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e Motivation

* Solving high-dimensional PDEs
* Equations in Kinetic Theory

@ The Vlasov-Poisson system

* Hamiltonian formulation and symplectic integration

* Dynamical Tensor decomposition

e |mproving the representation

* Hierarchical local sub-tensor approximations

e (Conclusions and Perspectives
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= High-dimensional Partial Differential Equations
* Kinetic Theory: =0, xQ, xRT

* Optimal Transport: Q=0 x...xQ, Q CRY
* Uncertainty Quantification: ) = Q. x Qg x RT

w

e Solution approximation

* Curse of dimensionality: N x C

* Numerical approximation by standard methods is unfeasible
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e Kinetic Theory:

* The purpose of Kinetic Theory is the description of dilute particle gases at an
intermediate scale between the microscopic scale and the hydrodynamic scale™

* Domain: Q=0Q, xQ, xR

* The unknown is the distribution of particles in the phase space (position and
velocity), as function of time.

ft,z,v): Q — R"

* Normalization: /Q /Q f(t,z,v) dvdx =1

* Density: o(t, x) :/ f(t,z,v) dv
2y

+ No collision: the value of the particle distribution is constant along the
characteristics in the phase space.

*

J. Dolbeault, An introduction to kinetic equations: the Vlasov-Poisson system and the Boltzmann equation, Discrete and
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e Vlasov-Poisson syste TR

* Vlasov-Poisson: mean-field approximation of electrically charged particles
(electrons in this work), with no collisions, in the electro-static approximation

Ohf+v-Vef+a-V,f=0
a(t,x) = =V, U(t, x)
AU =1 —o(t, x)

f(0,2,v) = fo(z,v)

¢ Theorem:*
If fo € L'(R3 x R3) x L>®(R? x R?) satisfies the following condition:

/ | fo(x,v)drdv < 400 for some m > 3,
R3 xRR3

then, there exists a global strong non-negative solution f to the Vlasov-Poisson
system so that

feCRTLYR? x R*))NL®(RT x R® x R?).

*

P.L.Lions, B.Perthame, Propagation of moments and regularity for the 3-dimensional Vlasov-Poisson system., Inventiones mathema
(1991), Volume: 105, Issue: 2, page 415-430.
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e Numerical Methods:

<+ Particle in Cell: stochastic particle methods (subject to statistical noise)

* Semi-lagrangian methods and Discontinuous Galerkin (few 3D-3D)

¢ Full Eulerian (few 3D-3D)

e [ensor Methods:

* Semi-lagrangian method and Tensor-Train format™

e Main goal:

<+ Full-Eulerian approach taking generic geometries in x (and possibly v) into account

* Parsimonious discretisation

* K. Kormann, A semi-lagrangian Vlasov solver in tensor train format, SIAM Journal on
Scientic Computing, 37(4):B613-B632, 2015.
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e [Notation:

*  Tensor = separate discretisation for x and v

n

g(x,v) = Z ri(z)sk(v) n is the tensor rank
k=1

*  For any functions r : 2, — R and s : {2, — R, we use the notation

R { Q. xQ, — R
' (x,v) — r(x)s(v).

+ For any linear operator A acting on real valued functions defined over ,,
and for any B acting on real valued functions defined over {2,

(A® B)(r®s) =(Ar)® (Bs), forallr:Q, - R, s:Q,—R.
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e [wo main points:

* Respect the Hamiltonian nature of the Vlasov-Poisson system

+ Use tensor methods to build a parsimonious discretisation starting from
arbitrary a priori chosen separate discretisations for x and v

1
7—[2/ / —]v|2f(t,x,v)da:dv—|—/ o(t,x)U(t,x)dx.
Q. Ja, 2 reQ

xX

{a,b} := V,aV,b— V,aVb Poisson bracket

h — %MQ + U reduced Hamiltonian
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e [he main idea:

X1
T

f(t,x,v) ~ Z ri(x, t)sg (v, t)

k=1 X 1

+ At each time step, the solution is decomposed into a sum of pure product tensor functions

d d
1=1 i=1

tensorised operator:

n¢ d d
. ( 02,k ®Uisk + Y ai(z, )Ty @ &isk)

k=1 \:=1 1=1
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e Second order in time symplectic integrator:

o Let At >0, m € N*, t,, := mAt, we denote:

Fr (@, v) = f(tm, @, 0)

¢ Three step scheme:

4 (I—I— At (m)( ) \V/ )f(m—|—1/3) _ (I— Aty .V )f(m)
U (T+ 8ty . v,) fm+2/3 _ f(m—|—1/3)
\ f(m—|—1) = (I — Atgm+2/3)(g) . v,) fm+2/3),

+ Elementary step structure:

(I+ AtP)f 5 = (I + AtQ)f3
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i1

e FElementary step: O0f == f 3 — f% = (I + AtP)f =g

* l|dea: fix point 5f(l+1) = g — AtP(Sf(l)

e Fix point POD/PGD

* Hypotheses and notation:

o Let H,., H, be two Hilbert spaces

e | =1, ®I,, where I, (I,) bounded, self-adjoint coercive operator acting
on H, (H,)

o P— Zévzl P @ Pl where P{? ¢ L(H,) and P ¢ L(H,)

e g€ H, ® H,y
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+ The algorithm:

1. initial guess: 6 f(9) = 0.
2. For [ € N*, compute (r,s;) € H, x H, such that:

(r7,s;) = argmin ||g — AtP5f(”_1) —Ir®s||g, «xH,
3. Set: 5f(l) = 5f(l_1) + 7] & 8]

» Proposition (Ehrlacher, L. 2016):

Let Kk := mMaxi<qg<N ||I:;1P;,gq) 029 ],IJ_lPQSQ)“HwXHU.
Then, the algorithm converges provided that:

3NAtk < 1.
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+ Recompression step:

' n
[ = E Tk & Sk
k—1

n ni
~it1 ~ ~
J3 %E 7‘1«®8k+g re & Sk

i+1 ~id1
3

5 = PoD(f

1)

Computational Complexity:

<+ Modified PGD step: solved by Alternated Least Square
at iteration [ = K of the fixed-point PGD: O((N, + N,)(n + K)(d + 1))

* POD step, solved by QR+SVD
recompression step: O(n> + n?(N, + N,))
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e PBack to Vlasov-Poisson:

* Solve by PGD/POD step:

(1 + 2 a). vv) plm1/3) (1 a4, vx) o

* Solve by PGD/POD step:

(H at Vm) Fm+2/3) _ p(m+1/3)
2

* Compute: ¢™12/3 (z)

* Solve by PGD/POD step

Flm+l) _ (I _ %a(m—l—2/3) () - Vv) F(m+2/3)

* Compute: a”"'(z)
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@ | andau Damping ID:

o fla,v5t=0) = F@)G()
F(z) =1+ Beos(kz)

1 v?
G(U) — \/% exXp _E )

e k = 0.5, ﬂ:0.0l

)

e O, = [0747T]7 1, = [_107 10]

* Space discretisation: spectral collocation in x (Fourier), finite differences in v

N, = N, = [32, 64, 128]

e At~6.2510"4
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Numerical Experiments

e [wo stream instability | D:
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e | andau Damping 3D:
e N, =N, =64 N ~6.9 10"

e cC :N/(mgxnt(]\fx + Nv)) ~ 1100
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e The rank increase (too much?):

+ The solution cannot be well represented globally by tensor approximation

140

— N, =N, =32

120 | — J‘Vi. :;"\'Yl. :G‘i
— N, =N, =128

0 il') lb ll5 20 2I5 3b 3I5 40
[ ]
e |dea:

* On smaller sub-domains the solution can be represented by a small rank
tensor, even if globally it cannot

#* Subdivide the domain, build a local tensor approximation
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Hierarchical sub-tensors

* When a local sub-tensor partition is effective?

1. Proposition: Let the domain be Q € RY and the function to be approximated be u €
WEP(Q), with |ullwreg) < 1. Let 1 <p < g< oo and X =% — % +% > 0. Then, let
e > 0, there exist a congruent partition in 2%V sub-domains such that a piece-wise finite

rank (R < (kk 117;,?,' ) tensor approzimation of u achieves:

2dN

=Y Tl <& (2)

g=1

e A fact:

* If the embedding is compact, there exist a partition such that an error on
the piece-wise tensor approximation can be guaranteed
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e [he method:

* Sub-divide the tensor into sub-tensors
* Greedy algorithm to distribute the error of the approximation (HOSVD)

+ Optimise the partition to minimise the storage
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e Methods characteristics:

* Well adapted to moderate dimension tensors (partition is subjected to
curse of dimensionality)

* |tis easily parallelisable (!), contrary to classical HOSVD, better suited
for large number of degrees of freedom

* The error is distributed automatically and guaranteed throughout
the whole approximation

+ Memory gain is significant with respect to classical HOSVD format for a
wide class of functions of interest
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e (Coulomb potential:

1
V(azl,...,$d) — Z -
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e Vl]asov Poisson: double stream instability

* Compression factor in phase-space time: 250
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e TJensor method for the Vlasov-Poisson system:

<+ Build a discretisation starting from a priori chosen separate discretisations in x and v
* The number of terms is adapted dynamically, depending on a chosen error threshold

* At each sub-step solve only linear problems in the separate spaces

* For short time simulations it allows for a significant memory compression and speed-up

e Drawbacks:

* The rank increases with time: the compression rate decreases
<+ Simulations are still long in realistic 3D-3D settings
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e Parallelised Hierarchical local approximation:

<+ Improve the compression via a better function adapted representation

* Error can be guaranteed and distributed

e Solve in this compress format

* Solve linear system in this adaptive format

e Boltzmann:

* Collision term might be beneficial for the proposed approach, if it drives the dynamics
towards a tensorised equilibrium solution. (in preparation)
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Thank you!

Amiens 2019



