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HJB and Isaacs equations

Isaacs equation with homogeneous Dirichlet condition (dimension 𝑑 ∈ {2, 3})

𝐹 [𝑢] B inf
𝛼∈𝒜

sup
𝛽∈ℬ

[
𝐿𝛼𝛽𝑢 − 𝑓 𝛼𝛽

]
= 0 inΩ, 𝑢 = 0 on 𝜕Ω,

𝐿𝛼𝛽𝑢 B 𝑎𝛼𝛽 : ∇2𝑢 + 𝑏𝛼𝛽 · ∇𝑢 + 𝑐𝛼𝛽𝑢

Hamilton–Jacobi–Bellman equation (HJB): when either𝒜 orℬ is a singleton set

sup
𝛽∈ℬ

[𝐿𝛽𝑢 − 𝑓 𝛽] = 0, or inf
𝛼∈𝒜

[𝐿𝛼𝑢 − 𝑓 𝛼] = 0

Notation: Hessian denoted by ∇2𝑢 ∈ R𝑑×𝑑

This talk: construct convergent discretizations with adaptive mesh refinements
for these problems

For sake of presentation, we ignore lower order terms.
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Framework

Assume data 𝑎 : (𝑥, 𝛼, 𝛽) ↦→ 𝑎𝛼𝛽 (𝑥) ∈ R𝑑×𝑑 and 𝑓 : (𝑥, 𝛼, 𝛽) ↦→ 𝑓 𝛼𝛽 (𝑥) ∈ R are

uniformly continuous onΩ ×𝒜 ×ℬ

𝑎 is symmetric and uniformly elliptic

Assume thatΩ is convex and Cordes condition (Cordes 56): there exists a a ∈ (0, 1]
such that

|𝑎𝛼𝛽 (𝑥) |
Tr(𝑎𝛼𝛽 (𝑥)) ≤ 1

√
𝑑 − 1 + a

∀𝑥 ∈ Ω, ∀(𝛼, 𝛽) ∈ 𝒜 ×ℬ,

Frobenius norm |·| and traceTr(·) ofR𝑑×𝑑 matrices.
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Existence and Uniqueness

Define the renormalized operator 𝐹𝛾

𝛾𝛼𝛽 B
Tr 𝑎𝛼𝛽

|𝑎𝛼𝛽 |2 , 𝐹𝛾 [𝑣] B inf
𝛼∈𝒜

sup
𝛽∈ℬ

[
𝛾𝛼𝛽

(
𝐿𝛼𝛽𝑣 − 𝑓 𝛼𝛽

)]
.

Theorem (S. & Süli 14, Kawecki & S. 21 M2AN)
There exists a unique 𝑢 ∈ 𝐻2 (Ω) ∩ 𝐻1

0 (Ω) that solves 𝐹 [𝑢] = 0 and equivalently
𝐹𝛾 [𝑢] = 0 pointwise a.e. inΩ.

Proof via formulation as monotone operator equation

𝐴(𝑢; 𝑣) B
∫
Ω

𝐹𝛾 [𝑢]Δ𝑣 = 0 ∀𝑣 ∈ 𝐻2 (Ω) ∩ 𝐻1
0 (Ω).

∥𝑤 − 𝑣∥2
𝐻2 ≲ 𝐴(𝑤;𝑤 − 𝑣) − 𝐴(𝑣;𝑤 − 𝑣) ∀𝑤, 𝑣 ∈ 𝐻2 (Ω) ∩ 𝐻1

0 (Ω).
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See also related works S. & Süli 13+14+16, Gallistl 17, S. 18, Neilan & Wu 19, Gallistl & Süli 19, Blechschmidt, Herzog & Winkler 20, Kawecki &
Brenner 20, Capdeboscq Sprekeler & Süli 20, Wu 21



Notation for derivatives

For 𝑣 ∈ 𝐵𝑉 (Ω), with distributional derivative𝐷𝑣:

⟨𝐷𝑣,ϕ⟩Ω =

∫
Ω

∇𝑣 · ϕ +
∫
Ω

ϕ · 𝑑 [𝐷𝑣]sing ∀ϕ ∈ 𝐶∞
0 (Ω;R𝑑)

So ∇𝑣 denotes density of absolutely continuous part (wrt Lebesgue measure) of
distributional derivative𝐷𝑣.

If ∇𝑣 ∈ 𝐵𝑉 (Ω;R𝑑) then define

∇2𝑣 B ∇(∇𝑣), i.e. ∇2
𝑖 𝑗𝑣 B ∇𝑥 𝑗 (∇𝑥𝑖 𝑣)

Easy to check that

If 𝑣 is Sobolev regular e.g. 𝑣 ∈ 𝐻2 (Ω) then ∇𝑣 and ∇2𝑣 coincide with weak
gradient and Hessian respectively.

If 𝑣 is piecewise regular e.g. 𝑣 in a (discontinuous) finite element space, then ∇𝑣
and ∇2𝑣 coincide with piecewise (broken) gradient and Hessian respectively.
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Notation

Shape-regular nested sequence of matching simplicial meshes {T𝑘}𝑘∈N.

Framework of quasi-regular subdivisions as in Morin, Siebert & Veeser 08.

𝐷𝐺 and𝐶0 FEM spaces: for fixed polynomial degree 𝑝 ≥ 2

𝑉0
𝑘 B {𝑣 ∈ 𝐿2 (Ω) : 𝑣 |𝐾 ∈ P𝑝 ∀𝐾 ∈ T𝑘},
𝑉1
𝑘 B 𝑉0

𝑘 ∩ 𝐻
1
0 (Ω).

Numerical approximations sought in𝑉 𝑠
𝑘

for a chosen fixed 𝑠 ∈ {0, 1}.

𝐻2-type mesh-dependent norms for 𝑣 ∈ 𝑉 𝑠
𝑘

:

∥𝑣∥2𝑘 B
∫
Ω

[
|∇2𝑣 |2 + |∇𝑣 |2 + |𝑣 |2

]
+
∫
F𝐼
𝑘

ℎ−1𝑘 |⟦∇𝑣⟧|2 +
∫
F𝑘

ℎ−3𝑘 |⟦𝑣⟧|2.

with jumps

⟦𝜙⟧𝐹 (𝑥) = lim
𝜖↘0

[𝜙(𝑥 + 𝜖n𝐹) − 𝜙(𝑥 − 𝜖n𝐹)] ∀𝑥 ∈ 𝐹

withn𝐹 fixed unit normal to 𝐹.
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Numerical schemes

Family of numerical schemes: find 𝑢𝑘 ∈ 𝑉 𝑠𝑘 such that

𝐴𝑘 (𝑢𝑘 ; 𝑣𝑘) = 0 ∀𝑣𝑘 ∈ 𝑉 𝑠𝑘 ,

where 𝐴𝑘 (𝑤𝑘 ; 𝑣𝑘) B
∫
Ω

𝐹𝛾 [𝑤𝑘]Δ𝑘𝑣𝑘︸              ︷︷              ︸
𝑃𝐷𝐸

+ \𝑆𝑘 (𝑤𝑘 , 𝑣𝑘)︸        ︷︷        ︸
𝑆𝑡𝑎𝑏𝑖𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛

+ 𝐽𝜎,𝜌
𝑘

(𝑤𝑘 , 𝑣𝑘)︸         ︷︷         ︸
𝑃𝑒𝑛𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛

\ ∈ [0, 1], 𝜎, 𝜌 > 0.
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Numerical schemes
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\ ∈ [0, 1], 𝜎, 𝜌 > 0.

Lifted LaplacianΔ𝑘𝑣𝑘 B Δ𝑣𝑘 − 𝑟𝑘 (⟦∇𝑣𝑘 · n⟧) where 𝑟𝑘 (⟦∇𝑣𝑘 · n⟧) ∈ 𝑉0
𝑘,𝑞

defined by∫
Ω

𝑟 (⟦∇𝑣𝑘 · n⟧)𝜑𝑘 =

∫
F𝐼
𝑘

⟦∇𝑣𝑘 · n⟧ {𝜑𝑘} ∀𝜑𝑘 ∈ 𝑉0
𝑘,𝑞

with𝑉0
𝑘,𝑞

piecewise poly. of degree 𝑞 ≥ 𝑝 − 2 on T𝑘 .
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Numerical schemes
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𝑆𝑘 (𝑤𝑘 , 𝑣𝑘) B
∫
Ω

[
∇2𝑤𝑘 : ∇2𝑣𝑘 − Δ𝑤𝑘Δ𝑣𝑘

]
+
∫
F𝐼
𝑘

[{Δ𝑇𝑤𝑘} ⟦∇𝑣𝑘 · n⟧ + {Δ𝑇 𝑣𝑘} ⟦∇𝑤𝑘 · n⟧]

−
∫
F𝑘

[∇𝑇 {∇𝑤𝑘 · n} · ⟦∇𝑇 𝑣𝑘⟧ + ∇𝑇 {∇𝑣𝑘 · n} · ⟦∇𝑇𝑤𝑘⟧] ,

with tangential operators ∇𝑇 andΔ𝑇 .
C.f. S. & Süli 13 for derivation.
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Numerical schemes
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𝐽
𝜎,𝜌

𝑘
(𝑤𝑘 , 𝑣𝑘) B

∫
F𝐼
𝑘

𝜎ℎ−1𝑘 ⟦∇𝑤𝑘⟧ · ⟦∇𝑣𝑘⟧ +
∫
F𝑘

𝜌ℎ−3𝑘 ⟦𝑤𝑘⟧⟦𝑣𝑘⟧
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Numerical method: main properties

Summary of results from unified analysis in Kawecki & S. 21 (M2AN):

Stability, existence and uniqueness of numerical solutions

Near-best approximation

∥𝑢 − 𝑢𝑘 ∥𝑘 ≲ inf
𝑣𝑘 ∈𝑉𝑠

𝑘

∥𝑢 − 𝑣𝑘 ∥𝑘 .

Reliable and efficient a posteriori error estimators:

∥𝑢 − 𝑣𝑘 ∥𝑘 ≂ [𝑘 (𝑣𝑘) ∀𝑣𝑘 ∈ 𝑉 𝑠𝑘 ,

where [[𝑘 (𝑣𝑘)]2 B
∑
𝐾 ∈T𝑘 [[𝑘 (𝑣𝑘 , 𝐾)]2 and

[[𝑘 (𝑣𝑘 , 𝐾)]2 B
∫
𝐾

|𝐹𝛾 [𝑣𝑘] |2 +
∑︁
𝐹∈F𝐼

𝑘

𝐹⊂𝜕𝐾

∫
𝐹

ℎ−1𝑘 |⟦∇𝑣𝑘⟧|2 +
∑︁
𝐹∈F𝑘

𝐹⊂𝜕𝐾

∫
𝐹

ℎ−3𝑘 |⟦𝑣𝑘⟧|2

In fact efficiency is also shown to be local.

No reduction property: No positive powers ℎ𝑘 in estimators.
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Adaptive refinement

Adaptive loop: Solve. Estimate. Mark. Refine.

Sufficient condition for marking: refine at least one element with maximum estimator.
Suppose that marked setM𝑘 ⊂ T𝑘 satisfies

max
𝐾 ∈T𝑘

[𝑘 (𝑢𝑘 , 𝐾) = max
𝐾 ∈M𝑘

[𝑘 (𝑢𝑘 , 𝐾).

Compatible with common strategies, e.g. bulk-chasing or maximum marking strategy.

Main result: Convergence Kawecki & S. 21 (FoCM)
The sequence of numerical solutions {𝑢𝑘}𝑘∈N converges to the solution 𝑢with

lim
𝑘→∞

∥𝑢 − 𝑢𝑘 ∥𝑘 = 0, lim
𝑘→∞

[𝑘 (𝑢𝑘) = 0.

Convergence holds for all stable choices of penalty parameters𝜎, 𝜌.
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Concept of limit space
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Ω−

Ω+

𝑘→∞−−−−→−→ −→

Main ingredient in proof: construction of limit spaces𝑉 𝑠∞ of the sequence {𝑉 𝑠
𝑘
}𝑘∈N

Key properties required

every 𝑣 ∈ 𝑉 𝑠∞ is a strong limit of a sequence of functions 𝑣𝑘 ∈ 𝑉 𝑠𝑘 (in suitable
norms)

every bounded sequence {𝑣𝑘}𝑘∈N with 𝑣𝑘 ∈ 𝑉 𝑠𝑘 has a subsequence with weak
limit 𝑣 ∈ 𝑉 𝑠∞ (with weak convergence in a suitable sense)

How to define and analyse these nonstandard function spaces?

See also different approach by Kreuzer & Georgoulis 18, Dominicus, Gaspoz & Kreuzer 20



Notation
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T + B
⋃
𝑚≥0

⋂
𝑘≥𝑚

T𝑘 = never-refined elements, Ω+ B
⋃
𝐾 ∈T+

𝐾, Ω− B Ω \Ω+

Ω−

Ω+

F + B faces of all elements in T +, F 𝐼+ B interior faces of F +

Note skeletons of F + and F 𝐼+ are (countably) rectifiable sets

Define mesh-size function onΩ+

ℎ+ |𝐾 B |𝐾 |1/𝑑 ∀𝐾 ∈ T +, ℎ+ |𝐹 B |𝐹 |1/(𝑑−1)H𝑑−1 ∀𝐹 ∈ F +



Definitions: First-order spaces

Intrinsic definition of limit space requires introducing some original function spaces:

First order spaces𝐻1 (Ω;T +) and𝐻1
𝐷
(Ω;T +)

Second-order space𝐻2
𝐷
(Ω;T +)

finally𝑉 𝑠∞ ⊂ 𝐻2
𝐷
(Ω;T +)

Definition: 𝐻1(Ω;T +) and𝐻1
𝐷
(Ω;T +) Kawecki & S. 21 (FoCM)

Let𝐻1 (Ω;T +) be the space of functions 𝑣 s.t.

𝑣 ∈ 𝐵𝑉 (Ω) ∩ 𝐿2 (Ω)

Distributional derivative: For all test functionsϕ ∈ 𝐶∞
0

(
Ω;R𝑑

)
⟨𝐷𝑣,ϕ⟩R𝑑 =

∫
Ω

∇𝑣 · ϕ −
∫
F𝐼+

⟦𝑣⟧(ϕ·n),

Finite norm: ∥𝑣∥2
𝐻1 (Ω;T+) B

∫
Ω

[
|∇𝑣 |2 + |𝑣 |2

]
+
∫
F𝐼+ ℎ

−1
+ |⟦𝑣⟧|2 < ∞.
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Distributional derivative: For all test functionsϕ ∈ 𝐶∞
0

(
R𝑑;R𝑑

)
,

⟨𝐷𝑣,ϕ⟩R𝑑 =

∫
Ω

∇𝑣 · ϕ −
∫
F+

⟦𝑣⟧(ϕ·n),

Finite norm: ∥𝑣∥2
𝐻1

𝐷
(Ω;T+) B

∫
Ω

[
|∇𝑣 |2 + |𝑣 |2

]
+
∫
F+ ℎ

−1
+ |⟦𝑣⟧|2 < ∞.
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Definitions: Second-order space and limit space

Definition: 𝐻2
𝐷
(Ω;T +) Kawecki & S. 21 (FoCM)

Let𝐻2
𝐷
(Ω;T +) denote the space of functions 𝑣 such that

𝑣 ∈ 𝐻1
𝐷
(Ω;T +)

∇𝑥𝑖 𝑣 ∈ 𝐻1 (Ω;T +) for all 𝑖 = 1, . . . , 𝑑, where ∇𝑣 = (∇𝑥1𝑣, . . . ,∇𝑥𝑑 𝑣),

Finite norm ∥𝑣∥𝐻2
𝐷
(Ω;T+) < ∞where

∥𝑣∥2
𝐻2

𝐷
(Ω;T+) B

∫
Ω

[
|∇2𝑣 |2 + |∇𝑣 |2 + |𝑣 |2

]
+
∫
F𝐼+

ℎ−1+ |⟦∇𝑣⟧|2 +
∫
F+
ℎ−3+ |⟦𝑣⟧|2

Definition: Limit space𝑉 𝑠∞, 𝑠 ∈ {0, 1}

𝑉0
∞ B {𝑣 ∈ 𝐻2

𝐷 (Ω;T +) : 𝑣 |𝐾 ∈ P𝑝 ∀𝐾 ∈ T +}, 𝑉1
∞ B 𝑉0

∞ ∩ 𝐻1
0 (Ω).

Same norm as𝐻2
𝐷
(Ω;T +).

Recall ∇2𝑣 B ∇(∇𝑣) absolutely continuous part of𝐷 (∇𝑣)
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Limit space: elementary properties

Elementary properties

Spaces𝐻1 (Ω;T +),𝐻1
𝐷
(Ω;T +),𝐻2

𝐷
(Ω;T +) and𝑉 𝑠∞ all Hilbert spaces under

respective inner-products.

𝐻1 (Ω) closed subspace of𝐻1 (Ω;T +).

𝐻1
0 (Ω) closed subspace of𝐻1

𝐷
(Ω;T +).

𝐻2 (Ω) ∩ 𝐻1
0 (Ω) closed subspace of𝐻2

𝐷
(Ω;T +).

Functions in𝐻1 (Ω;T +) have Poincaré and 𝐿2−trace inequalities
=⇒ ∥𝑣∥𝑘 well-defined for all 𝑘 ∈ N and 𝑣 ∈ 𝑉 𝑠∞.

Piecewise regularity onΩ+:

If 𝑣 ∈ 𝐻1 (Ω;T +) then 𝑣 |𝐾 ∈ 𝐻1 (𝐾) for all𝐾 ∈ T +.
If 𝑣 ∈ 𝐻2

𝐷
(Ω;T +) then 𝑣 |𝐾 ∈ 𝐻2 (𝐾) for all𝐾 ∈ T +.

Also note𝑉 𝑠
𝑘
⊄ 𝑉 𝑠∞ and𝑉 𝑠∞ ⊄ 𝑉 𝑠

𝑘
in general.
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Limit spaces: symmetry of Hessians

Recall definition ∇2𝑣 = ∇(∇𝑣) — symmetry of ∇2𝑣 does not follow directly from
definition

However symmetry is necessary for convergence of FEM approximations!

Alberti 91; Fonseca, Leoni & Paroni 05: there exists functions 𝑣 ∈ 𝑆𝐵𝑉2 (Ω) such
that ∇2𝑣 = ∇(∇𝑣) is not symmetric!
(note 𝑆𝐵𝑉2 (Ω) includes𝐻2

𝐷
(Ω;T +) as a subspace)

Thm: Symmetry of the Hessian Kawecki & S. 21 (FoCM)
For every 𝑣 ∈ 𝐻2

𝐷
(Ω;T +) there exists a𝑤 ∈ 𝐻2 (Ω) ∩ 𝐻1

0 (Ω) such that

𝑣 = 𝑤, ∇𝑣 = ∇𝑤, ∇2𝑣 = ∇2𝑤 a.e. onΩ−.

Furthermore, ∇2𝑣 is symmetric a.e. onΩ.
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Limit space: strong approximation

Thm: Strong approximation by FE functions Kawecki & S. 21 (FoCM)
For any 𝑣 ∈ 𝑉 𝑠∞, there exists a sequence of finite element functions 𝑣𝑘 ∈ 𝑉 𝑠𝑘 for each
𝑘 ∈ N, such that

lim
𝑘→∞

∥𝑣 − 𝑣𝑘 ∥𝑘 = 0, sup
𝑘∈N

∥𝑣𝑘 ∥𝑘 < ∞.

Moreover, the sequence {𝑣𝑘}𝑘∈N above can be chosen such that

lim
𝑘→∞

∫
Ω

[
ℎ−2𝑘 |∇(𝑣 − 𝑣𝑘) |2 + ℎ−4𝑘 |𝑣 − 𝑣𝑘 |2

]
= 0.

Proof uses

Symmetry of Hessians of functions in𝐻2
𝐷
(Ω;T +)

Poincaré and trace inequalities of functions in𝐻1 (Ω;T +)

Quasi-interpolation, enrichment operators. . .
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Weak convergence

Thm: weak convergence Kawecki & S. 21 (FoCM)
Let {𝑣𝑘}𝑘∈N be a sequence of functions such that 𝑣𝑘 ∈ 𝑉 𝑠𝑘 for each 𝑘 ∈ N, and such that
sup𝑘∈N∥𝑣𝑘 ∥𝑘 < ∞. Then, there exist a 𝑣 ∈ 𝑉 𝑠∞ and a r ∈ 𝐿2 (Ω;R𝑑×𝑑) s.t.

there exists a subsequence {𝑣𝑘 𝑗 } 𝑗∈N such that, as 𝑗 → ∞,

𝑣𝑘 𝑗 → 𝑣 in 𝐿2 (Ω),
∇𝑣𝑘 𝑗 → ∇𝑣 in 𝐿2 (Ω;R𝑑),
H𝑘 𝑗 𝑣𝑘 𝑗 ⇀H∞𝑣 in 𝐿2 (Ω;R𝑑×𝑑)
r𝑘 𝑗 (⟦∇𝑣𝑘 𝑗⟧) ⇀ r in 𝐿2 (Ω;R𝑑×𝑑) .

r𝜒Ω+ = r∞ (⟦∇𝑣⟧) a.e. inΩ

NB: In general, liftings are necessary because ∇2𝑣𝑘 𝑗 ̸⇀ ∇2𝑣 is possible.

H𝑘𝑣𝑘 B ∇2𝑣𝑘 − r𝑘 (⟦∇𝑣𝑘⟧), r𝑘 (⟦∇𝑣𝑘⟧) B
∑︁
𝐹∈F𝑘

r𝐹
𝑘
(⟦∇𝑣𝑘⟧).

H∞𝑣 B ∇2𝑣 − r∞ (⟦∇𝑣⟧), r∞ (⟦∇𝑣⟧) B
∑︁
𝐹∈F+

r𝐹∞ (⟦∇𝑣⟧).
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Numerical experiment

Experiment with nonsmooth solution 𝑢 ∈ 𝐻2+ 1
9
−𝜖 from Kawecki & S. 21 (M2AN)
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Conclusion

Analysis of limit spaces and new function spaces to describe limiting behaviour of
adaptive nonconforming methods

Proof of essential properties of limit spaces: symmetry of Hessians, strong
approximation by FE spaces and weak convergence properties

Proof of convergence of adaptive DG and𝐶0-IP for HJB and Isaacs equations with
Cordes coefficients
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