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High-dimensional problems
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The curse of dimensionality
A generic classical discretisation is not affordable for high-dimensional problem!
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Does the problem nature let us escape the curse?
In general we are not interested in generic elements in the unit ball of a Sobolev space

It might happen that such a problem have a remarkable structure to be exploited

Tensors.
A priori way to look for an approximation
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Figure 1.2: A 3rd-order tensor X P RIˆJˆK, with entries xi,j,k = X(i, j, k), and
its subtensors: slices (middle) and fibers (bottom). All fibers are treated as
column vectors.

running indices and capital letters I, J denote the upper bound of an index,
i.e., i = 1, 2, . . . , I and j = 1, 2, . . . , J. For a positive integer n, the shorthand
notation † n ° denotes the set of indices t1, 2, . . . , nu.

Notations and terminology used for tensors and tensor networks differ
across the scientific communities (see Table 1.2); to this end we employ
a unifying notation particularly suitable for machine learning and signal
processing research, which is summarized in Table 1.1.

Even with the above notation conventions, a precise description of
tensors and tensor operations is often tedious and cumbersome, given

7

Tensors:

A priori reduction: representation choice

For matrices (d=2): SVD provides it

Introduction to Tensors:

Paris   2019

Does there exist the best rank-k approximation?

For tensors d>2: problem is ill-posed (!)

Several tensor formats were proposed
Different ways to write the function approximation

Separation of variables



Figure 3.2: Analogy between a low-rank matrix factorization, X – ALBT =∞R
r=1 lr ar ˝ br (top), and a simple low-rank tensor factorization (CP

decomposition), X – L ˆ1 A ˆ2 B ˆ3 C =
∞R

r=1 lr ar ˝ br ˝ cr (bottom).

To illustrate the ALS principle, assume that the diagonal matrix L
has been absorbed into one of the component matrices; then, by taking
advantage of the Khatri–Rao structure in Eq. (3.5), the component matrices,
B(n), can be updated sequentially as

B(n) – X(n)

 
ä

k‰n
B(k)

! 
æ

k‰n
(B(k) TB(k))

!:
. (3.9)

The main challenge (or bottleneck) in implementing ALS and Gradient
Decent (GD) techniques for CP decomposition lies therefore in multiplying
a matricized tensor and Khatri–Rao product (of factor matrices) [35, 171]
and in the computation of the pseudo-inverse of (R ˆ R) matrices (for the
basic ALS see Algorithm 1).

The ALS approach is attractive for its simplicity, and often provides
satisfactory performance for well defined problems with high SNRs
and well separated and non-collinear components. For ill-conditioned
problems, advanced algorithms are required which typically exploit
the rank-1 structure of the terms within CP decomposition to perform
efficient computation and storage of the Jacobian and Hessian of the cost
function [172, 176, 193]. Implementation of parallel ALS algorithm over
distributed memory for very large-scale tensors was proposed in [35, 108].

Multiple random projections, tensor sketching and Giga-Tensor. Most of
the existing algorithms for the computation of CP decomposition are based

68

Canonical Polyadic format:

Paris   2019

u(x1, x2, x3) =
nX

i=1

r(1)i (x1)r
(2)
i (x2)r

(3)
i (x3)
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PGD: greedy algorithm, n is not necessarily fixed a priori

Euler-Lagrange system solved by means of ALS

Canonical rank: n

N = n(I1 + I2 + I3)
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Storage:



(a) Standard block diagrams of Tucker (top) and Tucker-CP (bottom)
decompositions for a 3rd-order tensor
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(b) The TN diagram for the Tucker and Tucker/CP decompositions of a 4th-order
tensor

R1

R2
R3

R4
I1

I2

I3

I4

B (1)

R
R

R

RI1

I2

I3

I4

ΛG

R1

R4

R3

R2B (2)

B (3)

B (4)

B (2)

B (4)

B (3)B (1) A (1)

A (2)

A (3)
A (4)

Figure 3.3: Illustration of the Tucker and Tucker-CP decompositions, where the
objective is to compute the factor matrices, B(n), and the core tensor, G. (a) Tucker
decomposition of a 3rd-order tensor, X – G ˆ1 B(1) ˆ2 B(2) ˆ3 B(3). In some
applications, the core tensor can be further approximately factorized using the
CP decomposition as G – ∞R

r=1 ar ˝ br ˝ cr (bottom diagram), or alternatively
using TT/HT decompositions. (b) Graphical representation of the Tucker-CP
decomposition for a 4th-order tensor, X – G ˆ1 B(1) ˆ2 B(2) ˆ3 B(3) ˆ4 B(4) =
JG; B(1), B(2), B(3), B(4)K – (L ˆ1 A(1) ˆ2 A(2) ˆ3 A(3) ˆ4 A(4)) ˆ1 B(1) ˆ2 B(2) ˆ3
B(3) ˆ4 B(4) = JL; B(1)A(1), B(2)A(2), B(3)A(3), B(4)A(4)K.
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Tucker format:

Paris   2019

u(x1, x2, x3) =
n1X

i=1

n2X

j=1

n3X

k=1

Gijkr
(1)
i (x1)r

(2)
j (x2)r

(3)
k (x3)
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HOSVD method

Tucker rank: (n1, n2, n3)
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Storage: N = n1n2n3 + n1I1 + n2I2 + n3I3
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Theorem:* If f0 2 L1(R3 ⇥ R3)⇥ L1(R3 ⇥ R3) satisfies the following condition:

Z

R3⇥R3

|v|mf0(x, v) dx dv < +1 for some m > 3,

then, there exists a global strong non-negative solution f to the Vlasov-Poisson
system so that

f 2 C(R+;L1(R3 ⇥ R3)) \ L1(R+ ⇥ R3 ⇥ R3).

* P.L.Lions, B.Perthame, Propagation of moments and regularity for the 3-dimensional Vlasov-Poisson system., Inventiones mathematicae 
(1991), Volume: 105, Issue: 2, page 415-430.

Kinetic Theory
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Vlasov-Poisson:

@tf + v ·rxf + a ·rvf = 0

a(t, x) = �rxU(t, x)

�U = 1� %(t, x)

f(0, x, v) = f0(x, v)

⌦ = ⌦x ⇥ ⌦v ⇥ R+Domain: 

f(t, x, v) : ⌦ ! R+Unknown:

%(t, x) =

Z

⌦v

f(t, x, v) dv



For any functions r : ⌦x ! R and s : ⌦v ! R, we use the notation

r ⌦ s :

⇢
⌦x ⇥ ⌦v ! R
(x, v) 7! r(x)s(v).

For any linear operator A acting on real valued functions defined over ⌦x,
and for any B acting on real valued functions defined over ⌦v

(A⌦B)(r ⌦ s) = (Ar)⌦ (Bs), for all r : ⌦x ! R, s : ⌦v ! R.

Notation:

Tensor = separate discretisation for x and v

n is the tensor rankg(x, v) =
nX

k=1

rk(x)sk(v)
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The main idea:

f(t, x, v) ⇡
ntX

k=1

rk(x, t)sk(v, t)
/ t

/ t

At each time step, the solution is decomposed into a sum of pure product tensor functions

@tf + {f, h} = @tf +

 
dX

i=1

@xi ⌦ vi +
dX

i=1

ai(x, t)⌦ @vi

!
f = 0.

tensorised operator:

ntX

k=1

 
dX

i=1

@xirk ⌦ visk +
dX

i=1

ai(x, t)rk ⌦ @visk

!

Paris   2019

Kinetic Theory



Discretisation in time (Verlet):
Elementary step structure: (I +�tP )f

i+1
3 = (I +�tQ)f

i
3

Paris   2019
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Approximation of each step (modified PGD):
The algorithm:

1. initial guess: �f (0) = 0.

2. For l 2 N⇤, compute (rl, sl) 2 Hx ⇥Hv such that:

(rl, sl) = argmin
r,s

kg ��tP �f
(n�1) � Ir ⌦ skHx⇥Hv

3. Set: �f (l) = �f
(l�1) + rl ⌦ sl

Recompression (POD)
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Proposition (Ehrlacher, L. 2016):

Let  := max1qN kI�1
x

P (q)
x ⌦ I�1

v
P (q)
v kHx⇥Hv .

Then, the algorithm converges provided that:

3N�t < 1.

Modified PGD step: solved by Alternated Least Square

POD step, solved by QR+SVD 

Computational Complexity:

at iteration l = K of the fixed-point PGD: O((Nx +Nv)(n+K)(d+ 1))

recompression step: O(n3 + n2(Nx +Nv))



Figure 7: Evolution of the rank of the approximate solution for the 3D-3D Landau damping test case
as a function of time.

Figure 8: Fluctuations of density 1 � ⇢(t, x) for the 3D-3D Landau damping test case at times t =
0, 0.33, 0.67, 1.0 from left to right.
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Figure 9: Electric field E(t, x) for the 3D-3D Landau damping test case at times t = 0, 0.33, 0.67, 1.0
from left to right.

Figure 10: Evolution of the rank of the approximate solution for the 3D-3D two-stream test case as a
function of time.
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1� %

�rxU

Landau Damping 3D:
Nx = Nv = 643 N ⇡ 6.9 1010

c = N/(max
t

nt(Nx +Nv)) ⇡ 1100

Paris   2019

= 549 Gb per time step!

Kinetic Theory



The rank increase (too much?):

Explanation:
The fact that the residual can be tensorised well does not mean that the 
solution is small rank. 

The solution cannot be well represented globally by tensor approximation

Figure 2: Evolution in time of the rank of the approximation of f .

G(v) =
1p
4⇡

exp

✓
�(v � v0)2

2

◆
+

1p
4⇡

exp

✓
�(v + v0)2

2

◆
, (46)

where v0 = 2.4 and � = 10�3. A mixed discretization is considered, namely a spectral
collocation method for the space and standard centered finite di↵erences in velocity. The
contour plot of the reference solution at final time is shown in Figure 3. The conserva-
tion properties and the errors with respect to a reference simulation are investigated by
varying the phase space discretization as well as time step and the residual tolerance.
The results are very similar to the ones obtained for the linear Landau damping testcase.
For the sake of brevity, the conservation error properties are not reported. The errors
with respect to a reference simulation (Nx = 256, Nv = 512, Nt = 8 · 103, ✏ = 10�7)
are computed by varying the discretization of the phase space and the time step. In
particular, Nx ranges in [16, 32, 64, 128], Nv = 2Nx and Nt = [103, 2 · 103, 4 · 103]. The
tolerance on the residual is varied and the errors when considering ✏ = 10�6 are shown
in Figure 3. A second order convergence rate is retrieved for the space discretization, at
fixed time step. Whereas the error is relatively insensitive to the time step when a coarse
discretization is considered, a definite dependence is seen for the finest grid resolution.
This is due to the fact that, on the coarse grids, the discretization error is dominated by
the space discretization error.
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Bachmayr, M., & Dahmen, W. (2015). Adaptive near-optimal rank tensor approximation for high-dimensional 
operator equations. Foundations of Computational Mathematics, 15(4), 839-898.
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Two stream instability 1D:
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Hierarchical sub-tensors

Paris   2019

Idea:
Maybe it is not true that the solution is low rank (can be globally represented with 
a tensor in an efficient way)

Is it true that there exists a congruent domain partitioning such that we can construct a 
low-rank tensor approximation in each subdomain and guarantee a certain error? 

A sufficient condition: compact embedding

(a) (b) (c) (d)

Figure 2.5: Vlasov-Poisson solution, section 2.4.2: (a) the tensor entries, in red the largest
entries; (b) the small size subtensors, (c) and (d) the mid size and the larger size subtensors.
The largest subtensors are in the complement of the cube.

presented above, it is not true, in general, that it can be well approximated by a global low
rank tensor. Instead, it can be true that there exists a domain partitioning such that a low rank
approximation can be defined on each subdomain. To make this heuristic precise, a su�cient
condition on the regularity of the function and on the norms used to measure the error is
investigated. The result is summarised in the following:

5. Proposition. Let ⌦1 = · · · = ⌦d = (0, 1) so that ⌦ := (0, 1)d. For all M 2 N⇤, let
us consider PM := {

�
m�1
M

, m

M

�
}1mM be a collection of subsets of (0, 1) and let PM be the

tensorized domain partition of ⌦ associated to the collection of domain partitions (Pj)1jd

where Pj = PM for all 1  j  d. Let k 2 N⇤, 1  p  q  1 and " > 0. We denote
� := k

d
�

1
p

+ 1
q

> 0. Let F 2 W k,p(⌦) such that kFkWk,p(⌦)  1. Then, there exists a constant

C > 0 which depends only on k, p, d, q such that for all M 2 N⇤ such that ln M � �
1
d�

ln
�

"

C

�
,

there exists a tensor F
CPF of Canonical Partitioning Format with domain partition PM and

rank R 
(k�1+d)!
(k�1)!d! such that

kF � F
CPF

kLq(⌦)  ". (2.34)

The details of the proof are proposed in CITE. The result states simply that if the embedding
W k,p(⌦) ,! Lq(⌦) is compact (Rellich-Kondrakov theorem), than the heuristic is true.

All the details about the method and the algorithms proposed can be found in CITE. Here-
after, we detail the two main algorithms (Algorithms 3-4). In these, the tensor approximation
constructed in each of the subdomains is in HOSVD format. The modifications to adapt these
algorithms to other tensor formats are straightforward.

Several numerical experiments are proposed therein to assess the performances of the method.
We report here the case of the adaptive compression of a solution of a Vlasov-Poisson system.

In Figure 2.4.2.a) the solution of a Vlasov-Poisson equation is shown. The test is a 1D-
1D benchmark, called double stream instability. For this test is can be seen that, for short
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Performed in a constructive way.
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Use of the results presented in:

Edmunds, D. E., & Sun, J. (1990). Approximation and entropy numbers of Sobolev embeddings over domains 
with finite measure. The Quarterly Journal of Mathematics, 41(4), 385-394.

Warnings:

Well adapted for moderate dimensional tensors.

It is a sufficient condition, the bound on the rank is pessimistic, but:

H
1(⌦) ,! L

2(⌦)
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For a generic subdomain i:

k-th singular value of the j-th unfolding 
of the i-th subtensor

Add to the approximation the term that 
makes the global error decrease the most.

Construct an approximation on the finest partition. 
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Algorithm 3.2 PF-Greedy-HOSVD
1: Input:
2: A 2 RI

 a tensor of order d
3: P  an admissible partition of I
4: " > 0 error tolerance criterion

5: Output:
6: Set of Ranks (RJ )J2P ⇢ Nd

7: Set of local errors ("J )J2P satisfying
P

J2P |"
J
|
2
< |"|

2.

8: Begin:
9: Set RJ := (0, · · · , 0) for all J 2 P

10: while
X

J2P

X

1jd

X

RJ
j +1qjpj(AJ )

���qj
j (AJ )

��2 � "
2 do

11: Select 1  j0  d and J0 2 P such that

(j0,J0) = argmax
1jd, J2P

�
RJ

j +1
j (AJ ).

12: if RJ0 = (0, · · · , 0) then
13: Set RJ0 := (1, · · · , 1)
14: else
15: Assume that RJ0 = (RJ0

1 , · · · , R
J0
d ).

16: R
J0
j0
 R

J0
j0

+ 1.

17: Define "
J :=

qP
1jd

P
RJ

j +1qjpj(AJ )

���qj
j (AJ )

��2 for all J 2 P.

return
⇣
RJ

⌘

J2P
and

�
"
J
�
J2P

The PF-Greedy-HOSVD Algorithm 3.2 presented in Section 3 is based on the265

assumption that the partitioning of the tensor format is fixed. In the following, we266

introduce an algorithm that allows to identify the low-rank-ness of some potentially267

large parts of a tensor, for which a di↵erent representation format than the one pre-268

scribed by PF-Greedy-HOSDV Algorithm 3.2 is used to obtain a better compression.269

4.1. Partition tree. To present the algorithm, we first need to introduce the270

notion of partition tree. A partition tree may be seen as a generalization of cluster271

tree as defined in [3] for hierarchical matrices.272

Let TI be a tree with vertices (or nodes) V(TI) and edges E(TI). For all J 2 V(TI),
we denote

SJ (TI) :=
�
J 0
2 V(TI), (J ,J

0) 2 E(TI)
 

the set of sons of the vertex J . By induction, we define the set of sons of J of the kth

generation, denoted by S
k
J (TI) with k 2 N⇤ as follows

S
1
J (TI) = SJ (TI), S

k
J (TI) =

�
J 00
2 V(TI), 9J

0
2 S

k�1
J (TI), (J

0
,J 00) 2 E(TI)

 
.

The set of leaves of TI is defined as

L(TI) := {J 2 V(TI),SJ (TI) = ;} .

The set of parents of leaves of a tree TI is defined as the set Lp(TI) ⇢ V(TI) of vertices

This manuscript is for review purposes only.
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algorithm, where the subtensors with higher errors are displayed on the left. The385

result of the first merge step is displayed in Figure 1 (b), while the error distribution386

in the final tensor in partitioned Tucker format is displayed in Figure 1 (b). As387

expected in this case, the subtensors along the superdiagonal are not merged since388

they have higher ranks, while subtensors further away from the superdiagonal are389

merged into larger subtensors since they have smaller ranks.390

Algorithm 4.2 MERGE
1: Input:
2: A 2 RI

 a tensor of order d
3: TI an initial partition tree of I
4: A set of leaf errors ("J )J2L(TI)

5: A set of leaf ranks (RJ )J2L(TI) ⇢ Nd

6: J0 2 V(TI) \ L(TI).

7: Output:
8: T

fin
I a final partition tree of I

9: merge a boolean indicating if the tree has been merged or not
10: A set of leaf errors ("fin,J )J2L(T fin

I )

11: A set of leaf ranks
⇣
Rfin,J

⌘

J2L(T fin
I )
⇢ Nd

12: Begin:
13: Set PJ0 := DJ0(TI)\L(TI). From Lemma 4.3 (iii), PJ0 is an admissible partition

of the set J0.

14: Set Mnomerge :=
P

J2PJ0
MTF

⇣
J ,RJ

⌘

15: Set ⌘ :=
qP

J2PJ0
|"J |2.

16: Compute R = Greedy-HOSVD(AJ0 , ⌘)
17: Compute Mmerge := MTF (J0,R).
18: if Mmerge < Mnomerge then
19: Set merge = true, T fin

I = T
m
I (J0).

20: for J 2 L
�
T

fin
I

�
do

21: if J = J0 then
22: Set Rfin,J0 := R and "

fin,J0 := ⌘.
23: else
24: From Lemma 4.3 (v), necessarily J 2 L(TI).
25: Set Rfin,J := RJ and "

fin,J := "
J .

26: else
27: Set merge = false, T fin

I = TI .
28: for J 2 L

�
T

fin
I

�
= L(TI) do

29: Set Rfin,J := RJ and "
fin,J := "

J .
return T

fin
I , merge, ("fin,J )J2L(T fin

I ),
⇣
Rfin,J

⌘

J2L(T fin
I )

5. Numerical experiments. In this section, some numerical experiments are391

proposed to assess the properties of the algorithms presented above in terms of mem-392

ory compression of a given tensor. Three di↵erent tests are presented: the first and393

the second examples are potentials whose expression is known in analytic form, the394

Coulomb and the Gibbs potential, for which we will present tests in d = 2, 3.395

This manuscript is for review purposes only.
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Methods characteristics:

Well adapted to moderate dimension tensors (partition is subjected to 
curse of dimensionality)

It is easily parallelisable (!), contrary to classical HOSVD, better suited 
for large number of degrees of freedom

The error is distributed automatically and guaranteed throughout 
the whole approximation

Memory gain is significant with respect to classical HOSVD format for a 
wide class of functions of interest
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3 Numerical experiments.

In this section some numerical experiments are proposed to assess the properties of the
method. Three di↵erent tests are presented: the first and the second example are poten-
tials whose expression is known in analytic form, the Coulomb and the Gibbs potential,
for which we will present tests in d = 2, 3. These are two example of multi-variate func-
tions that can hardly be represented in separated form. The last test case is a perspective
on the use of the proposed method to compress solutions of high-dimensional Partial
Di↵erential Equation: a Vlasov-Poisson solution is presented.

For all the figures presented below, the errors plotted are defined as:

ei =

✓Z

Qi

(u⇤ � u)2 dx

◆1/2

, (12)

ei =
ei

µ(Qi)
, (13)

so that the error plotted in a sub-domain is constant over the sub-domain and it represents
the total L2(Qi) error achieved by the tensor approximation. When we plot the error
relative to the volume (denoted by Rel. error in the figures for the d = 3 test cases) we
show the quantity ei which is the error in the sub-domain renormalised with the volume
of the sub-domain.

3.1 Coulomb potential.

The Coulomb potential is a function V : Rd ! R+ which has the following expression:

V (x1, . . . , xd) =
X

1i<jd

1

|xi � xj|
. (14)

This can be interpreted, from a physical standpoint, as the electrostatic potential gener-
ated by a number of fix charges.

3.1.1 2D cases.

The tests on a 2D Coulomb potential are presented.
The results in terms of memory needed in order to store the potential are presented

in Table 1, for di↵erent values of the accuracy " and of tree depth `. The first set of
tests was performed with a discretisation of the Coulomb potential with Ni = 28, i = 1, 2
degrees of freedom per direction. The total storage (denoted by Full in Table1) is 216

doubles. The Coulomb potential is a function for which the classical HOSVD algorithm
(that reduces to classical SVD for d = 2) does not make it possible to have a storage
smaller than the full tensor. On the contrary, the proposed strategy is quite e↵ective,

5

Coulomb potential:

(a) (b) (c) (d)

Figure 2: Coulomb potential, section 3.1: (a) the tensor entries, in red the largest entries;
(b) the small size subtensors, (c) and (d) the mid size and the larger size subtensors. The
largest sub-tensors are in the complement of the cube.

as it can be seen in the last two columns of the table. As expected, when the required
accuracy is increased, the memory needed increases too, at constant tree depth. When
the tree depth is increased, the compression rate is improved, and this is related to the
fact that the representation adapts better to the function at hand.

Another test is performed (reported in the last line of the table), with an error thresh-
old of " = 10�5 and a tree depth of ` = 7. The number of degrees of freedom per direction
is Ni = 211, i = 1, 2. The total storage is henceforth of 222 doubles. The compression
achieved by the hierarchical method is of about 5% of the total storage, whereas the
classical HOSVD is at 100%. The results for this test are represented in Fig.3.1.1. At
the left, the distribution of the errors after the greedy phase, in which all the subtensors
are of equal size. At the center and on the left, the error after the optimisation of the
subtensors. We can see that the total errors are smaller in the small sub-domains. If we
look at the errors renormalised with respect to the sub-tensor size, we can see that the
error is still higher where the function is more di�cult to be represented well in separated
form up to a threshold of ", but in general we can state that the distribution of the renor-
malised errors is more uniform. This is also reflected in the ranks of the approximation
with respect to the total number of elements inside the sub-tensor: after the optimisation
it tends to be more uniform (and as low as possible, hence optimising the storage).

3.1.2 3D cases.

Some tests in d = 3 are presented.
The resolution of the tensor considered is Ni = 28, i = 1, 2, 3 degrees of freedom per

direction. The maximal tree depth is chosen to be ` = 5 that corresponds to subdivide the
tensor into 215 sub-tensors. As for the case d = 2 presented above, the classical HOSVD
cannot achieve a compression for such a function. After the greedy algorithm in the first
phase, the compression rate is of about 18% and after optimisation, the memory required

7

(a) (b) (c)

Figure 3: Coulomb 3D case, section 3.1:

to guarantee " = 10�5 is ⇠ 7% of the full tensor storage. In Fig.3.1.2.a) the tensor entries
are represented. In the same figure, the sub-tensors of small, medium and large size are
represented in Fig.3.1.2.b-c-d) respectively. As it can be seen, the sub-tensors size chosen
automatically by the method follows, in some sense, the tensor entries structure. The
smaller in size sub-tensors are located along the principal diagonal of the tensor, and
the size is increased as we moved away from the diagonals. The errors distribution is
represented in Fig.3.1.2. The observed behavoiur is the same commnted for the d = 2
test case presented above.

3.2 Gibbs potential.

The Gibbs potential is a function G : Rd ! R+ that has the following expression:

G(x1, . . . , xd) = exp(��V (x1, . . . , xd)), (15)

V (x1, . . . , xd) =
X

1i<jd

Vij(|xi � xj|), (16)

Vij(r) =
aij

r6
� bij

r12
, 81  i < j  d. (17)

3.2.1 2D cases.

The tests detailed in the present section are performed in the following 2D configuration:
let ⌦ = [�2, 2]2, for nitrogen and oxygen atoms.

The results of the tests are reported in Table 2, for di↵erent values of the accuracy
and tree depth. The observed trend is similar to the one previously commented for the
2D Coulomb test case. Concerning the HOSVD, no gain in memory was possible with

8
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(a) (b) (c)

Figure 6: Gibbs 3D case, section 3.2:

(a) (b) (c) (d)

Figure 7: Vlasov-Poisson solution, section 3.3: (a) the tensor entries, in red the largest en-
tries; (b) the small size subtensors, (c) and (d) the mid size and the larger size subtensors.
The largest sub-tensors are in the complement of the cube.

high-dimensional problems for which the present approach could be of interest in terms
of compression. Let the domain be ⌦ = ⌦x ⇥ ⌦v ⇥ [0, T ], left f(x, v, t) : ⌦ ! R+ be the
solution, the system of equations reads:

@tf + v ·rxf + E ·rvf = 0, (18)

E = �r', (19)

��' = 1�
Z

⌦v

f dv. (20)

Further details on the formulation can be found in [CITE].
In Figure 3.3.a) the solution is represented, for a testcase which is called 1D-1D two-

stream instability ([CITE]). For this ⌦x = [0, 2⇡], ⌦v = [�10, 10] and t 2 [0, 36]. The
number of degrees of freedom is Nx = 512, Nv = 256, Nt = 160. The compressed solution

11

(a) (b) (c)

Figure 8: Vlasov-Poisson case, section 3.3:

obtained by the proposed method is about 4% of the full storage for a tree with ` = 3
levels and an accuracy of " = 10�3. The classical HOSVD approach has been applied to
the same solution, with the same accuracy criterion, leading to no significant compression.
As for the other tests presented, the method follows the structure of the solution in order
to adapt the sub-tensor sizes (the sub-tensor splitting can be seen in Figure 3.3). This
has the e↵ect of redistributing the errors and hence to achieve a better compression rate,
as it can be appreciated in Figure 3.3.

4 Conclusion and perspectives.

12

Vlasov Poisson: double stream instability

Compression factor in phase-space time: 250



Conclusions:

First steps towards adaptive dynamical discretisations

Encouraging results on Vlasov-Poisson system
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Perspectives

Apply piece-wise tensor approximation to Kinetic Theory

Generalisation to high-order tensors

Moderate order tensors: piece-wise tensor approximation
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Second order in time symplectic integrator:

Let �t > 0, m 2 N⇤, tm := m�t, we denote:

f (m)(x, v) ⇡ f(tm, x, v)

Three step scheme:

Elementary step structure:

(I +�tP )f
i+1
3 = (I +�tQ)f

i
3

8
<

:

�
I + �t

2 a(m)(x) ·rv

�
f (m+1/3) =

�
I � �t

2 v ·rx

�
f (m),�

I + �t
2 v ·rx

�
f (m+2/3) = f (m+1/3),

f (m+1) =
�
I � �t

2 a(m+2/3)(x) ·rv

�
f (m+2/3),
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The algorithm:

1. initial guess: �f (0) = 0.

2. For l 2 N⇤, compute (rl, sl) 2 Hx ⇥Hv such that:

(rl, sl) = argmin
r,s

kg ��tP �f
(n�1) � Ir ⌦ skHx⇥Hv

3. Set: �f (l) = �f
(l�1) + rl ⌦ sl

Proposition (Ehrlacher, L. 2016):

Let  := max1qN kI�1
x

P (q)
x ⌦ I�1

v
P (q)
v kHx⇥Hv .

Then, the algorithm converges provided that:

3N�t < 1.
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Recompression step:

f
i
3 ⇡

nX

k=1

r̃k ⌦ s̃k

f̃
i+1
3 ⇡

nX

k=1

r̃k ⌦ s̃k +
n1X

k=1

rk ⌦ sk

f
i+1
3 = POD(f̃

i+1
3 , ⌘)

Modified PGD step: solved by Alternated Least Square

POD step, solved by QR+SVD 

Computational Complexity:

at iteration l = K of the fixed-point PGD: O((Nx +Nv)(n+K)(d+ 1))

recompression step: O(n3 + n2(Nx +Nv))
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Figure 4.1: TT decomposition of a 4th-order tensor, X, for which the TT rank
is R1 = 3, R2 = 4, R3 = 5. (a) (Upper panel) Representation of the TT
via a multilinear product of the cores, X – G(1) ˆ1 G(2) ˆ1 G(3) ˆ1 G(4) =
xxG(1), G(2), G(3), G(4)yy, and (lower panel) an equivalent representation via the
outer product of mode-2 fibers (sum of rank-1 tensors) in the form, X –
∞R1

r1=1
∞R2

r2=1
∞R3

r3=1
∞R4

r4=1(g
(1)
r1 ˝ g(2)

r1, r2 ˝ g(3)
r2, r3 ˝ g(4)

r3 ). (b) TT decomposition
in a vectorized form represented via strong Kronecker products of block matrices,
x – rG(1) |b| rG(2) |b| rG(3) |b| rG(4) P RI1 I2 I3 I4 , where the block matrices are defined
as rG(n) P RRn´1 InˆRn , with block vectors g(n)

rn´1, rn P RInˆ1, n = 1, . . . , 4 and
R0 = R4 = 1.
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Tensor Train:
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u(x1, x2, x3, x4) =
n1X

i=1

n2X

j=1

n3X

k=1

r(1)i (x1)G
(2)
ij (x2)G

(3)
jk (x3)r

(1)
k (x4)
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Successive, decreasing size SVD and reshaping

Stable, used in Physics, Machine Learning

Storage: N = n1I1 + n2n3I2 + n2n3I3 + n4I4
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