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The dichromatic number

Let D = (V, A) be a simple directed graph.

Definition. A proper k-colouring of D is a partition of V into k parts

Vi, ..., Vi such that D[V4], ..., D[ V(] are acyclic. The dichromatic number
of D, denoted by Y(D), is the minimum k such that D has a proper
k-colouring.
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The dichromatic number

Let G = (V, E) be a simple undirected graph.

Definition. The dichromatic number of G is defined as

v(G) = (D).
X(G) Dggjgc)x( )
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The Erdés—Neumann Lara conjecture

Conjecture (1979)

For every integer k there exists an integer r(k) such that, for any
undirected graph G satisfying x(G) > r(k), we have that \(G) > k.
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The Erdés—Neumann Lara conjecture

Theorem (Mohar and Wu, 2016)

Let G be an undirected graph satisfying x¢(G) > k. Then

k

Xr(G) > —.
Xr(€) 2 4log,(2ek?)
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Kneser graphs

Definition. Let n, k be positive integers. The Kneser graph KG(n, k) is

the graph with vertex set ([Z]) and where two vertices u, v are adjacent iff
unv=>0.
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Kneser graphs

Theorem (Lovész, 1978)

X(KG(n,k)) = n—2k+2.
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8log,
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Kneser graphs

Theorem (Lovész, 1978)
X(KG(n,k)) = n—2k+2.

Theorem (Mohar and Wu, 2016)

X(KG(n, k) > | 522 .

8log,
.

Theorem (AH & GPS, 2023)
X(KG(n, k) > [==5642).
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Some recurrent tricks: dense subgraphs

Let G be a graph of order n > 2 and D the random orientation of G
obtained by orienting each edge independently with probability 1/2. If
¢ > 5logy n, then a.a.s. every subgraph of G isomorphic to Ky, has a

directed cycle in D.
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Some recurrent tricks: tensor products

Definition. Let G = (V, E) and G’ = (V’, E’) be graphs. Their tensor
product G x G’ is the graph with vertex set V x V' and where two vertices
(u,u’) and (v, V') are adjacent iff both u, v and «, v/ are adjacent.
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Some recurrent tricks: tensor products

Let G be an undirected graph and k, m positive integers with

m/k > 2log, m+ 2. There is an orientation D of G x K} such that, if D
is k-colourable, then G is k-colourable. (K}, is the complete graph on m
vertices with loops.)

(ANR DIGRAPHS Workshop) Colouring Kneser-type digraphs 1 June 2023 10/28



Some recurrent tricks: tensor products

Let G be an undirected graph and k, m positive integers with

m/k > 2log, m+ 2. There is an orientation D of G x K} such that, if D
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Borsuk graphs

Definition. Let n be a non-negative integer and a € (0,2) a real number.
The Borsuk graph BG(n+ 1, a) is the graph with vertex set

{x € R"™1 | ||x|| = 1} and where two vertices x, y are adjacent iff
Iy =x[I = a.

BG(2,a)
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Borsuk graphs

BG(2,a) BG(2,d")
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Borsuk graphs

BG(2,a) BG(2,d")

X(BG(n+1,a)) > n+2.
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Borsuk graphs

BG(2,a) BG(2,d")

X(BG(n+1,a)) > n+2.

Theorem (AH & GPS, 2023)
X(BG(n+1,a)) > n+2.

™ = — — S e
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The list (di)chromatic number
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The list (di)chromatic number

Let G be a (di)graph.

Definition. G is k-list colourable if for every assignment of k-lists to its
vertices there is a proper colouring of G assigning to each vertex a colour
from its list. The list (di)chromatic number of G, denoted by x4(G)
(resp. by X¢(G)), is the minimum k such that G is k-list colourable.

1,2 1,2
1,3 1,3
2,3 2,3
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The list dichromatic number

Let G = (V, E) be an undirected graph.

Definition. The list dichromatic number of G is defined as

0 (G) = /(D).
Xe(G) Dggjé)m( )
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Kneser graphs (II)

Theorem (Bulankina and Kupavskii, 2022)

Foranye € RT and 2 < k < n'/27¢ there exist positive constants c1, ¢
such that cinlnn < x¢(KG(n, k)) < canlnn.
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Theorem (AH & GPS, 2023)
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Kneser graphs (II)

Theorem (Bulankina and Kupavskii, 2022)

Foranye € RT and 2 < k < nl/27¢ there exist positive constants c1, ¢
such that cinlnn < x¢(KG(n, k)) < canlnn.

Theorem (AH & GPS, 2023)

Foranye e RT and 2 < k < n'/2=¢ there exist positive constants ci, ¢
such that cinlnn < x¢(KG(n, k)) < canlinn.

Q: What about larger k?
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Some recurrent tricks (I1): covering partitions

Let G = (V, E) be an undirected graph of order n.

Definition. An (s, t)-collection of V is a collection C of at most s subsets
of V each of which has size at most t. We say that C covers a class of
subsets of V if for every subset P in that class there is some C € C with

PCC.
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Some recurrent tricks (I1): covering partitions

Let G = (V, E) be an undirected graph of order n.

Definition. An (s, t)-collection of V is a collection C of at most s subsets
of V each of which has size at most t. We say that C covers a class of
subsets of V if for every subset P in that class there is some C € C with
PCC.

Lemma [BK22]

Assume that the independent sets of G are covered by an (s, t)-collection.
Let L be the random /-list assignment for G where each list is chosen
uniformly and independently from a palette of u colours. If

4tu < (u — £)n, then the probability that G can be properly coloured
assigning to each vertex v a colour from L(v) is at most

n __ _4ltu
sYexp {—52 (“—ﬁ)"} .

(ANR DIGRAPHS Workshop) Colouring Kneser-type digraphs 1 June 2023 16 /28



Some recurrent tricks (I1): covering partitions

Let G = (V, E) be an undirected graph of order n.

Definition. An (s, t)-collection of V is a collection C of at most s subsets
of V each of which has size at most t. We say that C covers a class of
subsets of V if for every subset P in that class there is some C € C with
PCC.

Lemma [BK22]

Assume that of G are covered by an (s, t)-collection.
Let L be the random /-list assignment for G where each list is chosen
uniformly and independently from a palette of u colours. If

4tu < (u — £)n, then the probability that G can be

assigning to each vertex v a colour from L(v) is at most

n __ _4ltu
sYexp {—52 (“—ﬁ)"} .

(ANR DIGRAPHS Workshop) Colouring Kneser-type digraphs 1 June 2023 17 /28



Some recurrent tricks (I1): semicovering tensor products

Definition. Let D be an orientation of K> x G, C an (s, t)-collection of
V(G), and A € R*. We say that the pair (C, \) semicovers the acyclic
sets of D if for every acyclic set S = ({1} x 51) U ({2} x S2)

either ¢ C Gy and S, C G, for some G, G, € C,
or S; C C and |S;| < A for some i € {1,2} and some C € C.
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Some recurrent tricks (I1): semicovering tensor products

Definition. Let D be an orientation of K> x G, C an (s, t)-collection of
V(G), and A € R*. We say that the pair (C, \) semicovers the acyclic
sets of D if for every acyclic set S = ({1} x 51) U ({2} x S2)

either ¢ C Gy and S, C G, for some G, G, € C,
or S; C C and |S;| < A for some i € {1,2} and some C € C.

axa
Cr

(5>

{2} x G
Cy

G
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Some recurrent tricks (I1): semicovering tensor products

Let G, H be graphs. Let m¢g be the size of G and ny the order of H. Let
D be an orientation of Ky x H, and (C, \) an (s, t)-semicover of all acyclic
sets of D. Let /1, ¥> be positive integers such that

@ 8tly < (1 —4lr)ny,
i 801 0ot
Q@ mgs*h exp {nH2 (1 =£2)ny } <1,

@ Mi<ny.
If X¢(G x H) < £y, then x¢(G) < ¢5.
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Some recurrent tricks (I1): semicovering tensor products

Let G, H be graphs. Let mg be the size of G and ny the order of H. Let
D be an orientation of Ky x H, and (C, \) an (s, t)-semicover of all acyclic
sets of D. Let /1, /> be positive integers such that

o [.]
If )&(G X H) < {5, then XZ(G) < /.

X

e

e

D
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|dea of the proof

For any ¢ € Rt and 2 < k < n'/27¢ there exist positive constants c;, ¢
such that cininn < X((KG(n, k)) < canlnn.
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|dea of the proof

1) KG(n/2,k —2) x KG(n/2,2) is a subgraph of KG(n, k).

By looking at the vertices of the form AU B with A € ([,fg]) and
Be ([n/2]2+n/2).
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|dea of the proof

1) KG(n/2,k —2) x KG(n/2,2) is a subgraph of KG(n, k).
2) Kpa X Kpya is a subgraph of KG(n/2,2).

By looking at the vertices of the form {i,j} with 1 <i<n/4 <j < n/2,
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|dea of the proof

1) KG(n/2,k —2) x KG(n/2,2) is a subgraph of KG(n, k).
2) Kp/a X Kp)4 is a subgraph of KG(n/2,2).

3) There is an orientation D of Ky x (K, x Kj) such that all acyclic sets
of D are semicovered by (Cp,,2'3In% n), where C,, are the sets of the form

124Inn

n
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|dea of the proof

1) KG(n/2,k —2) x KG(n/2,2) is a subgraph of KG(n, k).
2) Kpa X Kpya is a subgraph of KG(n/2,2).

3) There is an orientation D of Ky x (K, x Kj) such that all acyclic sets
of D are semicovered by (Cp,,2'3In? n).

Ky x (K, x K,)

.
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|dea of the proof

1) KG(n/2,k —2) x KG(n/2,2) is a subgraph of KG(n, k).
2) Kp/a X Kp)4 is a subgraph of KG(n/2,2).

3) There is an orientation D of Ky x (K, x Kj) such that all acyclic sets
of D are semicovered by (Cp,,2'3In? n).

4) The lemma about semicovering tensor products is applied to
KG(n/2, k — 2) X (Kn/4 X Kn/4).
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Complete multipartite graphs

Let Kn«r be the complete multipartite graph with r parts and m vertices
on each part.
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Complete multipartite graphs

Let Kn«r be the complete multipartite graph with r parts and m vertices
on each part.

Theorem (Alon, 1992)

There exist c1, c; € RT such that cirinm < xo(Kmsr) < cor Inm for every
m,r > 2.
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Complete multipartite graphs

Let Kn«r be the complete multipartite graph with r parts and m vertices
on each part.

Theorem (Alon, 1992)

There exist c1, c; € RT such that cirinm < xo(Kmsr) < cor Inm for every
m,r > 2.

Theorem (AH & GPS, 2023)

For every p > 3 there exist ¢, c; € R such that
cirlnm < Xo(Kmsr) < corlnm for every r > 2 and m > In” r.
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Complete multipartite graphs

Let Kn«r be the complete multipartite graph with r parts and m vertices
on each part.

Theorem (Alon, 1992)

There exist c1, c; € RT such that cirinm < xo(Kmsr) < cor Inm for every
m,r > 2.

Theorem (AH & GPS, 2023)

For every p > 3 there exist ¢, c; € R such that
cirlnm < Xo(Kmsr) < corlnm for every r > 2 and m > In” r.

Q: What about smaller m? We know that these asymptotics are not true
in general: if m <Inr then X;(Km«r) < Xe(Kmr) = O(r).
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The Erdés—Neumann Lara conjecture (Il)

Conjecture (1979)

For every integer k there exists an integer r(k) such that, for any
undirected graph G satisfying x(G) > r(k), we have that \(G) > k.
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@ Unbounded fractional chromatic number
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undirected graph G satisfying x(G) > r(k), we have that \(G) > k.

@ Unbounded fractional chromatic number
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The Erdés—Neumann Lara conjecture (II)

Conjecture (1979)

For every integer k there exists an integer r(k) such that, for any
undirected graph G satisfying x(G) > r(k), we have that \(G) > k.

@ Unbounded fractional chromatic number

@ Random graphs on n vertices

o Large spectral gap: A\ < d/k — 2(logy k +4)> = X(G) > k
(G d-reg.)
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