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1 Introduction

Nonlinear elliptic problems
For d € N, let Q € R? be an open and bounded polytope. Let u € H3(Q)
solve the nonlinear elliptic operator equation: for R : H}(Q) — H~1(Q),

(R(u),0) =0 Vo€ H)(RQ).
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1 Introduction

Nonlinear elliptic problems
For d € N, let Q € R? be an open and bounded polytope. Let u € H3(Q)
solve the nonlinear elliptic operator equation: for R : H3(Q2) — H1(%),

(R(u),p) =0 Y€ H(Q).

Assumption 1 R is monotone & Lipschitz*
For a numerical approximation uy € H&(Q), and constants Ay > Ay, > 0,

R - R
Am dist(ug, u) < sup (Riuz) (), ) < A dist(ug, ).
peHL(Q) Vel
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1

Introduction

Nonlinear elliptic problems

For d € N, let Q € R? be an open and bounded polytope. Let u € H3(Q)
solve the nonlinear elliptic operator equation: for R : H3(Q2) — H~1(%),

(R(u),9) =0 Yo HI(Q).

Assumption 1 R is monotone & Lipschitz*
For a numerical approximation uy € H&(Q), and constants Ay > A, > 0,
Am dist (ug, u) < [|R(ue) || H-1(0) < Am dist(ug, u).

The strength of the nonlinearity is measued by \yi/ A

Then the estimate [Chaillou & Suri (2006), Kim (2007), Houston et al
(2008), Garau et al (2011),...],

Am dist(ug, u) < n(ue) < Chy dist(ug, u)

is not robust with respect to Ani/Am fWO



1 Dual norm of the residual estimate \

Reliable, and locally efficient a posteriori error estimates robust with
respect to the strength of the nonlinearity \y;/ )\,

R (ue)llh-1(0) < n(ue) < ClIR(ue)lH-1(0)

[Chaillou & Suri (2006), El Alaoui et al (2011), Ern & Vohralik (2013),
Blechta et al (2018)]
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1 Dual norm of the residual estimate \

Reliable, and locally efficient a posteriori error estimates robust with
respect to the strength of the nonlinearity \y;/ )\,

R (ue)llh-1(0) < n(ue) < ClIR(ue)lH-1(0)

[Chaillou & Suri (2006), El Alaoui et al (2011), Ern & Vohralik (2013),
Blechta et al (2018)]

» The dual norm of the residual might be too weak an error measure

fwo



1 A linear example |4
Consider the diffusion eq: (R(u),¢) := (f,¢) — (DVu,Vy) =0.
Let A |y|? < yTDy < Ay |y[?, for all y € RY.
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1 A linear example |4

Consider the diffusion eq: (R(u),p) := (f,¢) — (DVu, V) =0.
Let A ly]? < yTDy < M yl? forall y € RY. If up € V, C HY(Q) is the
FE solution of the problem then Cea's lemma gives

| V(pz € Vg.

IV (u = ue)l| < 34NV (u — @)
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1 A linear example |4

Consider the diffusion eq: (R(u),p) := (f,¢) — (DVu, V) =0.
Let A ly]? < yTDy < M yl? forall y € RY. If up € V, C HY(Q) is the
FE solution of the problem then Cea's lemma gives

| Vgﬁg € Vg.

IV (u = ue)l| < 34NV (u — @)

m

In this case || R(ug)|[1-1(q) can be estimated robustly, but might be too
weak an error measure.
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| Vgﬁg € Vg.

IV (u = ue)l| < 34NV (u — @)

m

In this case || R(ug)|[1-1(q) can be estimated robustly, but might be too

weak an error measure.

However, defining the energy norm |||, , = |D2V)| one has

o = wellly o < lllu = ellly o, Vor € Ve
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1 A linear example |4

Consider the diffusion eq: (R(u),¢) := (f,¢) — (DVu,Vy) =0.

Let A ly]? < yTDy < M yl? forall y € RY. If up € V, C HY(Q) is the
FE solution of the problem then Cea's lemma gives

V(u—wo)ll Ve € Ve

IV (u = up)|| < 3%

In this case || R(ug)|[1-1(q) can be estimated robustly, but might be too
weak an error measure.

However, defining the energy norm |||, , = |D2V)| one has

o = wellly o < lllu = ellly o, Vor € Ve

This motivates rather the error measure

IRl p = sup Soleh)

= [llu = well
peHL(Q) lell1p nP

which also results in robust estimates

fwo



1 Moving to the nonlinear case 5

Example (nonlinear diffusion): (R(u),¢) := (f,¢) — (D(u)Vu, V) = 0.
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1 Moving to the nonlinear case 5

Example (nonlinear diffusion): (R(u),¢) := (f,¢) — (D(u)Vu, V) = 0.

Then [|R(-)Ill _; p(y) cannot be defined since u € Hy(Q2) is unknown.
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1 Moving to the nonlinear case B
Example (nonlinear diffusion): (R(u), @) := (f,¢) — (D(u)Vu, V¢) = 0.

Linearization iterations
We generally solve nonlinear equations by linearization iterations, i.e., by

finding a sequence {u}}ieny C Vi C H3(Q).
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1 Moving to the nonlinear case B

Example (nonlinear diffusion): (R(u), ¢) := (f,¢) — (D(u)Vu, V) = 0.

Linearization iterations
We generally solve nonlinear equations by linearization iterations, i.e., by

finding a sequence {u}}ien C Vi C H3(9Q).

Example (Fixed point iteration) For each i € N and uj € V/, let

u, ™t € Vi solve (D(u))Vu, ™, Vp) = (f, ) for all g, € V.

This is the FE approximation of uézl € H} () solving the linear problem

(f,9) = (D(up)Vu, Vo) =0 Vo € Ho(9Q).

“lin

(RiL(uifh), ) =
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1 Moving to the nonlinear case
Example (nonlinear diffusion): (R(u), ¢) := (f,¢) — (D(u)Vu, V) = 0.

Linearization iterations
We generally solve nonlinear equations by linearization iterations, i.e., by
finding a sequence {u}}ien C Vi C H3(9Q).

Example (Fixed point iteration) For each i € N and uj € V/, let

u, ™t € Vi solve (D(u))Vu, ™, Vp) = (f, ) for all g, € V.
This is the FE approximation of uézl € H} () solving the linear problem

(R (Ui, @) = (F.) — (D)) VUil V) =0 Vo € HY(Q).
Then defining the iteration-dependent energy norm
el = 1D(u))? Vel for ¢ € H3(Q),
Sl st = suPgerpays: &/ lllly o for s € HH(Q),

fwo



1 Moving to the nonlinear case B

Example (nonlinear diffusion): (R(u), ¢) := (f,¢) — (D(u)Vu, V) = 0.

Linearization iterations
We generally solve nonlinear equations by linearization iterations, i.e., by
finding a sequence {u}}ien C Vi C H3(9Q).
Example (Fixed point iteration) For each i € N and uj € V/, let
u, ™t € Vi solve (D(u))Vu, ™, Vp) = (f, ) for all g, € V.
Th|s is the FE approximation of uézl € H} () solving the linear problem
(REL(uiEh), @) = (F,0) — (D(u))Vulfl, V) =0 W € HY(Q).
Then defining the iteration-dependent energy norm
{Ilwlll,u; AR for ¢ € H3(Q),
<l 1.y, = suppernoy (s @)/llelly,,  for s € HA(Q),
we have (under conditions) robust estimates of

/+l i+1 i+l
IRicamll ., =l -«

lin
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1 Moving to the nonlinear case B

Example (nonlinear diffusion): (R(u),¢) := (f,¢) — (D(u)Vu, V) = 0.

Linearization iterations

We generally solve nonlinear equations by linearization iterations, i.e., by
finding a sequence {u}}ien C Vi C H3(9Q).

Example (Fixed point iteration) For each i € N and v € V,, let

uytt € Vg solve (D(u})Vultt, Viy) = (f, ¢0) for all o € V.
Th|s is the FE approximation of u’+1 € H() solving the linear problem

(RIL(uiEh). @) = (F.0) = (D(u)) VUi, V) =0 Vi € H3(Q).

Noting that

(Ri(UF™), ) 1= —(D() V(! = 1)), Vo) + (R(}), )

lin

can we provide a robust estimate for |HR(u2)|H_1 gt
Uy

fwo



2 Outline |6

® Main analytical results
Decomposition of error
A posteriori error estimates
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2 An orthogonal decomposition result

Theorem 1 Decomposition of the total error
Under Assumption 1, provided that the linearization iterations

{u}}ien C Vi are generated by FE approximations of ué@ € H}(Q) solving

(R (Ui, ) = —£(ujs ull' — uj 0) + (R(u)), ) =0 Vo € Hy(Q)

and / > 0, for a symmetric, bounded, coercive, bilinear form S(ué, ),

fwo



2 An orthogonal decomposition result

Theorem 1 Decomposition of the total error
Under Assumption 1, provided that the linearization iterations

{u}}ien C Vi are generated by FE approximations of Ué@ € H}(Q) solving

('R,ﬁ:}l(uézl), @) = —L(up; uégl —up o)+ (R(up), ) =0 VY € H(Q)

and i > 0, for a symmetric, bounded, coercive, bilinear form E(ué, ),

Remark We would consider £ : H}(Q) x H}(Q2) — R corresponding to
linear reaction-diffusion problems, i.e,

£(ub; v, w) == (L(x, u)) v, w) + (a(x, u)) Vv, Vw).

—— ——
o A et fwo

reaction coeff.



2 An orthogonal decomposition result

Theorem 1 Decomposition of the total error
Under Assumption 1, provided that the linearization iterations

{u}}ien C Vi are generated by FE approximations of ué@ € H}(Q) solving

(R (Ui, ) = —£(ujs ull' — uj 0) + (R(u)), ) =0 Vo € Hy(Q)

and i > 0, for a symmetric, bounded, coercive, bilinear form £(u}, -, ), and

' : (s, )
|||¢|||1’u’ = 2(“2;907@)27 |||g|||71’ur = sup 9
« e Mol
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2 An orthogonal decomposition result 6

Theorem 1 Decomposition of the total error

Under Assumption 1, provided that the linearization iterations
{u}}i=0 C V, are generated by FE approximations of uéa € H}(9Q) solving

(uig')s ) = —Llups ! — o 0) + (R(u)), ) =0 Ve € H(Q)

(R (v

lin

and i > 0, for a symmetric, bounded, coercive, bilinear form S(UZ', -,-), and

; 1 <<¢>
elly w == L(ugi s 0)2,  lsll—y, == sup
bt A b eni@) Mol
we have
Uy (it +1 i1]12
IR, = [[REWED|,, e = il
—_——
total error discretization error of Iine:rrirz;tion

the linerization step
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2 An orthogonal decomposition result 6

Theorem 1 Decomposition of the total error

Under Assumption 1, provided that the linearization iterations
{u}}i=0 C V, are generated by FE approximations of uéa € H}(9Q) solving

(uig')s ) = —Llups ! — o 0) + (R(u)), ) =0 Ve € H(Q)

(R (v

lin

and i > 0, for a symmetric, bounded, coercive, bilinear form E(UZ', -,-), and

~ 1 (s, so>
llolly,; == Llugi o, 0)7,  lsll_y,; == sup
b B b eni@) Mol
we have
P12
|HR(UZ)|H—1,U - ‘ lm H‘ + ‘HuH_1 - UIQH}I.UL :
—_———
total error discretization error of Iine:rrirz;tion

the linerization step

—_—

o=t I s =1 fwo

Up=Uipy L Uigy e




2 An orthogonal decomposition result |7

Proof: Since u)™ — ué €V,

N2
i _ i+1 I+1 l+1 l+1
IR, ;= [llwe = wiiy ;i = 1Cub = we s,
o i+1 i+1 il /+1 i+1 i1
= |llui& - +|Hu —elfy,; + 2Lk uy — i e - )

uf i+1
Rli‘u(u? )

2 i . =0, due to Galerkin orthogonality
! 1
i — i
R el
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2 An orthogonal decomposition result K

Proof: Since u;™ — uj € V,,

iy|]]2 o i+1 :+1 i+1 i+1y (]2
IR, —! =ty Iy o = NG = ™) + (™ = wig I,
o i+1 i+1 il :+1 i+1 i1 i
= |llui& - +|Hu — el +2L0uks vy — i v —ufz)

u ,'

i+1 IH‘
+ H e 1,0

‘ =0, due to Galerkin orthogonality

» The linerization error is computed directly, we define

™

T]liin,ﬂ - uéml,u;'

fwo



2 An orthogonal decomposition result 7

Proof: Since u;™ — uj € V,,
_ i :+1|| 2 H| _ :+1 i+l :+1 H
RN, ., = e = w1, = Nl = ™) + (o Lol
i+1 i+1 i+1 l+1 i+1 i+1 i
= [l — w17, +|H“ +2’3(“Z (¢ —Ue up — ue)
ui 2 2 q =0, due to Galerkin orthogonality
. . ¢ i+ l+
_‘ Ry (™) ‘ +||

» The linerization error is computed directly, we define

i+1

i = 7 = il

1)”‘ we introduce 7). o, following the
—1,u! o

HI

analysis on robust estimates of sihgularly perturbed reaction
-diffusion problems in [Verfirth (1998)], [Ainsworth & Vejchodsky

(2011, 2014)] [Smears & Vohralik (2020)]
fwo



2 A posteriori error estimates 8

Theorem 2 Reliable, efficient, and robust a posteriori estimates

Global reliability

IR, e < PP = > (Wi l? + i ).
KeTe
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2 A posteriori error estimates 8

Theorem 2 Reliable, efficient, and robust a posteriori estimates

Global reliability

IR, e < PP = > (Wi l? + i ).
) KeT,
Global efficiency

[77;;]2 N ’HR H‘ Ll (data oscillation terms).
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2 A posteriori error estimates

Theorem 2 Reliable, efficient, and robust a posteriori estimates

Global reliability

IR, e < PP = > (Wi l? + i ).
) KeTe
Global efficiency

[77:7]2 N ’HR H‘ Ll (data oscillation terms).

Local efficiency

For w C €, there exists a neighbourhood ¥, C Q such that

L2 < || R(ui) H] g, T [iin.5 1% + (data oscillation terms).
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3 Outline o

© Scope of the results
Gradient-dependent diffusivity
Gradient-independent diffusivity
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3 Class of problems 9

Class 1: gradient-dependent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H71(Q) is defined as

(R(u), ) := (f(x,u), ) = (o(x,Vu), Vi)
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3 Class of problems

Class 1: gradient-dependent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H71(Q) is defined as

(R(u), ) := (f(x,u), ) = (o(x,Vu), Vi)

Assumption 1 is satisfied if f(x,-), o(x,+) are monotone and Lipschitz

(o(x,y) —a(x,2))-(y —2) > Anly —2z]> forxcQandy, zcRY,
lo(x,y) —o(x,2) < Aily —z| forx€Qandy, zc R?

with
dist(u, v) = [[V(u = v)|
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3 Class of problems

Class 1: gradient-dependent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H71(Q) is defined as

(R(u), ) := (f(x,u), ) = (o(x,Vu), Vi)
Assumption 1 is satisfied if f(x,-), o(x,+) are monotone and Lipschitz
(o(x,y) —a(x,2))-(y —2) > Anly —2z]> forxcQandy, zcRY,
lo(x,y) —o(x,2) < Aily —z| forx€Qandy, zc R?

with
dist(u, v) = [[V(u = v)|

Example (Mean curvature flow) For a(-) satisfying ellipticity condition
and b(:) > 0: o(x,y) = a(x) + —2

1
(T+[yl?)2

fwo



3 Linearization schemes: practical examples

Linearization operator

Considering the linearization operator
ups v, w) = (L(x, up) v, w) + (a(x, up) Vv, Vw),

the coefficient functions for commonly used linearization schemes are

Scheme L(x,v) a(x,v)/T

Kacanov (fixed point)  0¢f(x, v) A(x, |Vv])
0 A (constant) > 0

Zarantonello
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3 Class of problems |11

Class 2: gradient-independent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H71(Q) is defined as

(R(u), ) := (F(x, u), ¢) = T(K(x)(D(x, u)Vu + q(x, 1)), Vip)
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3 Class of problems |11

Class 2: gradient-independent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H71(Q) is defined as

(R(u), @) = (f(x, u), ¢) — T(K(x)(D(x, u)Vu + q(x, u)), V)

Assumption 1 is satisfied if 7 > 0 is small and
> D:Q xR — R" is bounded and Lipschitz
> K:Q — R is symmetric positive definite
» f:Q xR — R is monotone and Lipschitz upto the boundary
» g:Q xR — RYis bounded and satisfies a Lipschitz condition*

with
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3 Class of problems |11

Class 2: gradient-independent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H71(Q) is defined as

(R(u), ) := (F(x, u), ¢) = T(K(x)(D(x, u)Vu + q(x, 1)), Vip)

Semilinear equations —Au = f(x, u)

Such equations pop up in quantum mechanics (special solutions
to nonlinear Klein—Gordon equations), gravitation influences on stars,
membrane buckling problems...

Time-discrete nonlinear advection-reaction-diffusion equations

with time-step 7 > 0, the following evolutions equations reduce to this case
poro-Fischer equations:  d;u = Au™ + Au (1l — u)

the Richards equation:  9;S(u) = V - [K(x)x(S(v))(Vu + g)] + f(x, u)
biofilm equations: Ot = AP (uk) + fie((ur)i_y)

fwo



3 Linearization schemes: practical examples |12

Abstract linearization

Considering the linearization operator
L(ub; v, w) == (L(x, u)) v, w) + (a(x, u)) Vv, Vw),

the coefficient functions for commonly used linearization schemes are

Scheme L(x,v) a(x,v)/T

Picard (fixed point) Ocf(x,v) K(x) D(x, v)
Jager-Kacur max¢cr (W) K(x) D(x, v)
L-scheme L (constant) > Tsupd:f  K(x)D(x,v)
M-scheme D¢ f(x,v) + M (constant)  K(x)D(x, v)

fwo



4 Outline |13

O Numerical results
Gradient-independent diffusivity
The Newton scheme
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4 Adaptive linearization & effectivity of estimates |13
Effectivity indices
Global effectivity index: Eff. Ind. := 77;;/|HR(U2)H|_1 ¥
. . T
Local effectivity index: (Eff. Ind.)x :=nic/||R(ui)||_, , « K e T,
e
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4  Gradient-independent diffusivity case: the Richards equation |14

IsoValue

For Q = (0,1) x (0,1) we study 2= Uout

(R(ue), ) = (S(1) — S(ue), )
—7(Kr(S(ue))[Vur — g1, Vo)

L)
n-2.1
54
"

where the van Genuchten
parametrization for S, k is used:

SOOSO
Q=0

SO0,

N No Flux
S©=(1+@-97) ",
K(s) = \/5(1—(1—s%)k)2,

with A = 0.5, u? =0,

- [1 02 1
K{o.z 1]’ a”dg<o)

--1
u-0.
-0
-0
-0
-0,
m0.
m0
0.
1

D=L

fwo



4 Robustness with respect to Ayi/Am represented by 1/7 | 14

2.5

M-scheme

""" ' |0g10(1/7')\

£

1 2 3

1 2

3
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4 Global effectivity |15

5. Picard 7 =1.0 5. M-Scheme 7 = 1.0 5. L-Scheme 7 = 1.0
< |[+£=1] < =1 .
Z |ler =2 S|l =2 g
& 2ol =4 i o flel =4 &
= o = P =

0 10 20 g 30
, Picard 7 = 0.01 . M-Scheme 7 = 0.01 L-Scheme 7 = 0.01
- ; y g
_g ; D@ @ @ @@ O —g :D B @@ @ @ E ‘nBQQQOOOOOOOOODO
= = X |
®
&, S S CEI p amoessssasesessesed
& & = i
1. - =1 1 1.9
ol =2
o-f =4
1 1 . - B n
0o 2 4 6 & 1012 [ 4 8 10 512 0 10 20 i 30
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4 Distribution of error vs. estimates

Error MS 1=2,t=1,i=9 .lsoxags i MS 1=2,t=1,i=9 IsoVaIB?

\4

Error Estimate

LM 1-2,7-6.01, 125 v

|16

fwo



4 Local effectivity |16

=1,t=1,i= IsoValue
MS 1=1,t=1,i=8 WO 82
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Error with linearization iterations |17

o Picardr =1, (=2 o M-Schemer=1,(=2 ) L-Scheme 7 =1,0=2
= = P
8 £ =
= \\issw»»»»»»»»»»» 2 PP T £ brorrrrrrrrerrr ooy
g i — 5 N —— ————— 5]
El £ 27
5 4 E 4 E 4 \“-
= E) El
g -4 g -4 S -4 2
A [—IRGHM | ™. g | IR) -1, g | IR ‘\\\
1+ M .. o Thing o Thing -~
-, -, -,
-1 - -1 -1 -
0 10 20 1 30 0 10 20 Z 30 0 10 20 1 30
o— Picard 7 =0.01, £ =2 or M-Scheme 7 =0.01, £ =2 ,—L-Scheme 7 = 0.01, £ =2
= “ 3 =
ER £ R rerrorberrerees proe by
..
& | IREN -1 g | MR) -1, & (| IR -1,
= MMing \\. -8 *Wfin,u e+ Mg
i i i
. Ty . Ty . My
0 2 4 6 8 Z 10 0 2 4 6 8 Z 10 0 10 20 Z 30
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Error with linearization iterations |17
"o Picard =1, (=2 ,—M-Schemer=1¢(=2 ) L-Scheme 7 =1,0=2
LI T T el - IR S
R R et A e EE rm———
}% K\_ g § \\
F e, = [
o 5 T -4
.. 2 .
. . g4 =
A =R -1 g | IR) -1, g |IRN -1
A Mg 4 Ming ™
- o -,
o1 -1 -1
0 10 20 0 10 20 Z 30 0 10 20 30
o Picard 7 =0.01, £ =2 o M-Scheme 7 =0.01, £ = 2 ,—L-Scheme 7 = 0.01, £ =2
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Adaptive iteration stopping criteria:

Ming < 0.05[ng].
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4 The Newton scheme |18

For the Newton scheme, the linearization operator
L(up; v, w) = (L(x, up) v, w) + (a(x, u) Vv, Vw) + (w(x, uj)v, Vw),

is non-symmetric.
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4 The Newton scheme |18

For the Newton scheme, the linearization operator
&(uf; v, w) = (L(x, u}) v, w) + (a(x, u)) Vv, Vw) + (w(x, u))v, Vw),
is non-symmetric. However, if for some Cy € [0,2) we have
w(x, uh) a=(x, u)) w(x, u)) < Ca L(x,u}), ¥VxeQ, andicN,

then,

Gl [[RAGED|", M = ] < IRGIE,

lin
i ! 1112
< ()[R, + ™ - e,

with Gy (C), Cu(Cy) — 1if Cy N\, 0. fwo



The Newton scheme: numerical results |19

For gradient independent diffusivity case, we have

. Newton 7 = 1.0 . Newton7=1,£=2
g g
— @ -2
= 2
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7
Newton 7 =0.01, £ =2

Global Effectivity Local Effectivity Error with iterations
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4 Thank you for your time |20
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