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Example: Arrhenius productionterm /"
B B -0.05 v : l
—1 -0.105
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Motivation

Method of sub- and supersolutions

Fix At > 0 small enough so that z — f(z) + (Af)~'z is non-decreasing

| f'| < C too rough for

" THEOREM (Steady state iteration—SSl)
For uy := u the iteration

sharp estimates on At

1 1 |
—Auk_|_1 +l/lk_|_1 =f(l/tk) +1/ik in £
l/lk_|_1 — O on OQ

converges to a weak solution u_, € H(}(Q) of the semilinear PDE.
N\ Y,

Proof. Requires test functions v, = max(v,0)
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New variational framework

Semilinear diffusion-reaction model:

 ASSUMPTION (Nonlinearity)
e f(-,5) € L¥(Q)foralls € R
o fdifferentiable in u

e Ip>0:Adp):={1>0: (D) <p+i'}# O
where of 1 0.f

o/(4) 1= esssupsup | —(x,u) +— \

xeQ ueR | 0 A —p =271 p
N | _J

(uniform) Lipschitz constant of g,(x, u) := f(x, u) + A~y <

2 (supA(p))” if sup A(p) < oo

Define the "undershooting™ coefficient: i, :=
0 otherwise



Convergence — small p

( THEOREM (Steady state iteration for p < Cp h

Let At € Af(p). Then, for any uy € L*(Q) the SSI

1 1
—Au, +—u,, . =fu,)+—u in §2
et 2 Ui J) v (k > 0)

uk+1 — O on 0Q

converges strongly to the unique weak solution u_, € H(}(Q) of the

semilinear PDE.

\_

Proof: Operator u; — u,_  is a contraction.



Convergence — general case

1 t
Energy: E(u) := EJ | Vu |2 — J 5(-,u) (g(x, f) = [ f(x, s) ds)
Q Q 0

Critical points of E vs. weak solutions:

(- )

(E'(w),v) := J {Vu-Vv—£(_-,u)v} ; 0 Vv € H&(Q)

Q
N J

We are interested in local minima:

4 )

u€ Hy(Q):  E(w)= Ergil?m E(v)
NS,
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Convergence — general case

" ENERGY DECAY

Let

1
Kf = 5 maX{ﬂf +p — C;l,()},

and 1/Ar > Ky .
Then, for the SSI it holds that

VIE'w)ll: < Ew) —E(uw, (),  k>0.

kfor a constant y > 0 (depending on Ag).

" CONVERGENCE OF RESIDUAL
{E(up)}, bounded from below = lim ||E'(w,)||, = O.

k— 00

N\
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Convergence — general case

Involving Palais-Smale compactness (mountain pass theory?):

' CONVERGENCE OF SUBSEQUENCE
e fcontinuous

e {E(u)}, bounded from below

Then there is a subsequence {u, }, such that

., — u,, strongly to a weak solution in Hy(Q)

v Weak convergence and strong Lz—convergence In closed subspaces

v Strong H 1—c:onvergence In discrete spaces!

[2] Ambrosetti & Rabinowitz, 1973



FEM discretization

Shape-regular partitions:

. {9N}N€N of domain €2 into simplex elements

e Fixed polynomial degree p € N



FEM discretization

Shape-regular partitions:

. {9N}N€N of domain €2 into simplex elements

e Fixed polynomial degree p € N

On subsets w C Y, ~» Introduce the finite element space

Vw) = {v S H(}(Q) V| E P,(x),k € a),vlg\w = O}

Vy := MU(Ty) finite element space based on mesh 9.
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Adaptive mesh refinements — Estimate

For given i, € V,, and each element k € I

1. Uniformly refine the patch w, around «:

G)K )

\/A\/ Introduce new basis functions
v > of locally supported space

{& .. &} € (@,

(p=1)

2. Extended space: Pl global support

VM@, uy) = span{&,}, Y ”zr\lf}

local support
\ S - PP

3. Perform one SSI step in M(@,; 1,,) in order to obtain approximation i},

(with potential energy reduction due to a refinement of the element k)

4. Local error decay (based on local computations):

— AE}(x) := E(@#},,) — E(u}) <0
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How to refine the mesh ?

Mark a subset & C I of minimal cardinality that satisfies the Dorfler marking
criterion:

Y AEL(K) >0 ) AEN(K)

KEHX KET y

Refine all elementsin & — new mesh I, .

After mesh-refinement: Continue with SSI iterations.
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When to refine the mesh?

Two indicators (n > 1):

1. inct, == Eur ) — E(u})

2. AE" :=E(uy) — E(u})

initial value uz(\), =uy | € Vy
) |
steady state ° AEY, ‘ofine mesh
iterations °
iteratio *—s 1T incy
> 1

For 0 <y < 1, refine the mesh if inc, < yAE}, (not worth iterating further)



Sanity check

Sine-Gordon model:

error

-
—Au + sin(u) + u = in £
(@) J (A = 1/2)
u=>:0 on 0f2
\_
g 1 |
—8—error z —E'—QN
@
2, 0.8+
14 .2
g
g 06
1 3 z
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105% [
= 0.2+
O
: g
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L—-shaped domain

Singular perturbation model:

a , )
—cAu=e" in Q

. u=>_0 on 0€2 )
(At =€ =107?)

10° 25 S

- —8—energy error g

1L w

10 43§

% 10° g

> i

2 10 g

102 1

g

g z

10 0 =

10"

10° 10°
degrees of freedom

—_—
o -
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10%

Qn
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06
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021

10




Arrhenius reaction

energy error

~

—Au = (1 — |u|)exp(=1/|ul)
u=722

in 2
on 02

10'5§

N

—8—energy error

=5
€}

|
=
o

10"

= —_
number of linearization steps on Vy

-
O -
~

102 10°
degrees of freedom

QN

0.8

0.6

0.4

0.21

(At = 1)




Current state

Define the discretization indicator on V.

En(uy) = [[E )l g-1q) — IE @l

 THEOREM (ADAPTIVITY)
o {Vy}y satisfies

En(ul) < g&y(uy), 0<g<l1
e {Uy}yboundedin H&(Q)

e fcontinuous

Then there is a subsequence {uy,},» such that

uy — Uy, strongly to a weak solution in H, ()
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