y 4

informatics 4% mathematics

Zia—

Hierarchical subtensor partitioning for
tensor compression

Virginie Ehrlacher Laura Grigori Damiano Lombardi*

7 ANCE o~
7 ANANLCE &
AT S
N r,
,/ v o
[/ o .\
[ o> .\
{ & e
f QL
~
|\
\ O
".. ‘O Q-
) 7 o/
\1}4- e /
A . §o ‘.",_'
\VYOrn BY i '.‘_/

ERC EMC2

Paris 2019



y 4

informatics 4% mathematics

A

e Motivation

* |[ntegration of high-dimensional PDEs

* An example from Kinetic Theory:Vlasov-Poisson system

e Hierarchical subtensor partitioning
< Partitioning: justifying heuristics
* First step: a greedy error distribution method

* Second step: partitioning tree optimisation

e (Conclusions and perspectives
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High-dimensional problems LR

e The curse of dimensionality
* A generic classical discretisation is not affordable for high-dimensional problem!
QCRY WFP(Q)
u € B¥P(ug, 1)

~ &
ex N d

@ Does the problem nature let us escape the curse!

* In general we are not interested in generic elements in the unit ball of a Sobolev space

+ It might happen that such a problem have a remarkable structure to be exploited

e [ensors.

* A priori way to look for an approximation

Paris 2019
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Introduction to Tensors:

e [ensors:

<+ A priori reduction: representation choice

* Separation of variables

e Does there exist the best rank-k approximation?

¢ For matrices (d=2): SVD provides it

Horizontal Slices Lateral Slices Frontal Slices
o For tensors d>2: problem is ill-posed (!
P P (!) Yoy -
= =
e Several tensor formats were proposed Column (Mode-l)  Row (Mode2)  Tube (Mode-3)
Fibers Fibers Fibers X(13)

«» Different ways to write the function approximation - =
siepiopadon L ‘

"
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e Canonical Polyadic format:

¢
wd v 2
N — g § E=——am
e o b, +-+ b,
A N .
(IxJxK)

u(ar, w2, x3) Z B (@) (w2)rt (23)

* PGD: greedy algorithm, n is not necessarily fixed a priori

¢ Euler-Lagrange system solved by means of ALS

o Canonical rank: n

o Storage: N =n(l1 + Iz + I3)
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e [ucker format:

BLT R
R, ——

K 3
] X g R,
J (IxR) (RXRyxR3) (R,xJ)

ni no ns
u(@r, za,x3) =Y Y Y Gagrrs (@)r$ (w2)ry” (a3)
i=1 j=1 k=1

* HOSVYD method

* Tucker rank: (nl, na, n3)

* Storage: N = ninonsg + ni1ly + nols + ngls
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Kinetic Theory

e Domainn Q0 =0, xQ, xR
* Unknown: f(t,z,v):Q —R"
* Vlasov-Poisson:
hf+v-Vef+a-V,f=0
a(t,x) = =V, U(t, x)
AU =1— o(t, x) o(t,x) = / f(t,z,v) dv
£(0,2,0) = fo(z,v) "

* Theorem:* 1t fo € L'(R3 x R3) x L>(R3 x R?) satisfies the following condition:

/ ™ fo(z,v) drdv < 400 for some m > 3,
R3 xR3

then, there exists a global strong non-negative solution f to the Vlasov-Poisson

system so that

fe€CRT; LY (R x R*)) N LR x R? x R?).

P.L.Lions, B.Perthame, Propagation of moments and regularity for the 3-dimensional Vlasov-Poisson system., Inventiones mathem:
(1991), Volume: 105, Issue: 2, page 415-430.

*
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e [Notation:

*  Tensor = separate discretisation for x and v

n

g(x,v) = Z ri(z)sk(v) n is the tensor rank
k=1

*  For any functions r : 2, — R and s : {2, — R, we use the notation

R { Q. xQ, — R
' (x,v) — r(x)s(v).

+ For any linear operator A acting on real valued functions defined over ,,
and for any B acting on real valued functions defined over {2,

(A® B)(r®s) =(Ar)® (Bs), forallr:Q, - R, s:Q,—R.
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e [he main idea:

f(t,x,v) ~ Z ri(xz, t)sk (v, t)

k=1 X 1

+ At each time step, the solution is decomposed into a sum of pure product tensor functions

d d
1=1 i=1

tensorised operator:

n¢ d d
. ( 02,k ®Uisk + Y ai(z, )Ty @ &isk)

k=1 \:=1 1=1
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e Discretisation in time (Verlet):
* Elementary step structure: (I + AtP)fzJ?Cl = (I + AtQ)f%

e Approximation of each step (modified PGD):

* The algorithm:
1. initial guess: 6 f(®) = 0.
2. For | € N*, compute (r,s;) € H, x H, such that:

(ri, 1) = argmin [|g — AtPSf" Y — Ir @ ||, w1,
3. Set: 6fD =45f0-1) 4 @ g

e Recompression (POD)

Paris 2019
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» Proposition (Ehrlacher, L.2016):

Let Kk := maXxi<q<N ||I;1Px(Q) %Y [U_lpchQ)HmeH,U-
Then, the algorithm converges provided that:

SNAtk < 1.

Computational Complexity:

+ Modified PGD step: solved by Alternated Least Square
at iteration | = K of the fixed-point PGD: O((N, 4+ N,)(n + K)(d + 1))

* POD step, solved by QR+SVD
recompression step: O(n> + n?(N, + N,))

Paris 2019
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e The rank increase (too much?):

+ The solution cannot be well represented globally by tensor approximation

140

— N, =N, =32
120 | — J‘V_r :;"\'Yl. :G‘i
— N, =N, =128

e Fxplanation:

* The fact that the residual can be tensorised well does not mean that the
solution is small rank.

Bachmayr, M., & Dahmen, W. (2015). Adaptive near-optimal rank tensor approximation for high-dimensional
operator equations. Foundations of Computational Mathematics, 15(4), 839-898.
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e [wo stream instability | D:
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e |dea:

+ Maybe it is not true that the solution is low rank (can be globally represented with
a tensor in an efficient way)

+ s it true that there exists a congruent domain partitioning such that we can construct a
low-rank tensor approximation in each subdomain and guarantee a certain error?

5. Proposition. Let Q = --- = Qg = (0,1) so that Q@ := (0,1)%. For all M € N*, let
us consider PM = {(Z, )} < be a collection of subsets of (0,1) and let P™ be the
tensorized domain partition of € associated to the collection of domain partitions (Pj)i<j<d
where P; :PMforalll <3 <d LetkeN,1<p<qg<ooande > 0. We denote
A= 5 % + % > 0. Let F € WFP(Q) such that | Fllwer@) < 1. Then, there exists a constant

C' > 0 which depends only on k,p,d,q such that for all M € N* such that In M > —% In (%),

there exists a tensor FCPE of Canonical Partitioning Format with domain partition PM and

rank R < % such that

|F = F o <e.

e A sufficient condition: compact embedding
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Hierarchical sub-tensors

e Proof:

* Performed in a constructive way.

* Use of the results presented in:

Edmunds, D. E., & Sun, J. (1990). Approximation and entropy numbers of Sobolev embeddings over domains
with finite measure. The Quarterly Journal of Mathematics, 41(4), 385-394.

@ \Warnings:
* Well adapted for moderate dimensional tensors.

It is a sufficient condition, the bound on the rank is pessimistic, but:

H'(Q) — L*(Q) R=1

Paris 2019
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e [he method:

* [wo step strategy, bottom-up approach.

* Construct an approximation on the finest partition.

* Greedy algorithm to distribute the error of the approximation (HOSVD)

#* For a generic subdomain i: &;
U](;J)

k-th singular value of the j-th unfolding
of the i-th subtensor

* Add to the approximation the term that
F makes the global error decrease the most.

Paris 2019
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Algorithm 3.2 PF-Greedy-HOSVD
Input:

A € RT « a tensor of order d

P + an admissible partition of I
g€ > 0 < error tolerance criterion

5: Output:
6: Set of Ranks (R”)jcp C N?
7: Set of local errors (¢7) jep satisfying > ;.p |e7|* < |e]?.

8: Begin:

9: Set RY :=(0,---,0) for all J € P

10: while Z Z Z o (AJ)‘2 > ¢? do
JEP 1<j<d R +1<q;<p; (A7)

11: Select 1 < jp < d and Jy € P such that

J
(jo,Jo) = argmax af +1(AJ).
1<j<d, JEP
122 if R’ =(0,---,0) then
13: Set R7° :=(1,---,1)
14: else
15: Assume that R7° = (RJ°,--- , RJ°).
16: R/« RI° +1.

‘ 2
17: Define ¢ := \/Z1§jgd ZRj+1qu§pj(AJ) ’O’?J (A7)|” for all J € P.

J J
return (R )JEP and (5 >Je7?

Paris 2019
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e Second step:
* Optimise the partition to minimise the storage

Paris 2019




I I - informatics 4" mathematics
Hierarchical sub-tensors 7

Algorithm 4.2 MERGE

Input:

A € R! < a tensor of order d

Ty an initial partition tree of I

A set of leaf errors (¢7) ¢ £(Tr)

A set of leaf ranks (RJ)JGE(TI) C N4
Jo € V(TI) \ E(TI)

7: Output:
8: THn a final partition tree of I

9: merge a boolean indicating if the tree has been merged or not
10: A set of leaf errors (™)

Jec(rhn)
11: A set of leaf ranks (Rﬁn’J) - C N
Jer(rim)
12: Begin:
13: Set Py, := Dy, (IT1)NL(Tr). From Lemma 4.3 (iii), Py, is an admissible partition
of the set Jy.

J
14: Set Myomerge 1= 3 gep,, Mrv (I, R”)
15: Set n:= \/ZJEPJO e |2.
16: Compute R = Greedy-HOSVD(A70, )

17: Compute Mmerge := Mt (Jo, R).
18: if Myerge < Muomerge then

19: Set merge = true, TH® = T (J).

20.  for J € L (Tf") do

21: if J=J, then

22: Set Ri™J0 .= R and gfinJo .=y,
23: else

24: From Lemma 4.3 (v), necessarily J € L(TT).
25: Set R™7 .= R’ and i .= &7,
26: else

27: Set merge = false, TH® = T7.

28: for J € £ (Tf") = L(Tr) do

29: Set R .= RY and i = ¢,

return Tp", merge, (£77) ;e (7m). (Rﬁn,J) JeL(rn)
I
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e Methods characteristics:

* Well adapted to moderate dimension tensors (partition is subjected to
curse of dimensionality)

* |tis easily parallelisable (!), contrary to classical HOSVD, better suited
for large number of degrees of freedom

* The error is distributed automatically and guaranteed throughout
the whole approximation

+ Memory gain is significant with respect to classical HOSVD format for a
wide class of functions of interest

Paris 2019
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e (Coulomb potential:

1
V(azl,...,$d) — Z -
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e Vl]asov Poisson: double stream instability

* Compression factor in phase-space time: 250

Paris 2019
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= Conclusions:
* First steps towards adaptive dynamical discretisations

* Encouraging results on Vlasov-Poisson system

* Moderate order tensors: piece-wise tensor approximation

= Perspectives
* Apply piece-wise tensor approximation to Kinetic Theory

+ Generalisation to high-order tensors

Paris 2019
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Kinetic Theory

e Second order in time symplectic integrator:

o Let At >0, m € N*, t,, := mAt, we denote:

Fr (@, v) = f(tm, @, 0)

¢ Three step scheme:

4 (I—I— At (m)( ) \V/ )f(m—|—1/3) _ (I— Aty .V )f(m)
U (T+ 8ty . v,) fm+2/3 _ f(m—|—1/3)
\ f(m—|—1) = (I — Atgm+2/3)(g) . v,) fm+2/3),

+ Elementary step structure:

(I+ AtP)f 5 = (I + AtQ)f3
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+ The algorithm:

1. initial guess: 6 f(9) = 0.
2. For [ € N*, compute (r,s;) € H, x H, such that:

(r7,s;) = argmin ||g — AtP5f(”_1) —Ir®s||g, «xH,
3. Set: 5f(l) = 5f(l_1) + 7] & 8]

+ Proposition (Ehrlacher, L. 2016):

Let Kk := mMaxi<qg<N |I:;1P;,gq) 029 ],IJ_lPQSQ) ||H:I:><Hv'
Then, the algorithm converges provided that:

3NAtk < 1.

Paris 2019
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+ Recompression step:

' n
f§% E re @ Sk
k=1

n ni
~it1 ~ ~
J3 %E 7‘1«®8k+g re & Sk

i+1 ~id1
3

[ = POD(f

1)

Computational Complexity:

<+ Modified PGD step: solved by Alternated Least Square
at iteration [ = K of the fixed-point PGD: O((N, + N,)(n + K)(d + 1))

* POD step, solved by QR+SVD
recompression step: O(n> + n?(N, + N,))

Paris 2019
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e [ensor Train:

Rs
7= Y= N
T B
%m Ry g’ Br..r, g,
I/ V. 12 172 ]3 ]4

(Ix1; xRy) (Ry x 1y xRy) (Ry x I3 x R3) (R3xIyx 1)

u(xy, o, x3,T4) YYYT(l) G(Q) )G(S)( ),(:)(:m)

1=1 7=1 k=1

* Successive, decreasing size SVD and reshaping

* Stable, used in Physics, Machine Learning

* Storage: N =nl{ + nonglo + nonsgls + nyly
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