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1. Introduction

Abandonment or reneging takes place when cus-
tomers, unsatisfied of their long waiting time, decide
to voluntarily leave the system. It has a huge impact
in various real life applications such as the Internet
or call centers, where customers may abandon while
waiting in the queue. In this paper we study the phe-
nomena of abandonments in a single server queue
with multiple classes of users with the objective of
finding resource allocation strategies. In the presence
of abandonments and/or convex holding cost, a char-
acterization of the optimal control is out of reach. We
therefore develop approximations to tackle the prob-
lem, in particular, we study Whittle’s index.
Index Rules have enjoyed a great popularity, since
a complex control problem whose solution might, a
priori, depend on the entire state space turns out
to have a strikingly simple structure. In a semi-
nal work, Whittle introduced the so-called Restless
Multi Armed Bandit Problems (RMABP), see [2]. In a
RMABP all bandits (in our study a bandit is a class of
customers) in the system incur a cost, the scheduler
selects one bandit to be made active, but all bandits
might evolve over time according to a stochastic ker-
nel that depends on whether the bandit was active or
frozen. The objective is to determine the control pol-
icy that, based on the entire state-space description,
selects the bandit with the objective of optimizing the
average performance criterion. Whittle introduced an
approximate control policy of index-type, which is
nowadays referred as Whittle’s index.
The multi-class single server queue with abandon-
ments can be modeled as a RMABP problem and
Whittle’s index can be derived.
The reminder of the paper is structured as follows :
in Section 2 the model under study is described, and
the objective of the study is presented, in Section 3
the Whittle index is derived and in Section 4 the per-
formance of this index policy is measured. For addi-
tional results and proofs we refer to [1].

2. Model Description

We consider a multi-class single-server queue with
K classes of customers. Class-k customers arrive ac-
cording to a Poisson process with rate λk and have an
exponentially distributed service requirement with
mean 1/µk, k = 1, . . . , K. We denote by ρk := λk/µk

the traffic load of class k, and by ρ :=
∑K

k=1 ρk the
total load to the system. We model abandonments
of customers in the following way : any class-k cus-
tomer in the system that has not completed service,
abandons after an exponentially distributed amount
of time with mean 1/θk, k = 1, . . . , K, with θk > 0.
The server has capacity 1 and can serve at most one
customer at a time, where the service can be pre-
emptive. At each moment in time, a policy ϕ decides
which class is served. Because of the Markov prop-
erty, we can focus on policies that only base their de-
cisions on the current number of customers present
in the various classes. For a given policyϕ,Nϕ

k (t) de-
notes the number of class-k customers in the system
at time t, (hence, including the one in service), and
~Nϕ(t) = (Nϕ

1 (t), . . . , N
ϕ
K (t)). Let Sϕk (~N

ϕ(t)) ∈ {0, 1}
represent the service capacity devoted to class-k cus-
tomers at time t under policyϕ. The constraint on the
service amount devoted to each class is Sϕk (~n) = 0 if
nk = 0 and

∑K
k=1 S

ϕ
k (~n) ≤ 1. The above describes a

birth and death process.
Let Ck(nk, a) denote the cost per unit of time when
there are nk class-k customers in the system when
class k is not served (if a = 0), or when class k is
served (if a = 1).
We further introduce a cost dk for every class-k cus-
tomer that abandoned the system when not being
served. We then want to find the optimal scheduling
policy ϕ under the average-cost criteria, that is,

lim sup
T→∞

K∑
k=1

1

T
E

(∫T
0

C̃k(~N
ϕ(t), Sϕk (

~Nϕ(t))) dt

)
,

(1)
where C̃k(nk, a) := Ck(nk, a) + dkθknk in state nk

and under action a.

3. Whittle’s index

The approach by Whittle is based on relaxing the
original problem, allowing one bandit being made ac-
tive on average, that is,

lim sup
T→∞

1

T

∫T
0

K∑
k=1

Sϕk (
~Nϕ(t))dt ≤ 1. (2)

This allows to decompose the original control prob-
lem into individual problems for each bandit. Whit-
tle’s index can then be interpreted as the Lagrange
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multiplier of the constraint such that a given state
joins the passive set.
The objective is now to determine the policy that
solves (1) under Constraint (2). This can be solved by
considering the unconstrained control problem

lim sup
T→∞

K∑
k=1

1

T
E

(∫T
0

C̃k(~N
ϕ(t), Sϕk (

~Nϕ(t)))

−W(1− Sϕk (
~Nϕ(t))) dt

)
, (3)

where W is the Lagrange multiplier and C̃(·, ·) is as-
sumed to be convex and increasing. We observe that
the multiplier W can be interpreted as a subsidy for
passivity.
In summary, the relaxed optimization problem can be
written as K independent one-dimensional Markov
decision problems, namely :

lim sup
T→∞

1

T
E

(∫T
0

C̃(Nϕ(t), Sϕ(Nϕ(t)))

−W(1− Sϕ(Nϕ(t))) dt
)
. (4)

Under an indexability property (established in [1] for
the present model), one can define class-based indices
(the so-called Whittle’s index) such that the solution
to (1) is obtained by activating in every moment those
classes whose current index is larger than the La-
grange multiplier.
We further prove that the optimal policy is monotone,
it is fully characterized by a threshold n such that the
passive action is prescribed for states m ≤ n, and the
active for states m > n. We will then denote this pol-
icy as ϕ = n. We can now state the main result.

Proposition 1 The Whittle index for problem (4) is

W(n) =
E(C̃(Nn, Sn(Nn))) − E(C̃(Nn−1, Sn−1(Nn−1)))∑n

m=0 π
n(m) −

∑n−1
m=0 π

n−1(m)

(5)

with πn(m) the steady-state probability under threshold
policy n.

The heuristic for the original K-dimensional problem
known as Whittle’s index policy, prescribes to serve
the class k having currently the highest non-negative
Whittle’s indexWk(nk).
We now present Whittle’s index for linear cost.

Proposition 2 Assume linear holding cost Ck(nk, a) =
cknk. Then, Whittle’s index for class k, with c̃k = ck +
dkθk, is

Wk(nk) =
c̃kµk

θk
, for all nk. (6)
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FIGURE 1 – Performance of Whittle’s index policy.

Whittle’s index for a more general setting (with con-
vex holding cost) as well as limiting properties are an-
alyzed in [1]. This study allows to recover indices that
have been obtained in the literature. Observe that (6)
is independent on the number of class-k customers,
which is not the case for convex holding costs.

4. Numerical Results

In this section we numerically analyze the perfor-
mance of Whittle’s index policy. In Figure 1 we plot
the relative sub optimality gap of the W(n) index as
well as other indices obtained in [1]. The optimal pol-
icy is computed using a Value Iteration algorithm. We
carried out extensive simulations and were able to
conclude that Whittle’s Index policy is optimal as the
workload increases, whereas indices that have been
computed for multi-class systems without abandon-
ments behave poorly.
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