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Setting: Domain QCR? 1 < d < 3, source term f € L*(Q2), s.p.d. diffusion coefficient K € [L™°(Q)]**?
Model problem: Find u € H; () such that (u, v) := (KVu, Vo) = (f,v) Vv € Hy(Q)

Fix p > 1, let P, (T.):={vr € L*(Q),vL|x € Pp(K) VK € T}
Define

V] =By (TL) N Hy ()

Discrete problem: Find u;, € V! such that

<<UL, UL>> = (f, UL) Your, € Vlz (FE)

By introducing a basis of V’z: AU =Fp 7—
We work with the basis-independent functional formulation (FE) L

Algebraic residual functional: v, v+ (f,vr) — (u%, vr) €R, vy € VL
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Example: Two different hierarchies with L = 3 refinements

Assumptions: The meshes {7;}1</<7, can be generated through uniform

or adaptive refinement, satisfying
® (Cqu-)quasi-uniform 7y

® (k7-)shape-regularity

(]

(Cref-)maximum strength of refinement
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A hierarchy of meshes and spaces
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Example: Two different hierarchies with L = 3 refinements
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Define the spaces Vi =P, (Te) N Hy(Q)
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A hierarchy of meshes and spaces
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Example: Two different hierarchies with L = 3 refinements

Assumptions: The meshes {7;}1</<7, can be generated through uniform
or adaptive refinement, satisfying

® (Cqu-)quasi-uniform 7y
® (k7-)shape-regularity
8 (Cief-)maximum strength of refinement

For given p and L, choose increasing polynomial degrees

l=pp<pr1<pz<...<pr=p,
Define the spaces Vi =P, (Te) N Hy(Q)

Economical choice: po=p1=...=pr_1=1, pr,=p
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Patches NumlPIzs

Let V, be the set of vertices of 7

Given a vertex a€Vy, we denote

® 72 the patch of elements sharing vertex a

® w7 the corresponding patch subdomain patch subdomain w?
4
® V& =P, (Ts) N Hj(w?) the associated local space for a vertex a€ Y
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B V-cycle of geometric multigrid: coarse grid solve and level-wise smoothing
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Let u¥ € V2 be arbitrary.

Coarse solve: Define p), € Vg by: ((p’{}, vo) = (f,v0) — ((ui, vo), Yoo € Vo and set \j =1
— —,—
global lifting global algebraic residual
Level-wise local solves: For /= 1:L, for all a € V,, define pr» € V7 by

01
(pras veadws = (Fura)ws — (UL, veadus — D NPk, Veadws, Vra € VE
N————— k=0

local lifting

local algebraic residual
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Let u¥ € V2 be arbitrary.
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£—1
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Multilevel lifting of the algebraic residual NumPDI:s

Let u¥ € V2 be arbitrary.

Coarse solve: Define p), € Vg by: ((p'{;, vo) = (f,v0) — ((ui, vo), Yoo € Vo and set \j =1
— —,—
global lifting global algebraic residual
Level-wise local solves: For /=1:L, for all a € V,, define m - €V? by

<<p1/,5a, UZ,a))w? = (f,vﬁ,a)w <<U’L7 ’U[ a Z >\k PA I Ve a ?a V’Uf,a e V?
—_——

local lifting

local algebraic residual

¢-level update (correction direction): Define p; € V5¢ by:  pj := Z Pt.a
acVy

(f, p0) — {ui + Zk ALPk » PL)
A&

Level-wise step-sizes by line search: Set )} :=
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Proposition (Pythagorean error representation of one solver step)

For uj, € V?, let u"" € V? be the next iterate constructed from uj, by our solver.
J

1 i i 2
= Juz —ui™ P = Jlus =507 = > (Vlloill)"
Jj=0

new error old error

= (ni )2 computable
alg/ error decrease
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Proposition (Pythagorean error representation of one solver step)

For uj, € V?, let u"" € V? be the next iterate constructed from uj, by our solver.
J

1 i i 2
= Juz —ui™ P = Jlus =507 = > (Vlloill)"

7=0

new error old error

= (ni )2 computable
alg/ error decrease

4
(f, P() (uLJrEk 0 Ai»/’i» ,/17;) .
A ’

Proof: From finest to coarsest level and by the optimal step-sizes \ :=
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Proposition (Pythagorean error representation of one solver step)

For uj, € V?, let u"" € V? be the next iterate constructed from uj, by our solver.
J

1 i i 2
= Juz —ui™ P = Jlus =507 = > (Vlloill)"

7=0

new error old error

= (ni )2 computable
alg/ error decrease

4
(f, P() (uLJrEk 0 Ai»/’i» ,/17;) .
A ’

Proof: From finest to coarsest level and by the optimal step-sizes \ :=

i+1
lluz, — w1
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Proposition (Pythagorean error representation of one solver step)

For uj, € V?, let u"" € V? be the next iterate constructed from uj, by our solver.
J

1 i i 2
= Juz —ui™ P = Jlus =507 = > (Vlloill)"

7=0

new error old error

= (ni )2 computable
alg/ error decrease

4
(f, P() (uLJrEk 0 Ai»/’i» ,/17;) .
A ’

Proof: From finest to coarsest level and by the optimal step-sizes \ :=

L
. . . 2
1
luz =02 = Juz = (uh + > Nied) |
£=0
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Proposition (Pythagorean error representation of one solver step)

For uj, € V?, let u"" € V? be the next iterate constructed from uj, by our solver.
J

1 i i 2
= Juz —ui™ P = Jlus =507 = > (Vlloill)"

7=0

new error old error

= (ni )2 computable
alg/ error decrease

4
(f, P() (uLJrEk 0 Ai»/’i» ,/17;) .
A ’

Proof: From finest to coarsest level and by the optimal step-sizes \ :=

P 2 ) o L=1 N
=H@Lz&;%Awﬁmzxz<@u,pz»(uz+g%Aw;M&>>+(Agpzo

4112
mw—%WI—Wr*%+ZNm
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Proposition (Pythagorean error representation of one solver step)

For uj, € V?, let u"" € V? be the next iterate constructed from uj, by our solver.
J

1 i i 2
= Juz —ui™ P = Jlus =507 = > (Vlloill)"

7=0

new error old error

= (ni )2 computable
alg/ error decrease

4
(f, P() (uLJrEk 0 Ai»/’i» ,/17;) .
A ’

Proof: From finest to coarsest level and by the optimal step-sizes \ :=

P 2 . . L—1 SN2
=WuL1&;%Ahﬁm2ki<(ﬂpi)<U2+g%kh&7pi>>+(kﬂhim

4112
mw—%WI—Wr*%+ZNm
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Proposition (Pythagorean error representation of one solver step)

For uj, € V?, let u"" € V? be the next iterate constructed from uj, by our solver.

J
+1 AT
= lur — w02 = flus — w3l = > (eloill)”.
7=0
new error old error
9 2 bl
= ("ililg) efr%':,gg?eaie
¥4

Proof: From finest to coarsest level and by the optimal step-sizes \ := (Fopp)= (ULJ‘HPE‘T'Q 0 NP ’/)7”):

4112
luz = b2 = JJuz - uL+Zm

= [Jur - wi, - Zw ( 1) = (s + z Xis pL>>> + (ulopl)’

ot~ S
£=0

2 . .
— (Lol
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Proposition (Pythagorean error representation of one solver step)

For uj, € V?, let u"" € V? be the next iterate constructed from uj, by our solver.

J
+1 AT
= lur — w02 = flus — w3l = > (eloill)”.
7=0
new error old error
9 2 bl
= ("ililg) efr%':,gg?eaie
¥4

Proof: From finest to coarsest level and by the optimal step-sizes \ := (Fopp)= (ULJ‘HPE‘T'Q 0 NP ’/)7”):

4112
luz = b2 = JJuz - uL+Zm

= [Jur - wi, - Zw ( 1) = (s + z Xis pL>>> + (ulopl)’

ot~ S
£=0

2 . .
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Proposition (Pythagorean error representation of one solver step)

For uj, € V?, let u"" € V? be the next iterate constructed from uj, by our solver.

J
+1 AT
= lur — w02 = flus — w3l = > (eloill)”.
7=0
new error old error
9 2 bl
= ("ililg) efr%':,gg?eaie
¥4

Proof: From finest to coarsest level and by the optimal step-sizes \ := (Fopp)= (ULJ‘HPE‘T'Q 0 NP ’/)7”):

I
= [z i, - ZWH( 2AL< fui) = + z Xio, pL>>> + (e llonn)®

4112
luz = b2 = JJuz - uL+Zm

L

2 . . . . .
— L) = =l =l =S (dleil)?
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ot~ S
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Proposition (Pythagorean error representation of one solver step)

For uj, € V?, let u"" € V? be the next iterate constructed from uj, by our solver.
J

w1 = g =yl — > (lerl)”

7=0

= lluz —

new error old error

= (ni )2 computable
alg/ error decrease

4
(f Pp) (uLJrEk 0 Ai»/’i» ,/’7;) .
A ’

Proof: From finest to coarsest level and by the optimal step-sizes \ :=

I
= [z i, - ZWH( 2AL< fui) = + z Xio, pL>>> + (e llonn)®

— L
) 2 g - g
\HuruszAzpz = OLIPL)? = =l = w1 = > (Aillol)
=0
2 i )2
llur, = wl? = (i)

4112
luz = b2 = JJuz - uL+Zm

=0

Ani Miragi (TU Wien) A-posteriori-steered and adaptive p-robust MG (Inria22)



Main results NumPDI:s

Theorem (p-robust reliable and efficient bound on the algebraic error)

Let uﬁ; € V! be arbitrary. Let nglg be the associated estimator of the algebraic error.

=z —upll > nhyy and nfy > Blur — il with 0<pB(k7,L,d,K) <1
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Main results NumPDI:s

Theorem (p-robust reliable and efficient bound on the algebraic error)

Let uﬁ; € V! be arbitrary. Let 77;1g be the associated estimator of the algebraic error.
— fluz —ugll 2 and ngg > Bllur —uill with 0 < B(k7,L,d,K) <1

Theorem (p-robust error contraction of the multilevel solver)

For ui € V¥ let ut' € VI be constructed from u}; using one step of the solver.

= lur —ulit| < afjup —ul)| with a=+/1- 2
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Main results NumPDI:s

Theorem (p-robust reliable and efficient bound on the algebraic error)

Let uﬁ; € V! be arbitrary. Let 77;1g be the associated estimator of the algebraic error.

= flup —upll =0k, and g > Bllu —uill with 0< B(kr,L,d,K) <1

Theorem (p-robust error contraction of the multilevel solver)

For ui € V¥ let ut' € VI be constructed from u}; using one step of the solver.
= lur —ulit| < afjup —ul)| with a=+/1- 2

Remark:
® (3 is independent of the polynomial degree p
® The dependence on L is at most /inear under minimal H!-regularity
® Complete independence from L is obtained in H?-regularity setting

; P \2
® Jlug —uf P = ur =l — ()
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p-robustness: iteration numbers for uniform meshes NumPDI:s

IFz — ALUE|| sIFL — ALUg |

Stopping criterion: <10™
L]l L]l

The mesh hierarchies here are obtained from L uniform refinements of an initial Delaunay mesh 7y

Sine Peak L-shape Checkerboard Skyscraper
K=I||K=I| K=I ||K=I|JK)=0(09 || JK)=0(1) | JK)=0(107)
I=1p||l=Lp|| 1=1p |[1=1p| 1=1p 1=1p 1—=1p
L | p | DoF is is s i s tg s
31 2¢? 19 19 21 18 18 19 19
3 1e® 29 28 29 27 28 31 31
6 | 6e° 30 30 26 24 25 28 28
9 | 1ef 31 30 23 23 23 26 26
4117 6e* 21 20 21 19 19 19 19
3 | 6e° 29 29 28 26 27 30 30
6 | 2 31 30 25 24 24 27 27
9 | 5eb 32 31 23 22 23 25 25
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p-robustness: iteration numbers for uniform meshes NumPDI:s

IFz — ALUE|| sIFL — ALUg |

Stopping criterion: <10™
L]l L]l

The mesh hierarchies here are obtained from L uniform refinements of an initial Delaunay mesh 7y

H 2-regular
Sine Peak L-shape Checkerboard Skyscraper
K=I| K=I K=I K=I | JK)=0(10% || 7K)=0(1) | JK)=0(107)
I=1p||l=Lp|| 1=1p |[1=1p]| I—=1p 1—=1p 1=1p
L] p | DoF is is is is is is is
31 ] 27 19 19 21 18 18 19 19
3| 1€ 29 28 29 27 28 31 31
6 | 6e° 30 30 26 24 25 28 28
9 | 1eb 31 30 23 23 23 26 26
4111 6e* 21 20 21 19 19 19 19
3 | 6e° 29 29 28 26 27 30 30
6 | 2 31 30 25 24 24 27 27
9 | 5ef 32 31 23 22 23 25 25
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p-robustness: iteration numbers for uniform meshes NumPDI:s

IFr — ALUiLS||
1FLl

The mesh hierarchies here are obtained from L uniform refinements of an initial Delaunay mesh 7o

sIFL — A UL |

<10~
IFL]]

Stopping criterion:

H 2-regular H '-regular
Sine Peak L-shape Checkerboard Skyscraper
K=I || K=I K=I K=I J(K):O(lOG) j(K):O(l) J(K):O(107)
I=1p||l=Lp|| 1=1p |[1=1p]| I—=1p 1—=1p 1=1p
L | p | DoF is is is is is is is
317 2% 19 19 21 18 18 19 19
3| 1€ 29 28 29 27 28 31 31
6 | 6e° 30 30 26 24 25 28 28
9 | 18 31 30 23 23 23 26 26
4111 6e* 21 20 21 19 19 19 19
3 | 6e® 29 29 28 26 27 30 30
6 | 28 31 30 25 24 24 27 27
9 | 5e8 32 31 23 22 23 25 25
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p-robustness: iteration numbers for uniform meshes NumPDI:s

IFrL — ALUZ|| < 10-5 |Fr — ALUY ||
FLl - [FLl

The mesh hierarchies here are obtained from L uniform refinements of an initial Delaunay mesh 7o

Stopping criterion:

H 2-regular H '-regular
Sine Peak L-shape Checkerboard Skyscraper
K=I || K=I K=I K=I J(K):O(lOG) j(K):O(l) J(K):O(107)
I=1p||l=Lp|| 1=1p |[1=1p]| I—=1p 1—=1p 1=1p
L | p | DoF is is is is is is is
317 2% 19 19 21 18 18 19 19
3| 1€ 29 28 29 27 28 31 31
6 | 6e° 30 30 26 24 25 28 28
9 | 18 31 30 23 23 23 26 26
4111 6e* 21 20 21 19 19 19 19
3 | 6e® 29 29 28 26 27 30 30
6 | 28 31 30 25 24 24 27 27
9 | 5e8 32 31 23 22 23 25 25

Numerical K- and L-robustness is observed even in low-regularity cases
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p-robustness: iteration numbers for graded meshes NumPDI:s

Peak, 1,p — p
Llpl] i L]pl] i L |pl]l is
4 |1 14 8 |1 16 16 | 1 16
3 11 3 9 3 9
6 9 6 8 6 8
9 8 9 8 9 9
L-shape, K=1, 1,p > p
L p is L p is L p is
5 |1 16 10 | 1 15 15 | 1 17
3 7 3 6 3 11
6 6 6 5 6 5
9 5 9 5 9 4
Checkerboard, j(K) = 0(106), L,p—0p
L p is L p is L p is
5|1 33 10 |1 57 15 | 1 97
3 15 3 23 3 32
6 12 6 15 6 20
9 11 9 12 9 15
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p-robustness: iteration numbers for graded meshes NumPDI:s

Peak, 1,p — p
Llpl] i Llpl] s L |pl] i
4 1 14 8 1 16 16 | 1 16
3 11 3 9 3 9
6 9 6 8 6 8
9 8 9 8 9 9
L-shape, K=1, 1,p = p
L p is L p is L p is
5 1 16 10 | 1 15 15 | 1 17
3 7 3 6 3 11
6 6 6 5 6 5
91 5 91 5 9| 4
Checkerboard, j(K) = 0(106), L,p—0p
L|pll 4 L |pl| is L |pll is
5 1 33 10 | 1 57 15 | 1 97
3 15 3 23 3 32
6 12 6 15 6 20
9 11 9 12 9 15
Low-regularity tests: indicate linear L-dependence in accordance with the theory
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Comparison with other multilevel solvers NumlPDI:s
ASC»TUWIEN

We compare our methods with solvers from literature in terms of the number of iterations (and CPU times).

@ Antonietti et al. J. Sci. Comput. 2017
@ Botti et al. J. Comput. Phys. 2017
[2) Schoberl. Tech. report. 2014
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Comparison with other multilevel solvers NumlPDI:s
ASC»TUWIEN

We compare our methods with solvers from literature in terms of the number of iterations (and CPU times).

~MG(0,1) ~MG(0,adapt) PCG(MG MG(1,1)- MG(0,1)- MG(3,3)-
-bJ -bJ (WRAS) (3,3)-bJ) PCG(iChol) bGS GS
Lp—p 1/p p—p 1/p 1=1p 1/7p
L ‘ p is time | s time is time s time is time | s time
4 | 1] 19 0.12s | 9 0.11s | 11 0.20 s 16 0.74s | 11 0.06s | 4 0.05 s
3] 11 207s | 7 1.62 s 3 2.34 s 44 27.48 s | 10 964s | 5 1.37s
6 9 20.19s | 4 12.54 s 3 38.40s | >80 >6.87m 9 3478s | 6 1444s
9 9 2.13m 3 49.84 s 2 2.24m | >80 >23.08m 8 1.72m | 9 1.21m

@ Antonietti et al. J. Sci. Comput. 2017
@ Botti et al. J. Comput. Phys. 2017
[2) Schoberl. Tech. report. 2014
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Comparison with other multilevel solvers

NumPPhIzs

We compare our methods with solvers from literature in terms of the number of iterations (and CPU times).

~MG(0,1) ~MG(0,adapt) PCG(MG MG(1,1)- MG(0,1)- MG(3,3)-
-bJ -bJ (WRAS) (3,3)-bJ) PCG(iChol) bGS GS
Lp—p 1/p p—p 1/p 1=1p 1/7p
L ‘ p is time | s time is time s time is time | s time
4 | 1] 19 0.12s | 9 0.11s | 11 0.20 s 16 0.74s | 11 006s | 4 0.05s
3] 11 207s | 7 1.62 s 3 2.34 s 44 27.48 s | 10 964s | 5 1.37s
6 9 20.19s | 4 1254 s 3 38.40s | >80 >6.87m 9 3478s | 6 1444s
9 9 2.13m 3 49.84 s 2 224m | >80 >23.08m 8 1.72m | 9 1.21m
—_——— —

@ Antonietti et al. J. Sci. Comput. 2017
@ Botti et al. J. Comput. Phys. 2017
[2) Schoberl. Tech. report. 2014

Ani Miragi (TU Wie

)

not p-robust

not p-robust
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NumPPhIzs

ASC»TUWIEN

Adaptivity in a-posteriori-steered solvers
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

, o
lur —uil® ~ (nag)
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

L
lur —ubl? ~ (ni,)* = ST (dllein®
£=0
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate
L
) g PN
fur —w P = (niag)* = D2 (Aileill)
£=0

@ localization by levels
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate
L

L
lur —wil? > ()* = DS (ulA)® = Db + 300 32 v ale

£=0 =1 acV,

@ localization by levels
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Adaptivity in a-posteriori-steered solvers

NumPPhIzs

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

L L
. .9 i 2 i i
lor —upl® ~ (lag)” = D (iloil)® = Iob I + D50 3~ BerallZe
£=0 =1 acV,
@ localization by levels (2 localization by patches
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

L L
. .9 Qi 2 i i
lur —wil® ~ (hg)* = D (Milloill) = oI + D20 D7 llocalla
£=0 =1 acV,
@ localization by levels (2 localization by patches

(@ Adaptive number of post-smoothing steps

-

Non-adaptive
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

L L
. .9 Qi 2 i i
lur —wil® ~ (hg)* = D (Milloill) = oI + D20 D7 llocalla
£=0 =1 acV,
@ localization by levels (2 localization by patches

(@ Adaptive number of post-smoothing steps

uj, upt?t uj, upt!
1 Vi,
1 1z
—_—>
1 vi
Non-adaptive Adaptive
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

L L
. .9 Qi 2 i i
lur —wil® ~ (hg)* = D (Milloill) = oI + D20 D7 llocalla
£=0 =1 acV,
@ localization by levels (2 localization by patches

(@ Adaptive number of post-smoothing steps

it+1 i it+1
uy, uy uy, up

Non-adaptive Adaptive

algebraic error decrease
(squared)

o ll s ) =
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

L L
. .9 i 2 i i
lor —upl® ~ (lag)” = D (iloil)® = Iob I + D50 3~ BerallZe
£=0 =1 acV,
@ localization by levels (2 localization by patches

(@ Adaptive number of post-smoothing steps

i, wit ujt!
1 Vi,
1 1z
—_—>
1 vi
Non-adaptive Adaptive

algebraic error decrease
(squared)

2 all siall)”
Jos s p* .} -
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

L L
. .9 i 2 i i
lor —upl® ~ (lag)” = D (iloil)® = Iob I + D50 3~ BerallZe
£=0 =1 acV,
@ localization by levels (2 localization by patches

(@ Adaptive number of post-smoothing steps

i, wit ujt!
1 Vi,
1 1z
—_—>
1 vi
Non-adaptive Adaptive

algebraic error decrease
(squared)

}w; | iall)”
: Ol i)
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

L L
. .9 i 2 i i
lor —upl® ~ (lag)” = D (iloil)® = Iob I + D50 3~ BerallZe
£=0 =1 acV,
@ localization by levels (2 localization by patches

(@ Adaptive number of post-smoothing steps

i, wit ujt!
1 Vi,
1 1z
R —
1 vi
Non-adaptive Adaptive
b
s
33
S
g -
]
52 .
5% HERENY
2 2 }u'_ Al
i .
. Oall 7 l)?
2 ol I)* } ' -
(=0 (=1 (=2 (=L -
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate
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. .9 i 2 i i
lor —upl® ~ (lag)” = D (iloil)® = Iob I + D50 3~ BerallZe
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(squared)
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Starting point: equivalence of the algebraic error with a localized a posteriori estimate

L L
. .9 i 2 i i
lor —upl® ~ (lag)” = D (iloil)® = Iob I + D50 3~ BerallZe
£=0 =1 acV,
@ localization by levels (2 localization by patches
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

L L
lur —ubl? ~ (ni,)* = > (i) = oI + D20 D7 llocalla
=0 =1 acVy
@ localization by levels (2 localization by patches

(@ Adaptive number of post—smoothing steps

uit! i+1
Uy,
I/L
2]
i
"
Non-adaptive Adaptive
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2
s
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S5 —3
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L8 }w
§ a
o (A2 l] 2 )
2
-3 um/ )
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=0 =2 (=L
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Adaptivity in a-posteriori-steered solvers

NumPPhIzs

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

L

ST (dleil)?

£=0

fur = wfl? ~ (nig)* =

@ localization by levels

(@ Adaptive number of post—smoothing steps

uit! i+1
Uy,
I/L
vy
i
"
Non-adaptive Adaptive
o
2
s
4
I+
3 vi=2
i% =3 -
] ool Josat oty
o g
L2 }u
o
o (A2 l] 2 )
2
-3 u Aally?
© 1\ 7’

=0 =2 (=L
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Adaptivity in a-posteriori-steered solvers

NumPPhIzs

Starting point: equivalence of the algebraic error with a localized a posteriori estimate
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Adaptive finite element setting
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Fitting into AFEM setting NumPDI:s

Algorithm

Input 7o, ug, 0<60<1
For each L =0,1,2,... do

8 SOLVE & ESTIMATE

8 MARK

8 REFINE

Output Discrete solutions and corresponding estimators
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Fitting into AFEM setting NumPDI:s
Optimal convergence rates wrt to overall computational cost for contractive solvers.

Algorithm

Input 7o, ug, 0 < 6 < 1 sufficiently small, i > 0 sufficiently small
For each L =0,1,2,... do

8 SOLVE & ESTIMATE Fori=1,2,...,1is, repeat
P compute uiL, nglg = Walg(UiL)
P compute Naisc (T u’L) forall T € Ty
until maig (uf) < pmdisc(uf)

8 MARK choose My C Tr, such that 6 > mnqisc(T, u’LS)2 < Y naise(T, u’LS)2
TeTr, TeMy,

® REFINE 7141 := refine(7z, Mp), u%+1 = u’i"

Output Discrete solutions uZLS and corresponding estimators 1,1¢ (uZLS), ndisc(u’f)
@ Stevenson. Found. Comput. Math. 2007

@ Gantner, Haberl, Praetorius, Schimanko. Math. Comp. 2021

@ Chen, Nochetto, Xu. Numer. Math. 2012

[2] Wu, Zheng. Appl. Numer. Math. 2017
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For each L =0,1,2,... do

8 SOLVE & ESTIMATE Fori=1,2,...,1is, repeat
> compute uiL, nglg = Walg(UiL)
P compute Naisc (T u’L) forall T € Ty
until Mg (u’LS) < pNdisc (uf) —  idea: equilibrate algebraic and discretization errors

® MARK choose M C T, such that 6 Y. nqisc(T, u’LS)2 < > naise(T, u’LS)2
TeTr, TeMy,
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Output Discrete solutions uZLS and corresponding estimators 1,1¢ (uZLS), ndisc(u’f)
@ Stevenson. Found. Comput. Math. 2007

@ Gantner, Haberl, Praetorius, Schimanko. Math. Comp. 2021

@ Chen, Nochetto, Xu. Numer. Math. 2012

[2] Wu, Zheng. Appl. Numer. Math. 2017
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Fitting into AFEM setting NumPDI:s
Optimal convergence rates wrt to overall computational cost for contractive solvers.

Algorithm

Input 7o, ug, 0 < 6 < 1 sufficiently small, i > 0 sufficiently small
For each L =0,1,2,... do

8 SOLVE & ESTIMATE Fori=1,2,...,1is, repeat
> compute uiL, nglg = Walg(UiL)
P compute Naisc (T u’L) forall T € Ty
until Mg (u’LS) < pNdisc (uf) —  idea: equilibrate algebraic and discretization errors

® MARK choose M C T, such that 6 Y. nqisc(T, u’LS)2 < > naise(T, u’LS)2
TeTr, TeMy,

® REFINE 7141 := refine(71, Mp), u%+1 = u’LS —— nested iterations with error control on all uiL except 148
Output Discrete solutions uZLS and corresponding estimators 1,1¢ (uZLS), ndisc(u’f)
@ Stevenson. Found. Comput. Math. 2007
@ Gantner, Haberl, Praetorius, Schimanko. Math. Comp. 2021
@ Chen, Nochetto, Xu. Numer. Math. 2012
[2] Wu, Zheng. Appl. Numer. Math. 2017
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Key to obtaining L-robustness NumlPDI:s

Remark: From now on, consider pg = ... =py_1 =1 and p; = p.
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smoothing on
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Key to obtaining L-robustness NumlPDI:s

Remark: From now on, consider pg =...=py_1 =1 and py, = p.
previously improvement
For intermediate levels {»A‘

te{l,...,L—-1}

Xp

smoothing on smoothing
all patches locally

For the finest level L: smoothing on all patches when p > 1.
Takeaway message:

8 [-robustness by local smoothing on lowest-order levels

8 p-robustness by smoothing on all patches of the high-order level

® the new construction guarantees linear cost of the solver step
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Main results NumPDI:s

Theorem (h- and p-robust reliable and efficient bound on the algebraic error)

Let u’L € VU be arbitrary. Let 77;1g be the associated estimator on the algebraic error.

= Mur—upll > na, and i, > Blur —uill with 0<B(k7,d,K) <1
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Let u’L € VU be arbitrary. Let 77;1g be the associated estimator on the algebraic error.

= Mur—upll > na, and i, > Blur —uill with 0<B(k7,d,K) <1

Theorem (h- and p-robust error contraction of the multilevel solver)

For ui, € VL, let u't* € V¥ be constructed from u; using one step of the solver.
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Main results NumPDI:s

Theorem (h- and p-robust reliable and efficient bound on the algebraic error)

Let u’L € VU be arbitrary. Let 77;1g be the associated estimator on the algebraic error.

= Mur—upll > na, and i, > Blur —uill with 0<B(k7,d,K) <1

Theorem (h- and p-robust error contraction of the multilevel solver)

For ui, € VL, let u't* € V¥ be constructed from u; using one step of the solver.

= lug —uf ) < allur —uill with a=/1-p2

Remark: Complete independence from L is obtained even under minimal H!-regularity
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Visualizing the theory NumPDI:s

L-shape problem
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@ Innerberger, Praetorius. MooAFEM: An object oriented Matlab code for higher-order (nonlinear) adaptive FEM.
2022+
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Conclusion
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Contributions and perspectives NumPDI:s
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We presented:
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Contributions and perspectives NumlPDI:s

We presented:
8 A p-robustly efficient a posteriori algebraic error estimator
8 A p-robust contractive multigrid solver steered by the a posteriori estimator
8 Optimal level-wise step-sizes in the error correction stage
8 Two adaptive multigrid variants:

> Approach 1: adaptive number of smoothing steps per level
P Approach 2: adaptive local smoothing per patches

8 An hp-robust contractive extension satisfying the requirements of the SOLVE module in AFEM

Future work would explore:
8 Extension of the theory to cover variable p elements of the finest level
B Extension of the approach to fractional diffusion problem and BEM

® Study of the robustness in the jumps of the diffusion coefficient
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Thank you for your attention!

(2] Miragi, Papez, and Vohralik. A multilevel algebraic error estimator and the corresponding iterative
solver with p-robust behavior. SIAM J. Numer. Anal. (2020)

B Miragi, Papez, and Vohralik. A-posteriori-steered p-robust multigrid with optimal step-sizes and
adaptive number of smoothing steps. SIAM J. Sci. Comput. (2021)

B Miraci, Praetorius, and Streitberger. Optimal local p-robust multigrid for FEM on graded
bisection grids. In preparation.
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Additional results NumlPIzs

Corollary (Equivalence of the two main results)

Proving the efficiency of the a posteriori estimator nélg is equivalent to proving the solver
contraction.

Proof: By using the link between solver and estimator given by the Pythagorean formula,
there holds:

(n;lg)2 > B*|lur — ul||>  (estimator efficiency)
& flur = upl® = fluz —ui™1* > B ur — uif|®

& Jlur —uf)? < (1= B%)|lur —uL])®> (solver contraction).

Corollary (Equivalence of error—global estimator—local estimators)

Let the assumptions of Theorem 2 hold. Then
L

L
_ - e _
Juz = uzll® = (2g)” = > (Nelloeh)” = Nool* + DA D loealls.

=0 (=1 acV,
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p-robustness: contraction factors NumPDI:s

L-shape problem, L = 3, and mesh hierarchy p;, = 1 (left) and p, = p (right), £€{1,..., L — 1}

0.8 08¢
- _ 06}
S061 S
3 S04
c c
204 o
§ o —.—p=1 § 02+
€ ——p=3 €
g p=6 3
——p=9
02 : : : ‘ : ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 0 5 10 15 20
iteration iteration
1—=1,p Lp—p
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p-robustness: iteration numbers for uniform refinements NumPDIzs

IFz — ALUE| _ 1o-s 1Fr = ALUY||

Stopping criterion:
IFzl IFl

The mesh hierarchies here are obtained from L uniform refinements of an initial Delaunay mesh 7.

Sine Peak L-shape Checkerboard Skyscraper
K=1I K=1I K=1I K=1I J(K):O(IOG) ](K):O(l) J(K):O(107)
1-1Lp|l,p—p|l=Lp|l,p—p||l=Lp|l,p—p|[l=Lp|l,p—p|l=>Lp|l,p—p||l=Lp|l,p—p|l=>Lp|l,p—p
L] p | DoF is is is is is is is is is is is is is is
31| 27 19 19 19 19 21 21 18 18 18 18 19 19 19 19
3| 1e° 29 13 28 14 29 11 27 11 28 11 31 13 31 13
6 | 6e° 30 13 30 14 26 9 24 9 25 10 28 11 28 11
9 | 18 31 14 30 14 23 9 23 9 23 9 26 10 26 10
4] 1 6e* 21 21 20 20 21 21 19 19 19 19 19 19 19 19
3| 6e® 29 13 29 14 28 11 26 11 27 11 30 11 30 11
6 | 26 31 13 30 14 25 9 24 9 24 9 27 10 27 10
9 | 5e6 32 14 31 15 23 9 22 9 23 9 25 9 25 9
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p-robustness: iteration numbers for uniform refinements NumPDIzs

IFz — ALUE| _ 1o-s 1Fr = ALUY||

Stopping criterion:
IFzl IFl

The mesh hierarchies here are obtained from L uniform refinements of an initial Delaunay mesh 7.

H 2-regular
Sine Peak L-shape Checkerboard Skyscraper

K=1I K=1 K=1I K=1I ](K):O(IOG) J(K):O(l) J(K):O(107)
1-1Lp|l,p—p|l=Lp|l,p—p||l=Lp|l,p—p|[l=Lp|l,p—p|l=>Lp|l,p—p||l=Lp|l,p—p |l=>Lp|l,p—p

L] p | DoF is is is is is is is is is is is is is is

31| 27 19 19 19 19 21 21 18 18 18 18 19 19 19 19

3| 1e° 29 13 28 14 29 11 27 11 28 11 31 13 31 13

6 | 6e° 30 13 30 14 26 9 24 9 25 10 28 11 28 11

9 | 18 31 14 30 14 23 9 23 9 23 9 26 10 26 10

4] 1 6e* 21 21 20 20 21 21 19 19 19 19 19 19 19 19

3| 6e® 29 13 29 14 28 11 26 11 27 11 30 11 30 11

6 | 26 31 13 30 14 25 9 24 9 24 9 27 10 27 10

9 | 5e6 32 14 31 15 23 9 22 9 23 9 25 9 25 9
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p-robustness: iteration numbers for uniform refinements NumPDIzs

IFL —ALUE|| < 10-5 |FL — ALUY|

Stopping criterion:
IFzl IFl

The mesh hierarchies here are obtained from L uniform refinements of an initial Delaunay mesh 7.

H 2-regular H l-regular
Sine Peak L-shape Checkerboard Skyscraper

K=1I K=1I K=1I K=1I JEK)=0(10° JK)=0(1) | JK)=0(107)
1-1Lp|l,p—p|l=Lp|l,p—p||l=Lp|l,p—p|[l=Lp|l,p—p|l=>Lp|l,p—p||l=Lp|l,p—p |l=>Lp|l,p—p

L | p | DoF is s is is s is is is s is is s is is

31| 27 19 19 19 19 21 21 18 18 18 18 19 19 19 19

3| 1e° 29 13 28 14 29 11 27 11 28 11 31 13 31 13

6 | 6e° 30 13 30 14 26 9 24 9 25 10 28 11 28 11

9 | 18 31 14 30 14 23 9 23 9 23 9 26 10 26 10

4] 1 6e* 21 21 20 20 21 21 19 19 19 19 19 19 19 19

3 | 6e® 29 13 29 14 28 11 26 11 27 11 30 11 30 11

6 | 26 31 13 30 14 25 9 24 9 24 9 27 10 27 10

9 | 56 32 14 31 15 23 9 22 9 23 9 25 9 25 9
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p-robustness: iteration numbers for uniform refinements NumPDIzs

IFL —ALUE|| < 10-5 |FL — ALUY|

Stopping criterion:
IFzl IFl

The mesh hierarchies here are obtained from L uniform refinements of an initial Delaunay mesh 7.

H 2-regular H l-regular
Sine Peak L-shape Checkerboard Skyscraper

K=1I K=1I K=1I K=1I JEK)=0(10° JK)=0(1) | JK)=0(107)
1-1Lp|l,p—p|l=Lp|l,p—p||l=Lp|l,p—p|[l=Lp|l,p—p|l=>Lp|l,p—p||l=Lp|l,p—p |l=>Lp|l,p—p

L | p | DoF is s s is s s is [ s is s s is s

31| 27 19 19 19 19 21 21 18 18 18 18 19 19 19 19

3| 1e° 29 13 28 14 29 11 27 11 28 11 31 13 31 13

6 | 6e° 30 13 30 14 26 9 24 9 25 10 28 11 28 11

9 | 18 31 14 30 14 23 9 23 9 23 9 26 10 26 10

4] 1 6e* 21 21 20 20 21 21 19 19 19 19 19 19 19 19

3 | 6e® 29 13 29 14 28 11 26 11 27 11 30 11 30 11

6 | 26 31 13 30 14 25 9 24 9 24 9 27 10 27 10

9 | 56 32 14 31 15 23 9 22 9 23 9 25 9 25 9

Numerical K- and L-robustness is observed even in low-regularity cases.
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Numerical tests in three space dimensions NumlPDI:s

Test cases: exact solution u when available; K = I except where explicitly specified,
uniform mesh refinement, p, =1, £ € {1,...,L}, and L = 4.

Cube: Q:=(0,1)3, Nested cubes: Q:= (—1,1)3, Checkers cubes: Q2 := (0,1)%,

unknown analytic solution, unknown analytic solution,

u(z,y,2) = z(z — Dy(y — 1)z(2 — 1).
K =10° % [ in (=0.5,0.5)". K =10% I in (0,0.5)% U (0.5,1)3.

rel. error eng. norm
rel. error eng. norm

0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
iteration iteration iteration
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u

relative residual

Numerical tests in three space dimensions NumlPDI:s

Test cases: exact solution u when available; K = I except where explicitly specified,
uniform mesh refinement, p, =1, £ € {1,...,L}, and L = 4.

Cube: Q:=(0,1)3, Nested cubes: Q:= (—1,1)3, Checkers cubes: Q2 := (0,1)%,
(z,y,2) = 2(z — Dyly — 1)z(z — 1). unknown analytic solution, unknown analytic solution,
5 . 3 .
K =10" T in (=0.5,0.5)". K =10% I in (0,0.5)3 U (0.5, 1)3.
10°
_ _ 10!
3 3
g1~
Q Q

2 2107
10-4
10-5

0 10 20 30 40 0 10 20 30 40 0 10 20 30 40

iteration iteration iteration
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Numerical advantages of optimal step-sizes NumlPDI:s

Level-wise optimal step-sizes determined by line search:
8 analytically: Pythagorean formula for the algebraic error

8 numerically: advantages of using even a single global step-size on level L

Sine Peak L-shape
L | p || wRAS | MG(0,1)-J || wRAS | MG(0,1)-J || wRAS | MG(0,1)-J
3 1 21 - 19 68 17 44
3 15 - 15 - 12 -
6 13 - 14 - 10
9 13 - 14 - 10
4 1 23 - 20 - 18
3 15 - 15 - 12
6 13 - 14 - 10
9 13 - 14 - 9
5 1 22 - 20 - 17
3 15 - 15 - 12
6 13 - 14 - 9
9 13 - 13 8

For p = 1: wRAS and MG(0,1)-J only differ by the use of the global optimal step-size.
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Number of post-smoothing steps: adaptive vs fixed NumlPDI:s

Checkerboard O(1 05) problem, J=3, p=6, p_j=[1666] , 6=0.2
T T T

i stop
3 I nflops |
% 5 [sync |
o
(&]

6

Checkerboard 0(10°) problem, J=3, p=6, p_j=[1116] ,0=0.2

adapt

I stop
[ nflops

%2 [ syne
o
(@]
1 B Eal lﬂﬂ ‘mAR -EH 7
0
adapt
vol3 L dof(V, is L ) .
nflops =%+Z z i (3Z > +z |:2\V0| +z VE Z 2ndof (V) ]+Z z [2 nI'IZ(I,gL_l)"rQ nnz(Iiil)+2uz nnz(Ap)+3vy(2 size(AL))];
£=1 a€eVjp, i=1¢=1

A-posteriori-steered and adaptive p-robust MG (Inria22)

Ani Miragi (TU Wien)



Can we predict the distribution of the algebraic error?

NumPDI:s
ASC»TUWIEN
1 . L 1 . 1
Dérfler’s bulk-chasing criterion: 6° | [|[KZ V5" + 3 00 Y [[K2VpralZa | < S0 00 Y K2 Ve
=1 aeVvy ¢ lemM ac My, ¢
V54 s 102 O)H[Vaialy  x102
8 6
. 6
Hierarchy: uniform refinement, L = 2, p1 = p2 = 3. 4
® local algebraic error indicators ||ps.al|wa 4
2
) 2
® |ocal algebraic error distribution || [z
with g = pb and g € V¢, for £ € {1,..., L}, given by
-1 i1
50 ' ~i V75 |3 %10 (A9)7 (Vb allg %107
(5 ve) = (o) — Qb o) = S A7k ) Vo€V, T
L ; k=0 20
so that Dy = UL — Uy 10
ego Pe L L 8 15
6 10
4
o 5
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Does the adaptivity pay off? NumPDI:s

Skyscraper O(10?) test case (non-adaptive 15 iterations)
100

5 8
o
g’:cg 75
<
g Q 50 10°
3 3 —— Skyscraper O(10%)
Q é 25 non-adaplSkyscraper0(102)
s g s
0 3102
1 2 3 4 5 6 7 8 >
iteration 2
Skyscraper O(10°) test case (non-adaptive 15 iterations) E
T
- 2 °
c 2
S
Eg ot b e o o L
= 012345678 9101112131415
g -GE) iteration
ag
1 2 3 4 5 6 7 8
iteration

Hierarchy: L =3, po=1,p1=1,p2=2,p3=3,60=0.95
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