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Abstract. In this paper we propose an outlier detection algorithm for
temperature sensor data from jet engine tests. Effective identification of
outliers would enable engine problems to be examined and resolved efficiently. Outlier detection in this data is challenging because a human
controller determines the speed of the engine during each manoeuvre.
This introduces variability which can mask abnormal behaviour in the
engine response. We therefore suggest modelling the dependency between
speed and temperature in the process of identifying abnormalities. The
engine temperature has a delayed response with respect to the the engine
speed, which we will model using robust functional regression. We then
apply functional depth with respect to the residuals to rank the samples
and identify the outliers. The effectiveness of the outlier detection algorithm is shown in a simulation study. The algorithm is also applied to real
engine data, and identifies samples that warrant further investigation.
Keywords: Robust Functional Data Analysis · Robust Model Selection
· Outlier Detection.

Before a jet engine is delivered it must complete a Pass-Off test. In a Pass-Off
test a controller performs manoeuvres, which can be defined as various engine
accelerations and decelerations starting and ending at a set idle speed. The purpose of this test is to ensure the engine complies with set standards. During the
test, data is captured by sensors measuring engine speed, pressure, temperature
and vibration in different parts of the engine. This high-frequency measurement
data offers the ability to automate the detection of engine problems. By building statistical models for the Pass-Off test data we can aid the engineers in
identifying engine issues efficiently.
One of the key manoeuvres in a Pass-Off test is the Vibration Survey (VS).
In this manoeuvre the engine is accelerated slowly to a certain speed then slowly
decelerated. We have 199 VS datasets, which include the turbine pressure ratio
(TPR) that measures the engine speed, and the turbine gas temperature (TGT)
which is a key temperature feature. In Fig. 1 we have plots of the TPR and TGT
for the 30 VS manoeuvres. We have transformed the time index to the interval
[0, 1] and the range of sensor measurements to [0, 100].
Automated detection of abnormal engine behaviour has been studied before
[14], [9]. Both approaches require a training set of “normal” samples to build
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a normality model. They then apply novelty detection using an appropriate
distance measure and threshold. We will instead use Functional Data Analysis
(FDA) methods to identify VS manoeuvres that display unusual temperature
behaviour in response to the variable (human-controlled) TPR time series. We
will robustly build a normality model without requiring a set of “normal” samples. FDA techniques have been used effectively to model sensor data [13], as
they combine information across samples and exploit the underlying behavioural
structure. However this is to the best of our knowledge the first time these techniques are being used for modelling jet engine data.
We will use robust Functional Linear Regression (FLR) to build a model of
“normal” behaviour. We shall then use the residuals from this model to identify
outlying behaviour. The residuals are time series therefore using metrics such
as the mean-square error means we lose a lot of information. Instead we will
apply functional depth [6], which is capable of identifying various types of outlier
behaviour.
There are a number of functional outlier detection methods, including the
threshold approach [8], the Functional Boxplot [23] and the Outliergram [2],
which use functional depth [16] to rank the curves. Alternative approaches use
Directional Outlyingness measures, such as MS-plots [7] and Functional Outlier
Maps [20]. There are also approaches for multivariate functional data [10]. These
methods do not model the dependency between the functional response and
functional input, and may therefore miss important outliers. Robust FLR can
model this dependency structure, which can improve the detection of outliers.
This paper is organised as follows. In Section 1 we summarise the FDA
methods, which will be used in the outlier detection algorithm. In Section 2,
we will develop robust FDA techniques to obtain a robust regression model.
In Section 3, we show how the robust regression model can be used to identify
outliers. In Section 4 we give simulation results comparing the robust model with
a classical model. Finally in Section 5 we apply the robust model on the engine
data and highlight the outliers identified.

Fig. 1. Plots of 30 TPR and TGT time series.
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Classical Functional Data Analysis

In this section we give a brief summary of the FDA tools that we will later apply
in our model. In the following sections we will use the vector space L2 (I) which
is the Hilbert space of square
R integrable functions on the compact interval I with
the inner product hf, gi = I f (t)g(t)dt for functions f, g ∈ L2 (I).
We will define X(t), Y (t) to be univariate stochastic processes defined on
I, with mean functions µX (t) and µY (t), and covariance functions CX (s, t) =
cov{X(s), X(t)} and CY (s, t) = cov{Y (s), Y (t)} for all s, t ∈ I. We shall define
x(t) = [x1 (t), ..., xn (t)] and y(t) = [y1 (t), ..., yn (t)] be n samples from X(t) and
Y (t) respectively.
In practice we observe xi (t) and yi (t) at discrete time points. We shall assume for simplicity of exposition that observations are made at equally spaced
time points t1 , ..., tN . We will outline Functional Linear Regression and Functional Principal Component Analysis with respect to the underlying functions.
In Section 1.3 we need to use the discretely observed data to define a suitable
model selection criterion.
1.1

Functional Linear Regression

In this section we will introduce the FLR model [17], which we will use to model
the relationship between TGT and TPR for the VS manoeuvre. In FLR we
model the relationship between predictor xi (t) and response yi (t) as:
Z
yi (t) = α(t) + xi (s)β(s, t)ds + i (t),
(1)
I

where α(t) is the intercept function, β(s, t) is the regression function and i (t)
is the error process. For a fixed t, we can think of β(s, t) as the relative weight
placed on xi (s) to predict yi (t). For simplicity we will assume the mean functions
µX (t) = 0 and µY (t) = 0 which thereby means α(t) = 0. This is a reasonable
assumption as in practice we can calculate the mean functions µX (t) and µY (t)
efficiently for dense data and then pre-process the data by subtracting µX (t)
and µY (t) from the observed curves.
FLR in the function-on-function case is a well studied model. There are
typically two approaches taken: basis methods [24], [5] and grid based methods
[11], [21]. The basis approach will be used as it is computationally efficient.
We will represent xi (t) and yi (t) in terms of M pre-chosen basis functions
φX
(t),
φYj (t) respectively:
j
xi (t) =

M
X
j=1

zij φX
j (t) and yi (t) =

M
X

wij φYj (t).

j=1

For notational simplicity we have assumed that xi (t) and yi (t) can be represented
by the same number of functions M , however this assumption can be easily
relaxed.
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X
Y
Y
Y
We define φX (t) = [φX
1 (t), ..., φM (t)], φ (s) = [φ1 (s), ..., φM (s)], zi = [zi1 , ..., ziM ]
and wi = [wi1 , ..., wiM ]. We will then model the regression surface using a double
basis expansion [18]:

β(s, t) =

M X
M
X

Y
X
T
Y
bml φX
m (s)φl (t) = φ (s) Bφ (t),

(2)

l=1 m=1

for an M × M regression matrix B. We can then write:
yi (t) = zi BφY (t) + i (t).

(3)

Letting i (t) = qi φY (t) [5] we can reduce Equation (3) to:
wi = zi B + qi .

(4)

This simplification enables us to estimate B using standard multivariate regression methods.
1.2

Functional Principal Component Analysis

In this section we describe Functional Principal Component Analysis (FPCA),
which we will use to build data-driven basis functions φX (t) and φY (t) for xi (t)
and yi (t), respectively. These basis functions give effective, low-dimensional representations and will be used in the Functional Linear Regression model described in Section 1.1.
Functional Principal Component Analysis (FPCA) is a method of finding
dominant modes of variance for functional data. These dominant modes of variance are called the Functional Principal Components (FPCs). FPCA is also used
as a dimensionality reduction tool, as a set of observed curves can be effectively
approximated by a linear combination of a small set of FPCs. These FPCs form
an orthonormal basis over L2 (I) [22].
The FPCs, φX
k (t) for k = 1, 2, ..., are the eigenfunctions of the covariance
function CX (s, t) with eigenvalues λX
k . Note that the eigenfunctions are ordered
by the respective eigenvalues. The
theorem shows that xi (t)
P∞Karhunen-Loéve
X
can be decomposed
as
x
(t)
=
z
φ
(t)
where
the principal component
i
k=1 ik k
R
score zik = I xi (t)φX
(t)dt.
k
We can define the M -truncation as:
x̂i (t) =

M
X

zik φX
k (t),

(5)

k=1

which gives the minimal residual error:
n

n

1X
1X
||xi − x̂i ||2 =
n i=1
n i=1

Z

[xi (t) − x̂i (t)]2 dt,

(6)

I

over all possible M functions. To choose M we will use an information criterion
outlined in Section 1.3.
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Bayesian Information Criterion for FLR

In this section we formulate a Bayesian Information Criterion (BIC) to determine
the basis size M, similarly to Matsui [12]. A component of the BIC is the log
likelihood, often expressed as a squared error term. It is tempting to use the
squared error resulting from Equation (4). However the objective is to fit the
data yi so we must use a likelihood of this data instead of a squared error term
of basis coefficients.
Letting y = [y1 , ..., yn ], where yi = [yi (t1 ), ..., yi (tN )], and φY = [φY (t1 ), ..., φY (tN )]
we obtain the discrete version of Equation (3):
yi = zi BφY + i ,

(7)

where the error i = [i (t1 ), ..., i (tN )] is assumed for simplicity to be sampled
from N (0, v 2 IN ), where IN is the identity matrix of size N .
Using Equation (7) we can define the likelihood for sample i under parameters
θ = (B, v 2 , M ) as:


1
1
Y 2
exp
−
||y
−
z
Bφ
||
(8)
f (yi |θ) =
i
i
N
2 .
2v 2
(2π) 2 v
Pn
Then the log-likelihood is l(θ) = i=1 log(f (yi |θ)). We can then write:
1
BIC(M ) = −l(θ) + [M 2 + 1] log(n).
2

(9)

where the number of free parameters is equal to M 2 + 1 [12], where M 2 comes
from the regression terms and the 1 comes from the estimation of v 2 in the
covariance matrix of the residuals.
To summarise, we estimate the FPCs for X and Y and solve the FLR model
for multiple M values. We then choose the value of M that minimises the BIC
criterion. The robust equivalent of this procedure is given in Algorithm 1.

2

Robust FLR model

In Section 1 we have defined the FLR model and have outlined the use of FPCA
bases to estimate parameters of the model. In this section we will introduce
robust versions of the FDA techniques outlined in Section 1. This will allow us
to fit a normality model even in the presence of outliers. We shall also propose
a robust BIC procedure for model selection.
We will replace classical FPCA, which can be shown to be heavily affected
by outliers [3], with robust FPCA estimates by Boente and Salibian-Barrera
Y
[4]. Analogous to Equation (5), the robust FPCs φ̃X
k (t), φ̃k (t), k = 1, ..., M are
orthonormal functions such that:
xi (t) ≈

M
X
k=1

z̃ik φ̃X
k (t) yi (t) ≈

M
X
k=1

w̃ik φ̃Yk (t).

6

H. Hullait et al.

are good approximations for xi (t) and yi (t).
We define ỹi (t) = w̃i φ̃Y (t) and assume as in Equation (4) that i = q̃i φ̃Y (s).
We can now write the robust counterpart of Equation (4) as:
w̃i = z̃i B̃ + q̃i .

(10)

To obtain a robust estimate of the regression matrix B̃, we will use the
Multivariate Least Trimmed Squares (MLTS) [1] estimator. The objective of
MLTS is to find a subset of our data of some pre-chosen size k, which gives
minimal L2 error over all possible subsets of size k. This is robust as outliers
will not be in the subset by definition so shall not affect the model estimation.
We will choose a subset of size k = d0.8ne.
In Section 1.3 we defined a BIC procedure to choose the number of basis
functions M . In our case we wish to estimate M in the presence of outliers, we
therefore propose a robust BIC (RBIC) procedure. As in the BIC procedure in
Section 1.3 we shall use the observed data yi . We can then define the Mahalanobis
distance for sample i under model M as:
1
(yi − z̃i B̃ φ̃Y )T (yi − z̃i B̃ φ̃Y ).
(11)
v2
To make the information criteria robust, we shall take a subset S of size
k with the smallest Mahalanobis
distances analogous to MLTS. We obtain the
P
log-likelihood ˜l(θ) = i∈S log(f (yi |θ)), which we use to obtain:
∆i (M ) =

1
(12)
RBIC(M ) = −˜l(θ) + (M 2 + 1) log(k).
2
In Algorithm 1 we outline the calculation of the robust FLR model. In the
algorithm we estimate the model for different values of M and choose the model
with the minimum RBIC value. We consider M = 1, . . . , P where P is chosen
to ensure that 99.99% of the variance in the raw data is captured by the first P
FPCs.
Data: Let (xi , yi ) be time series of length N for i = 1, ..., n, and P be the
number of models.
1. Estimate mean functions µ̃X (t) and µ̃Y (t) [19]
2. Centre the time series (xi , yi )
X
Y
Y
3. Estimate {φ̃X
1 (t), ..., φ̃P (t)}, {φ̃1 (t), ..., φ̃P (t)} [4].
for M = 1 to P do
Estimate the regression matrix B using MLTS [1].
Obtain the RBIC value using Equation (12)
end for
4. Select model M ∗ with smallest RBIC value
X
return Regression matrix B̃ from model M ∗ and {φ̃X
1 (t), ..., φ̃M ∗ (t)},
Y
Y
{φ̃1 (t), ..., φ̃M ∗ (t)}

Algorithm 1: Robust FLR procedure
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Outlier Detection

In this section we will describe an outlier detection procedure using the robust
FLR model estimated in Algorithm 1. We will use the robust FLR model to
obtain estimates ỹi = z̃i B̃ φ̃Y for i = 1, ..., n.
For an outlier we expect the residual ri = yi − ỹi to deviate in behaviour
from the other residuals. Traditionally, we would use the L2 error to identify
outliers. However we have found using a functional depth approach [8] is more
effective in identifying outliers. The approach assigns a depth value to samples
ri . Samples with small depth values lie far away from the other samples.
We will use the h-modal depth [6] to rank samples ri . For a given kernel Kh
(typically Gaussian with bandwidth h), the h-modal depth of ri with respect to
r = {r1 , ..., rn } is given by:
n

D(ri |r, h) = E(Kh ||z − r||) ≈

1X
K
n
l=1



||ri − rl ||2
h


.

(13)

with the bandwidth h taken to be the 15th percentile of the empirical distribution
of {||ri − rj ||22 , i, j = 1, ..., n} [8].
In the algorithm we need a threshold to identify outliers, which is chosen
such that P (D(ri |r, h) ≤ C) = δ, where δ is a pre-chosen percentile. We take a
sample of size m from the set of samples excluding the α% of samples with the
smallest depth. Then we bootstrap to obtain an estimate of the threshold C. We
describe the outlier detection algorithm in Algorithm 2.
Data: Centred time series (xi , yi ) for i = 1, ..., n and percentile δ.
1. Use Algorithm 1 to obtain φ̃Yk (t), z̃k and B̃.
2. Take φ̃Y = (φ̃Y (t1 ), ..., φ̃Y (tN ))
3. Estimate residual vectors ri as follows:
for i = 1 to n do
Estimate ỹi = z̃i B̃ φ̃Y
Obtain residual vectors ri = yi − ỹi
end for
4. Estimate bandwidth h [8]
5. For each ri calculate D(ri |r, h).
6. Estimate C [8] for given percentile δ
7. If D(ri |r, h) < C sample i is an outlier.

Algorithm 2: Outlier Detection

4

Simulations

In this section we will outline simulation results comparing the effectiveness of
BIC and RBIC in identifying the true model. Using the true model we shall also
compare our robust FLR model to the classical FLR approach in terms of outlier
detection.

8

4.1

H. Hullait et al.

Scenario

We will generate samples x(t) using a FPCA based model with mean function
µX (t) = −10(t − 0.5)2 + 2 for t ∈ [0, 1] and eigenfunctions:
φX
1 =

√

2 sin(πt), φX
2 =

√

2 sin(7πt), φX
3 =

√

2 cos(7πt).

The principal scores are sampled from Gaussian distributions with mean 0 and
variances 20, 10 and 5 for the eigenfunctions respectively. We generate 100 samples, x1 (t), ..., x100 (t). Note that we do not create any outliers in the predictors.
The samples y(t) will have eigenfunctions:
φY1 =

√

2 sin(12πt), φY2 =

√

2 sin(5πt), φY3 =

√

2 cos(2πt).

Using these eigenfunctions we will generate β(s, t) = φX (s)T BφY (t) where B
will have random entries between [−1, 1]. Outliers will be generated by replacing
B with B 0 = B + R where R has random entries sampled from N (0, 0.5). We will
then add a mean function µY (t) = 80 exp(−(t − 1)2 ). The residual function i (t)
will be a linear combination of φY (t) with coefficients sampled from N (0, 0.1).
We will consider three cases when the number of outliers are a = 1, 5 and 10.
4.2

Results

We have used M = 3 principal components to generate x(t) and y(t) and β(s, t).
To test BIC and RBIC we will make 200 repetitions and calculate the proportion
of times the true model is chosen. The results are given in Table 1. BIC and RBIC
have similar levels of accuracy for small number of outliers. However for large
number of outliers a = 10 RBIC outperforms BIC considerably.
Next we will compare the outlier detection capabilities of the Robust FLR
(RFLR) model and the classical FLR (CFLR) model. To compare the models
we will use the sensitivity (sens) defined as the the proportion of actual outliers
detected and specificity (spec) defined as the proportion of non-outlying samples
correctly identified as non-outliers. We want a model that has high sensitivity
and specificity. The outlier detection algorithm relies on choosing a suitable
percentile δ. In our simulated data we choose δ equal to the true proportion of
outliers in the simulated data.
In Table 2 we have the sensitivity and specificity for the robust and nonrobust model. We can see the robust model and non-robust model have the
same level of sensitivity however the robust model has higher specificity. This
shows the robust model is more effective in differentiating between non-outliers
and outliers.

5

Engine data

In Fig. 1 we have a plot of 30 VS TPR and TGT time series. The TPR is
controlled during the test, and therefore the variability comes from the controller
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Table 1.
Proportion of times true model chosen using BIC and RBIC over 200
replications.

Table 2.

a=0 a=1

a=5

a=10

BIC
1 0.995
RBIC 1 0.995

0.99
0.995

0.965
0.995

Sensitivity and Specificity over 200 replications.

a=1

a=5

a=10

sens spec sens spec sens spec
Classical FLR 1 0.956 0.999 0.959
Robust FLR
1 0.964 1 0.970

1
1

0.957
0.964

performing the manoeuvre. This causes variability in the TGT time series. We
therefore want to model the TGT and TPR relationship to account for this
controller induced variability.
Applying Algorithm 1 we select model M = 9, which we use in Algorithm
2 to obtain the residual curves in Fig. 2. Using a percentile δ = 0.01 we obtain
four outliers, which seem plausible from a visual inspection. We know that the
test with the smallest depth value corresponds to an engine with damaged hardware. The other three outliers obtained for this value of δ are currently being
investigated. Instead of using a fixed value for δ, the user can apply the proposed
algorithm to sort the residual time series in increasing order of depth and thus
obtain a priority list of tests to be investigated by engineers.
Standard outlier detection methods for functional data do not model the
dependency between the predictor and response functions, and may therefore
miss outliers. To show this explicitly we applied the outlier detection algorithm
[8] on the TPR and TGT time series. The outlier detection algorithm outputs
the same three outliers for the TPR and TGT, as shown in green in Figure
3. This supports our argument that abnormal speed profiles cause abnormal
temperature profiles, which in turn can mask real outliers. In comparison our
approach models the relationship between the TPR and TGT time series and is
therefore able to identify four different outliers shown in red in Figure 3.

6

Conclusion

We have proposed a new outlier detection method to identify anomalous samples
with respect to the engine temperature. We have built a robust functional regression model to capture the temporal relationship between speed and temperature
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Fig. 2. Residuals using robust FLR model on TGT response and TPR predictor
functions. The four outliers identified using Algorithm 2 are coloured.

(a) TPR

(b) TGT

Fig. 3. Plots of the TPR and TGT time series with outliers using RFLR in red and
those using a standard outlier detection approach [8] on the TPR and TGT curves
directly in green.

Robust Functional Regression for Outlier Detection

11

and have used this model to identify outliers. In our experimental results we have
shown that this model is capable of detecting outliers effectively, and identified
samples of interest in the jet engine data.
In future work we aim to investigation the connection between the outliers
identified and possible engine issues. We shall also develop theoretical results for
the robust FLR model and BIC procedure.
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