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HJB and Isaacs equations .

Isaacs equation with homogeneous Dirichlet condition (dimension d € {2, 3})

Flu] = inf sup [L*Pu - f**] =0inQ, u=00n0Q,
acd pegp

L%y = q . V2u+bF Vi + Py
Hamilton-Jacobi-Bellman equation (H)B): when either of or % is a singleton set
sup[LPu— ff1=0, or inf [L%— f®]=0
BER aed
m Notation: Hessian denoted by V2u € R4*4

m This talk: construct convergent discretizations with adaptive mesh refinements
for these problems

m Forsake of presentation, we ignore lower order terms.
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Framework "

Assumedataa: (x,a, ) — a®®(x) e R and f: (x,a,B) — f*(x) € Rare
m uniformly continuouson Q X &/ X %
m aissymmetricand uniformly elliptic

Assume that Q is convex and Cordes condition (Cordes 56): there existsa v € (0, 1]
such that

la (x)] 1

Tr(a®(x)) = Vd—1+v

Frobenius norm |-| and trace Tr(-) of R4*¢ matrices.

VxeQ, V(a,B) e d XA,
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Existence and Uniqueness N

Define the renormalized operator F,

Tra®?
af ._ — ap (e, _ rap
vy = PR Fy[v] : ;gg{;gg [y (L v—f )]

Theorem (S. & Siili 14, Kawecki & S. 21 M2AN)

There exists a unique u € H?(Q) N Hé (Q) thatsolves F[u] = 0 and equivalently
F, [u] = 0 pointwise a.e. in Q.

Proof via formulation as monotone operator equation
Au;v) = I FylulAv=0 Vve H*(Q) N Hy(Q).
Q

[|lw— v||i,2 < A(w;w—-v) — A(v;w—v) VYw, v € H*(Q) mHé(Q).

See also related works S. & Siili13+14+16, Gallistl 17, S. 18, Neilan & Wu 19, Gallistl & Siili 19, Blechschmidt, Herzog & Winkler 20, Kawecki &
Brenner 20, Capdeboscq Sprekeler & Siili 20, Wu 21
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Notation for derivatives "

m Forv € BV(Q), with distributional derivative Dv:

(Dv. $Yq = L Vo ¢+L¢ d[Dolng Ve € CZ(QRY)

So Vv denotes density of absolutely continuous part (wrt Lebesgue measure) of
distributional derivative Dv.

m IfVo € BV(Q;R?) then define

V= V(Vo), ie Vivi=Vy (Vyv)
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Notation for derivatives .

m Forv € BV(Q), with distributional derivative Dv:
Do.dha= [ o6+ 6 diDilan V6 € CF @R
Q Q
So Vv denotes density of absolutely continuous part (wrt Lebesgue measure) of

distributional derivative Dv.

m IfVo € BV(Q;R?) then define
V= V(Vo), ie Vivi=Vy (Vyv)

Easy to check that

m IfvisSobolevregulare.g.v € H?(Q) then Vv and V2v coincide with weak
gradient and Hessian respectively.

m Ifvis piecewise regulare.g. vin a (discontinuous) finite element space, then Vo
and V2v coincide with piecewise (broken) gradient and Hessian respectively.
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m Shape-regular nested sequence of matching simplicial meshes {7y } xen.
m Framework of quasi-regular subdivisions as in Morin, Siebert & Veeser 08.
® DG and C° FEM spaces: for fixed polynomial degree p > 2

VY = {veL*(Q):vlx €P, VK € Tr},

V! = V)N Hy(Q).

Numerical approximations soughtin V;’ fora chosen fixed s € {0, 1}.
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m Shape-regular nested sequence of matching simplicial meshes {7y } xen.
m Framework of quasi-regular subdivisions as in Morin, Siebert & Veeser 08.
® DG and C° FEM spaces: for fixed polynomial degree p > 2
VY = {veL*(Q):vlx €P, VK € Tr},
V! = V)N Hy(Q).
Numerical approximations soughtin V;’ fora chosen fixed s € {0, 1}.
m H?-type mesh-dependent norms forv € Vi

loll2 :=J [|V2v|2+|w|2+|v|2]+f h;1|[[Vv]1|2+J 13l
Q Vi Frc

k

with jumps
[61r(x) = m[6(x + enp) ~ 4(x —enp)] Vi e F

with ng fixed unit normal to F.
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Numerical schemes "

Family of numerical schemes: find uy. € V} such that

Ar(uisoe) =0 Vg € Vg,

where A (wg;v) = J Fy [wi] Agor + 68k (w, o) + 7,7 (wie, vg)
Q —_— —
—————— Stabilization

PDE Penalization

0 €[0,1], o,p > 0.
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Numerical schemes "

Family of numerical schemes: find uy. € V} such that

Ak(uk;vk) =0 Vo € V]‘:,

where A (wg;v) = J Fy [wi] Agor + 68k (wi, o) + 7,7 (wie, vg)
Q

—/_PDE Stabilization  pepalization

0 €[0,1], o,p > 0.

Lifted Laplacian A vy = Avg — ri ([ Vog - »])) where r ([Vog - n])) € V,? 4 defined by
f r([Vor - n]Dex = f [Vor -n] {ex} Vi € V;?q
o 7 ’

with V,? 4 piecewise poly. of degree ¢ > p — 2 0on 7.
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Numerical schemes .

Family of numerical schemes: find uy. € V} such that

Ar(usv) =0 Vo € VY,

where  Ap(wy;vy) = J Fy [wi] Agor + 68k (wi, o) + 7 (wie, vg)
Q

B s —
V Stabilization

PDE Penalization

0 €[0,1], o,p > 0.

Sk(wk, Uk) IZJ [V2wk : V21)k - Akavk]
Q

+ Lq H{Arwi} [ Vo - ]| + {Azve} [ Vo - n]]

k

- L (V7 {Var - n} - [Vroe] + Vo {Vog - m} - [Vrue ]

with tangential operators Vy and Ar.
C.f.S. &Siili13 for derivation.

Paris 2022 7l8



Numerical schemes "

Family of numerical schemes: find uy. € V} such that

Ar(uisoe) =0 Vg € Vg,

where A (wg;v) = J Fy [wi] Agor + 68k (wi, o) + 7,7 (wie, vg)
Q — —
—————— Stabilization

PDE Penalization

0 €[0,1], o,p > 0.

TP (wie, o) = J;d ohi [Vwe] - [ Vo] + JT ph P [willve]
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Numerical method: main properties A

Summary of results from unified analysis in Kawecki & S. 21 (M2AN):
m Stability, existence and uniqueness of numerical solutions

m Near-best approximation

u-—u < inf |lu — vrl|k.
I kllk vkEVI‘:” kllk

m Reliable and efficient a posteriori error estimators:
llu = vicllk = ne(or)  Vor € Vi,
where [ (vx)1? = ke [k (vk, K)]? and
> | ivade e 3 | e
F

FeF! FeFy
FcéK FcoK

(i (o K)2 o= JK|Fy[vk]|2

In fact efficiency is also shown to be local.

No reduction property: No positive powers /i in estimators.
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Adaptive refinement A

Adaptive loop: Solve. Estimate. Mark. Refine.

Sufficient condition for marking: refine at least one element with maximum estimator.
Suppose that marked set My C 7 satisfies

max ur, K) = ,K).
Keﬁﬂk( k> K) I?é%xknk(uk )

Compatible with common strategies, e.g. bulk-chasing or maximum marking strategy.

Main result: Convergence Kawecki & S. 21 (FoCM)

The sequence of numerical solutions {uy, } r e converges to the solution u with

lim [[u — ugllx =0,  lim 7 (ug) = 0.
k—o0 k—o0
Convergence holds for all stable choices of penalty parameters o, p.
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Concept of limit space

Main ingredientin proof: construction of limit spaces V, of the sequence {V; } ken
Key properties required

m everyov € V7, isastrong limitof a sequence of functions vx € V! (insuitable
norms)

m every bounded sequence {vg }ren with vg € V' has a subsequence with weak
limitv € V2 (with weak convergence in a suitable sense)

How to define and analyse these nonstandard function spaces?

See also different approach by Kreuzer & Georgoulis 18, Dominicus, Gaspoz & Kreuzer 20
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U never-refined elements, Q' = U K, Q =0Q\Q"
m>0k>m KeT™*

F+ := facesof all elementsin 7+, FI* := interior faces of F*

Note skeletons of ¥+ and F'* are (countably) rectifiable sets

Define mesh-size function on Q*

helg = KM VK e T, hlp:=|FIJY vFeFt
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Definitions: First-order spaces

Intrinsic definition of limit space requires introducing some original function spaces:
m Firstorderspaces H! (Q; 7+) and H}) ;7%
m Second-order space H%) (Q;77%)
m finally Vg c H%(Q;Tﬂ

Paris 2022 1218



Definitions: First-order spaces A

Intrinsic definition of limit space requires introducing some original function spaces:
m Firstorderspaces H! (Q; 7+) and HlD ;7%
m Second-order space H% (Q;77%)
= finally V3 c H%(Q;TU

Definition: H'(Q; 7) and H}) (Q;77F) Kawecki & S. 21 (FoCM)

Let H'(Q; 7") be the space of functions v s.t.
m0eEBV(QNLAQ)

= Distributional derivative: Forall test functions ¢ € C° (€; R?)
Do.¢ha = [ Vo-9- | [ol@m),
Q Tl‘f

= Finite norm: ||v||§11(9;7_+) = [ [IVo]? +[v]?] + ffn M [o])? < oo.
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Definitions: First-order spaces A

Intrinsic definition of limit space requires introducing some original function spaces:
m Firstorderspaces H! (Q; 7+) and Hll) ;7%
m Second-order space HIQ) (Q; 71
w finally Vs, ¢ H2 (Q;77)

Definition: H'(Q; 7*) and H})(Q; T Kawecki & S. 21 (FoCM)

Let H}, (Q; 7*) be the space of functions vs.t.
® v € L?(Q) and zero-extension of v to R? belongs to BV (RY),

= Distributional derivative: Forall test functions ¢ € C°(RY; RY),
Do.¢ha = [ Voo~ ol
Q F*

= Finite norm: “0”1211;,(9;7*') = [ [IVol? +[u]?] + f¢+ M [v]1? < oo.
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Definitions: Second-order space and limit space

Definition: Hp (Q; 77) Kawecki & S. 21 (FOCM)

Let H% (Q; T) denote the space of functions v such that
mveHL(QTY)
m Ve HY(Q;TY)foralli=1,...,d, whereVo = (Vyu,...,Vy,0),

m Finite norm ||v||le)(Q;¢+) < oo where

ol ey = [ (V20 +190P +1oP]+ [ 0wl + | 40002

Definition: Limitspace VS, s € {0, 1}

VO ={ve Hp(Q;T): vlk €P, VK € T}, Vi =V2 N Hy(Q).
Same normas Hp (Q; 7).
Recall V2v := V(Vv) absolutely continuous part of D (Vv)
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Limit space: elementary properties

Elementary properties

m Spaces H'(Q; 7%), H,(Q; TF), Hp (Q; 7*) and V£, all Hilbert spaces under
respective inner-products.

m H'(Q) closed subspace of H(Q; 7).
m H;(Q) closed subspace of H}, (Q; 7+).
m H*(Q) N H}(Q) closed subspace of H7 (Q; 7).

m Functionsin H'(Q; 7*) have Poincaré and L2—trace inequalities
= ||v||x well-defined forall k € Nandv € V£.

m Piecewise regularity on Q™:

m Ifoe HY(Q;7+)thenv|g € H (K) forallK € 7T+
m Ifv € H} (Q;7*) thenv|x € H*(K) forall K € 7.

m Alsonote Vi ¢ V3 and VS, ¢ V) in general.
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Limit spaces: symmetry of Hessians

m Recall definition Vv = V(Vv) — symmetry of Vv does not follow directly from
definition

m However symmetry is necessary for convergence of FEM approximations!

m Alberti 91; Fonseca, Leoni & Paroni 05: there exists functions v € SBV?(Q) such
that V2u = V(Vv) is not symmettric!
(note SBV?(Q) includes H7, (Q; 7*) as a subspace)
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Limit spaces: symmetry of Hessians

m Recall definition Vv = V(Vv) — symmetry of Vv does not follow directly from
definition

m However symmetry is necessary for convergence of FEM approximations!

m Alberti 91; Fonseca, Leoni & Paroni 05: there exists functions v € SBV?(Q) such
that V2u = V(Vv) is not symmettric!
(note SBV?(Q) includes H7, (Q; 7*) as a subspace)

Thm: Symmetry of the Hessian Kawecki & S. 21 (FoCM)

Foreveryv € Hy (Q; 77) thereexistsaw € H?(Q) N H (L) such that
v=w, Vv=Vuw, V2 = VZw ae.onQ.

Furthermore, V20 is symmetrica.e. on Q.
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Limit space: strong approximation

Thm: Strong approximation by FE functions Kawecki & S. 21 (FoCM)

Forany v € V3, there exists a sequence of finite element functions vy € V' for each
k € N, such that

lim [[o = vglle =0,  supllogllx < eo.

k—oo keN

Moreover, the sequence {v } renv above can be chosen such that

Jin J (1219 (0 = 0)|” + kgt o = v *] = 0.
—0 )

Proof uses
m Symmetry of Hessians of functions in H%, (Q;7%)
m Poincaré and trace inequalities of functions in H! (Q; 77+)

m Quasi-interpolation, enrichment operators...
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Weak convergence n

Thm: weak convergence Kawecki & S. 21 (FoCM)

Let {vx } ke be a sequence of functions such that vy € V; foreach k € N, and such that
supgenl|vkllx < oo. Then, thereexistav € V2 andar € L?(Q;R¥?)st.
m there exists a subsequence {vg; } jen such that, as j — oo,
B v > vin L*(Q),
= Vo, > Voin L2(Q;RY),
m Hj, v, — Heovin L2(Q;RY9)
w7, ([Vor, ) = 7in L2(Q; R9)

B Tyor = ro([Vo])ae inQ

NB: In general, liftings are necessary because V2Ukj 4~ V2pis possible.

Hyop = V2o —ri([Voe]), ri([Vor) = D er ([Vor D).
FeF
Hov = V30— ro([Vo]), reo([Vo]) = Z rfo([[Vv]]).
FeF*
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Numerical experiment N

Experiment with nonsmooth solution u € H2*5€ from Kawecki & S. 21 (M2AN)

CG (s=1),0=0

I 1 E
. ill 4
107 E S
£ | H

[ u—urlly =2 ‘ ]

—a— 7 ( =
10 —— | I+ p=3
——nr(ut) p=:
T T |
10* 10* 10°

Degrees of freedom

Initial and adaptively refined meshes (right: k = 14)

NGSolve
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Conclusion .

m Analysis of limit spaces and new function spaces to describe limiting behaviour of
adaptive nonconforming methods

m Proof of essential properties of limit spaces: symmetry of Hessians, strong
approximation by FE spaces and weak convergence properties

m Proof of convergence of adaptive DG and C°-IP for H]B and Isaacs equations with
Cordes coefficients
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