f]|., i.e.,
veu?
(G, GV), = (f,GV), (Ve ),
is quasi-best approximation from U° w.r.t. || - ||y.

e Bil. form (G-, G-); is bounded, symmetric and coercive on U X U.

e A post. error estimator ||f — Gi%||, ~ ||d — @),
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Appl. FOSLS: Reduced basis method |

Ex. from [Glas Mayerhofer, and Urban, 2017]. / x Q = (0,1)2.

et — p102u + podxu + pizu = f,

f(t, x) := sin(27x) (472 + 0.5) cos(47tt) — 4msin(47t)) + 7 cos(27x) cos(4t),
ug(x) :=sin(27tx) on Q.

Parameter set P := [0.5,1.5] x [0,1] x [0,1] € R3. ‘Truth' LS solution

i = (u, —0xu) from U° being 2-fold Cartesian product of continuous piecewise
bi-cubic functions w.r.t. subdivision of / x ) into squares with mesh-size 275.

Phrain is chosen as 17 equidistantly distributed points in P in each direction.

‘Greedy’ to construct reduced basis.
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Appl. FOSLS: Reduced basis method I

T T T T
10t % —o— maxgiep,,,, |71 = GLE] @ [f]) . |4
100 8 &

1071 E E
10_2 E E
1073 ; *:
§ I I | =
0 5 10 15 20

number of basis functions N

Figure: Offline phase: Exponentially decaying residual norm of greedy algorithm.
N [ji] is Gal. approx. from span{@[jiy], ..., @[iin]}.
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Appl. FOSLS: Reduced basis method IlI

+I’l

ﬁ:
i=
]/l—

(#1,0,0): [|F[) — G} (@ [7])ll.
(1,0,0): [|F[a] — G[AN(@ 7))l
(0.5, p2,0.75): |[F[ft] — G [) (@ [7]) |,
(0.5, 112,0.75): [|F[71) — G [f1) (& [f1)) ||«

10—3.5 L

1074

1074.5 [

Figure: Online phase: residual norm in ‘truth sols’ and RB approxs at ji =
with p1 € [0.5,1.5] (red), and ji = (0.5, i, 0.75) with up € [0, 1] (blue) with N = 21.

0 0.5 1
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Appl. FOSLS: Reduced basis method IV

Advantages:
@ dimension reduction also in time-direction (L time marching).
@ no POD needed (L time marching).
@ thanks to coercive bil. form, theory as solid as with Poisson problem.

o faster both in online as in offline phase.
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Appl. FOSLS: Optimal control |

Given f* = (f1,f2,ug) € L, w* € W Hilbert, and F € L(U, W); Hilbert Z < L
and param p > 0, minimize
J(@.2) = 3IFa - wly + §I

7|2 over
{(4,2) e Ux Z: (G, GV) = (f* +Z,GV), (Ve U)}.

(latter is FOSLS form. of heat eq. with hom. Dir. bdr. cond., rhs
fi +z1 +divx(f2 + z2), and u(0,) = up + z3)
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Appl. FOSLS: Optimal control |

Given f* = (f1,f2,ug) € L, w* € W Hilbert, and F € L(U, W); Hilbert Z < L
and param p > 0, minimize

(latter is FOSLS form. of heat eq. with hom. Dir. bdr. cond., rhs
fi +z1 +divx(f2 + z2), and u(0,) = up + z3)

Rewritten as equiv. saddle-point it yields (4, Z,p) € U x Z x U.
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Appl. FOSLS: Optimal control |

Given f* = (f1,f2,ug) € L, w* € W Hilbert, and F € L(U, W); Hilbert Z < L
and param p > 0, minimize

(latter is FOSLS form. of heat eq. with hom. Dir. bdr. cond., rhs
fi +z1 +divx(f2 + z2), and u(0,) = up + z3)

Rewritten as equiv. saddle-point it yields (4, Z,p) € U x Z x U.
Discretisation: Replace U, Z by closed subspaces. Thanks to (G-, G-) coercive,
stability uniform in choice subspaces:

i =@+ 1Z2=2z+1F-Fllu

<1 inf i—V|u+1Z=Vlz+18-dlu).
NQ(W’Z’)EU&Z(SXW(II lu+11Z=Vlz+11F—dlu)

()
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Appl. FOSLS: Optimal control Il

Num. ex. FOSLS formulation of opt. control problem that in 2nd order strong
form reads as

argmin

1 2 [Y 2
3llu— W*||L2(I><Q) + §||Z||L2(/x0)'
{(u,z2)eXxLa(IxQ): dru—Agu=f+zAu(0," )=up}

Took u, f; and w* s.t. i, z, p are smooth.
I x Q= (0,1)3. Quasi-uniform subdivision into tetrahedra. U° (vectorial)
continuous piecewise linears, Z° C Z = Ly(I x Q) piecewise constants.
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Appl. FOSLS: Optimal control Il

102?\\\\\\‘ T \\\\H‘ T T \\\\H‘ T \\\\H‘ T T \\\\H‘ é
10t
10°
107t
10-2 ||~ lei-sil ]
F|—®— 1Vxu= ), xq) E
10-3 | Hu<o,->—u§<o.vmz(m
E | — (T~ (T )y ) ]

4 |7 =l k) |
]‘0 Fl- k- — : E
r I Ly (10 B

M| —— @2 -J@. 2% 1

-5 L -
10 % oA e - G#ll, %
bl Lol Lol Lol Lol =

102 103 10 10° 10°

degrees of freedom
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FOSLS problem: slow convergence for non-smooth sols

Recall
U={i=(uw)€ Ly(l; H}(Q)) x La(I x Q): divid € Lo(I x Q)}
L=1Ly(I xQ)x LI x Q) x Lr(Q)
G := (divd, —w — Vyu,u(0,-)) = (fi, f2,up) =:

where div i := d;u + divyx w, and f; + divk f2 € Y’ decomposition rhs parabolic.
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FOSLS problem: slow convergence for non-smooth sols

Recall
U={d=(uw) e Ly(l; H3 () x Loa(I x Q): divi € Lr(I x Q)}
L=L(I xQ) x L(I x Q) x La(Q)
G := (divd, —w — Vyu,u(0,-)) = (fi, f2,up) =:

where div i := d;u + divyx w, and f; + divk f2 € Y’ decomposition rhs parabolic.

Let O = (0,1)9, U° (vectorial) cont. piecewise lin. w.r.t. conf. subdiv. of / x Q
into unif. shape reg. (d 4 1)-simplices. For smooth sols, conv. rate is d%—l
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FOSLS problem: slow convergence for non-smooth sols

Recall
U={id=(uw) e Ly(l; Hy(Q)) x La(I x Q): divi € Lr(I x Q)}
L=L(I xQ) x L(I x Q) x La(Q)
G := (divid, —w — Vxu,u(0,-)) = (A, fo,ug) =:

where div i := d;u + divyx w, and f; + divk f2 € Y’ decomposition rhs parabolic.

Let O = (0,1)9, U° (vectorial) cont. piecewise lin. w.r.t. conf. subdiv. of / x Q
into unif. shape reg. (d 4 1)-simplices. For smooth sols, conv. rate is d%—l

Take f» =0, up = 1. Experiments from [Fiihrer and Karkulik, 2021] show for
o d=1, 1 =2, rate 0.08 for quasi-unif. part, and 0.17 for adap. refs.
o d =2, f; =0, rate 0.07 for quasi-unif. part, and 0.07 for adap. refs.
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FOSLS problem: slow convergence for non-smooth sols

Recall

U={id=(uw) e Ly(l; Hy(Q)) x La(I x Q): divi € Lr(I x Q)}
L=L(I xQ) x L(I x Q) x La(Q)
= (divd, —w — Vyu, u(0,-)) = (f, fa,ug) =: F

G

<l

where div i := d;u + divyx w, and f; + divk f2 € Y’ decomposition rhs parabolic.

Let O = (0,1)9, U° (vectorial) cont. piecewise lin. w.r.t. conf. subdiv. of / x Q
into unif. shape reg. (d 4 1)-simplices. For smooth sols, conv. rate is d%—l
Take f» =0, up = 1. Experiments from [Fiihrer and Karkulik, 2021] show for
o d=1, 1 =2, rate 0.08 for quasi-unif. part, and 0.17 for adap. refs.
o d =2, f; =0, rate 0.07 for quasi-unif. part, and 0.07 for adap. refs.
Trouble maker is || div¥||,(jxq) in graph norm. With unif. refs., rate d%—l requires
both 9;u, divx w = Axu in HY(/ x Q), which would reduce to
divi = d;u+dive w = f; € HL(I x Q) when U° allows quasi-interp. with
comm. diagr.

H(div; I x Q)-elements not applicable.
FOSLS for parabolic and instationary Stokes equations 18 /47



Solution: prismatic elements

Let P part. of | x Q) into prisms P = J x K for interval J, d-simplex K. Let U’
space of (u, w) in (H1(/; Lo(Q)) N La(1; HE(Q))) x La(1; H(div; Q)) that
restricted to P € P are in Py, 1(J) @ Ppy1(K) x Py(J) ® RT 1 1(K) for £ € No.

Proposition

If local patch wp is conforming, then for hix =< hy,
I div(id = ZP @),y S bl 196 div idll L, (s +

hi L (I div @ll e 7y + 196l Ly (oot (o))
= (TP D1l e () S PO ull i wry) + Bl Nl er2(or)

- 041150 0
lw = (ZF @2l )0 S b Wl (uxrye + B W o (7))

vy

Also when wp is not conforming, local quasi-interpolator error (/)(h‘f(H) but under
stronger regularity assumptions.
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Num. results

Test from [Fiithrer and Karkulik, 2021] ford =1, yg =1, f = 2.
Lowest order £ = 0, so P1(J) ® P1(K) x Py(J) @ Pa(K) (*).

Rem. P;(J) ® P1(K) x P1(J) ® P1(K) gives rates as in
[Fiihrer and Karkulik, 2021], i.e. 0.08 (unif.), 0.17 (adapt).

With (), rates 0.125 (unif.), 0.5 (adapt).

——I(f,,up)-Glu )|
[[f-div(ug,u,)ll

——[I(£.9,ug)-G(u, u,)|
[If-div(u,.u,)ll

—o—[lg+dx(u, )+u, ||
[lug-u, O)lI 10°F
- — O(dOfS-O"zs)

—o—[lg+dx(u, )+u, ||
Iluy-u (Ol
— ~ O(dofs®

dofs dofs
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Instat. Stokes with slip boundary condition

Q) C R” bounded Lipschitz domain. n € R" normal on 9Q). /:= (0, T).

0ty —VAxu+ Vxp =f
divyu =

inlxQ,
inlxQ,
on | x dQ),
on | x dQ),

on Q).

In [Guberovic, Schwab, and St., 2014] well-posed space-time variational 2nd order

formulation (but with a co-domain that involves dual spaces).
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Instat. Stokes with slip boundary condition

Q) C R” bounded Lipschitz domain. n € R" normal on 9Q). /:= (0, T).

oty —vA u+Vyp=f inlxQ,
divyuy =0 inlxQ,

u-n= on | x dQ),
(Id — QQT)Z(VLNI, p)n =0  on [ xaQ,
u(0,-) =up on Q.

In [Guberovic, Schwab, and St., 2014] well-posed space-time variational 2nd order
formulation (but with a co-domain that involves dual spaces).

From divxD(v) = Axy + Vxdivk v ~ first order system

p) = (

with u-n=0and (Id —nn")wn =0 on [ x 9Q).

G(y,

S
us

+ T(vu, p), 9y + diviw, divi v, u(0,-)) = (0, £, 0, o),
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Well-posed FOSLS |

Recall G(u, w, p) := (w + T (vy, p), 0y + diviw, divi u, u(0, -)).
Auxiliary spaces:

Ly o(Q) :={p € L(Q): /dex =0}
H'(Q) := {ue HY(Q): u-n=0on a0}
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Well-posed FOSLS |

Recall G(u, w, p) := (w + T (vy, p), 0y + diviw, divi u, u(0, -)).
Auxiliary spaces:

Ly o(Q)) :={p € L(Q)): /dex =0}
H'(Q) := {ue HY(Q): u-n=0on a0}

Solution space: 2 x Lp(I; Ly o(Q2)), where

— {(uw) € (1 HY(Q)) X Ly(1 L(05S)): et + divew € Lo(1 % O),
diveu € H'(I; L20(Q)), (Id = nn " )wl;ann = 0},
equipped with the (squared) graph norm

I w1 2= 10, )+ 121 1

I R
+ 119y + divaw I, (1) + 1 divie wll 1,1, ()

Rob Stevenson (Korteweg-de Vries Institute) FOSLS for parabolic and instationary Stokes equations 22 /47



Well-posed FOSLS I

F = Lo(I x Q) x Lo(I x Q) x HY(I; Lp,0(Q)) x La(Q).
Let Q) be convex or have a C? boundary.® Then

1G(u, w. p)||l.7 = I(4, w. P) || 2 x Lo (1; 120 (1))
for all (u,w,p) € Z x La(I; Ly o(Q2)).

We assume this from here on.
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Well-posed FOSLS I

F = Lo(I x Q) x Lo(I x Q) x HY(I; Lp,0(Q)) x La(Q).
Let Q) be convex or have a C? boundary.® Then

1G(u, w. p)||l.7 = I(4, w. P) || 2 x Lo (1; 120 (1))

for a//( w,p ) € ¥ X L2(/;L2’0(Q)).

We assume this from here on.

Some elements of proof

‘<'easy. ‘2" Let (u,w,p) € Z x La(I; L2,0(Q)), for convenience divy u = 0. Setting

= // tU- v+ %Z vu,p) : D(v) dx dt,

int-by-parts and A-ineq. show that

Il yy S lw + T p) i, xq) + 19ty + divew | 1, (1x)- (6)
FOSLS for parabolic and instationary Stokes equations
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Well-posed FOSLS I

Some elements of proof (Cont.)

HY(Q):={u e H(Q): divu =0}, H(Q):={u € Lx(Q): divu=0, u-n=0o0ndQ}.

Since for v € Ly(I; HY(QY), f(v) = [} [q9eu- v+ 5D(u) : D(v) dx dt, well-posedness
of the parabolic PDE for the div-free velocities gives

lull 0 ) + 18eull 72 ) S WEN L)y + 114(0: ) 300y (7
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Well-posed FOSLS I

Some elements of proof (Cont.)

HY(Q):={u e H(Q): divu =0}, H(Q):={u € Lx(Q): divu=0, u-n=0o0ndQ}.

Since for v € Ly(I; HY(QY), f(v) = [} [q9eu- v+ 5D(u) : D(v) dx dt, well-posedness
of the parabolic PDE for the div-free velocities gives

lull 0 ) + 18eull 72 ) S WEN L)y + 114(0: ) 300y (7
For v € Ly(1;THY(Q)), def. of f and int-by-parts gives
JiJapdivxvdxdt = [ [odeu-v+5D(u) : D(v) dxdt —£(v).

| [ pdivs v dx|

2~ " > (, one arrives at
||P||L2v0(0)H!||u31(Q)

Using that info;épeLz,o(O) SUPo£yeH! ()

1PNl L (150 ()) S 11928l i1 () + el o i () + N o i (- (8)
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Well-posed FOSLS I

Some elements of proof (Cont.)
HY(Q):={u e H(Q): divu =0}, H(Q):={u € Lx(Q): divu=0, u-n=0o0ndQ}.

Since for v € Ly(I; HY(QY), f(v) = [} [q9eu- v+ 5D(u) : D(v) dx dt, well-posedness
of the parabolic PDE for the div-free velocities gives

lull 0 ) + 18eull 72 ) S WEN L)y + 114(0: ) 300y (7
For v € Ly(1;THY(Q)), def. of f and int-by-parts gives
JiJapdivxvdxdt = [ [odeu-v+5D(u) : D(v) dxdt —£(v).

| [ pdivs v dx|

2~ " > (, one arrives at
||P||L2v0(0)H!||u31(Q)

Using that info;épeLz,o(O) SUPo£yeH! ()

1PNl L (150 ()) S 11928l i1 () + el o i () + N o i (- (8)

Since [|wll,(1xq) S lw+ T(vu Pl <) + 4l @) + 1Pl L(r:L20(0)) the
combination of (8), (7), and, (6) completes proof if

9wl L, )y S N19eull i, 12y 9)
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Well-posed FOSLS Il

Some elements of proof (Cont.)

(9) true when Ly (Q)-orthogonal projector IT onto H%(Q)), also known as the
Leray-projector, satisfies IT € £(H'(Q), H!(Q)). Latter is true when Poisson
problem with Neumann b.c. is H?(Q)-regular. O

RENEILS

For no-slip b.c. H'(Q) should read as H3(Q2).
Since Lo (0)-orthogonal projector IT onto H°(Q)) does not preserve no-slip
boundary conditions, IT & L(H3(Q), H3(Q2)).

| \
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Well-posed FOSLS IV

W.r.t. a non-Cartesian partition of / x (), a piecewise polynomial subspace of
Lo(1; L2,0(€2)) is hard to construct. Will enforce [, p(t,-) dx = 0 in Is-sense.

With (Mp)(t) := i Jo p(t.x) dx, and G(u, w. p) := (G(u. w. p). Mp),

1G(u w. P) | #x1,(1) = (s w. P 22 x5 (1x2)

for all (u, w,p) € Z x Lo(I x Q).
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Well-posed FOSLS IV

W.r.t. a non-Cartesian partition of / x (), a piecewise polynomial subspace of
Lo(1; L2,0(€2)) is hard to construct. Will enforce [, p(t,-) dx = 0 in Is-sense.

With (Mp)(t) :=

Ja p(t.x) dx, and G(u, w, p) := (G(u, w, p), Mp),

1G(u w, P2 1,0 = (&, Pl 2 x 1, 1x00)

a0

for all (u,w,p) € Z x La(I x Q).

Above corollary shows G is iso with range.

Proposition

For f € Lo(I xQ), uo € {v € L2(Q): divy =0, v-n =0 ondQ},
(0,£,0,u0,0) €ranG.
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Well-posed FOSLS V

Proposition
Let 2°° x P? be a closed subspace of 2 x Ly(I x Q)

Let F € F :=.F x Ly(!).
Let (u, w, p) or (u®, w®, p°) minimizers over Z x Ly(I x Q) or Z° x P° of

3IF =G )l

M= SUPO(,,5)€ 2 x Lo(1x0) 1G(a, w, )|/ 1(8, W, P) | 2 x L (1x ) -
m = info(g,w.p)e 2 x Lo (1x0) 1G(a, W, B)Il 2/ 11(2, W, B) | 2 x o (1 2) -

= '“f [(ww.p) — (4 W, P) || 2 1, (1 x2)-

Z-§>

If F € ranG, then for (4, W, p) € Z x Lo(I x Q),
allF—G(a, w, ﬁ)”jﬁ (4w, p)— (8%, B) || w1, (12 00) < 3 | F—G(8,

D)z

27 /47

Rob Stevenson (Korteweg-de Vries Institute) [FOSLS for parabolic and instationary Stokes equations



FEM |
Let U:={u € L(;H Q) NHYI; Lo(Q)): dive u € HY(I; Loo(Q))},
Ho(div; Q,8) == {y € Lo(Q,9): divy € Ly(Q), (Id - nn" )vlann = 0}
equipped with graph norms. Then

U x La(1; Ho(div; Q),8)) — Z.
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FEM |

Let U:={ue L(l;H Q) NHY(I; Ly(Q)): dive u € H (15 Lo0(Q))},
Ho(div; 0,8) = {y € L2(Q,8): divy € L»(Q), (Id — nn")v[ann = 0}
equipped with graph norms. Then

U x La(1; Ho(div; Q),8)) — Z.
Take U° C U, W° C La(I; Ho(div; . 8)), ps Lo(I x Q) w.r.t. common

partition of / x Q). To avoid C! elements for U°, partitions into prisms. So far,
quasi-uniform, conforming partitions, finite elements of lowest order, and d = 2.
Let /9 partition of / into subintervals. Let Q% conforming partition of () into
unif. shape reg. triangles. Let U?, U)‘E cont. piecewise linears w.r.t. 1° and Q.
Set U° := U? @ ((UJ x US+ span of vectorial edge bubbles) N1H!(Q)).
Bubbles from [Christiansen and Hu, 2018]. Thanks to a commuting diagram:

Proposition

With hs := max(max s diam J, maxy s diam K) it holds that

gienZ/"' le = vlly < hs(llell ppixay + | ﬂwHH%/;LZ(Q)) + ||fw||H1(/;H1(Q)))-

0 0
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FEM I

W = WP @ WS, where W¢ space of piecewise constants w.r.t. /%, and W?¢ fem

subspace of Hg(div; Q,S) w.r.t. Q° from [Christiansen and Hu, 2022]. Only 9
DoFs per element. Again thanks to commuting diagram:

Proposition

vlean/‘s H W= g”LQ(I;H(diV;Q,g))

S h5(||gv||H1(/;H(div;n,§)) Hwllem@s) + ldivaw || (1511 (2))) -
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FEM I

W‘5 W‘5 ® W‘S, where W5 space of piecewise constants w.r.t. 1%, and Wf( fem

subspace of Ho(dlv, O, S) w.r.t. Q° from [Christiansen and Hu, 2022]. Only 9
DoFs per element. Again thanks to commuting diagram:

Proposition

vlean/‘s H W= g”LQ(I;H(diV;Q,g))

S h5(||W||H1 (1H(div:00,8)) )T ||W||L2 IHY(Q,8)) T ”d'VXW”L (I HI(Q)))-

With piecewise constants for pressure, using divew = f — d¢u we conclude

1w, )= (& w2 21 2) S o (1l 2 ey 1PN vt 1y I E D 121 2))
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Numerical results: Stability

I=(0,1),and Q= (0,1)2 or O = (—1,1)2\ [-1,0]%.
lNJ‘S X W‘S x P% w.r.t. unif. part. of | X Q) with mesh-size hs = 20 o1

Additionally we investigate replacement of || divy LNJ||%_I1(,_L20(Q)) by

|| divy g||§2(,_L2O(Q)), and no-slip by slip b.c.
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Numerical results: Stability

I =(0,1),and Q= (0,1)2 or O = (—1,1)2\ [-1,0]%.
lNJ‘S X W‘S x P? w.r.t. unif. part. of I x Q) with mesh-size h; = 20 o1
Additionally we investigate replacement of || divy LNJ||%_I1(,_L20(Q)) by

|| divy g||§2(,_L2O(Q)), and no-slip by slip b.c.

Table: Ratios 9% /m?

hs | 20 |27t | 272 | 273 | 27% | 27
Square (slip, 0+ divy u € Lp) 373 1675 | 681 | 6.82 | 6.82 | 6.82
L-shape (slip, 9 divx u € L)) 7.65 | 9.23 | 10.73 | 12.22 | 13.59 | 14.81
Square (slip, divx u € L) 373 1 6.88 | 7.37 | 8.21 | 10.96 | 18.88
Square (no-slip, d¢divy u € Lp) | 5.92 | 7.94 | 10.62 | 13.36 | 15.28 | 16.72

On both domains, we take u(t, x1,x2) := exp(—t) cgrlxwfn(w

satisfies no-slip b.c., p(t, x1, x2) := exp(—t)sin (71(x; — x2)), and
w := —T (vu, p), and data correspondingly.

~

, which
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Numerical results: Convergence | x Q) = (0,1)3

LA B 11 1 11 O B B RAAL A
100 1
; SN
L 3
L 7’] B
L eu B
R B Ew
10 F +Qt§u+divxgw ?
| —a— ep 1
Y T ) Y B S A W1 1
102 10 10* 10°  10°
Figure: DoFs vs. estimator 77 = ||F — G(u®, w?, p°)|| &, and errors ey, ew,

)1/2 ”

dreu +divxew, ep, measured in (I - ||l_2 LHY(O )T || divyx 'HHl(I;Lz(Q)) : ||£2(/><Q),

I- Héz(lxﬁ) and || - HLZ(IXQ), respectively.
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Numerical results: / x QO = (0,1) x (—1,1)2\ [-1, 0]

AL L L L R AL L L AL A AL AL

10t |- E
1

0| .

10° | ~

|| —&— Ui |

[ | —e— €y i

[ | —— ew i

+Qt§u+divxgw

1071 | — ep B

T Y A V) N A WA
102 10 104 10° 106

Figure: DoFs vs. estimator 77 = ||F — G(u®, w?, p°)|| &, and errors ey, ew,

)1/2 ”

dreu +divxew, ep, measured in (I - ||l_2 LHY(O )T || divyx 'HHl(I;Lz(Q)) : ||£2(/><Q),

I- Héz(lxﬁ) and || - HLZ(IXQ), respectively.
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Conclusion

Monolithic numerical approximation of parabolic equations and instationary
Stokes equations based on a well-posed simultaneous time-space variational
formulation is advantageous for
@ non-smooth solutions
@ parallel computation,
@ and for all applications that require the whole time evolution at the same
time (RBM, optimal control, data-assimilation).
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Thanks for your attention/patience!
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