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Frères et sœurs en mathématiques...
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Thèse d’Etat d’Abderrahmane à l’X, 10 janvier 1984
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Je me souviens...

P.-A. Raviart (le jour-même) :
“tu n’as même pas mis de cravatte !”

J.-C. Nédélec (en privé, plus tard) :
“dans les articles, il n’y a pas l’information...

tout est dans la thèse de Bendali !”
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Une référence indispensable pour les champs de vecteurs...

JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 107, 537-560 (1985) 

A Variational Approach for the 
Vector Potential Formulation of the Stokes 

and Navier-Stokes Problems in 
Three Dimensional Domains 

A. BENDALI 

,bole Polyrechnique. Cenlre de MarhPmaiiques Appliqukes, 91128 Palaiseau. France 

J. M. DOMINGUEZ 

Lahoratoire d’Anal.vse Nurrkrique, ChicersilP Pierre & Marie Curie. 
4, place Jussieu. 7.5230 Paris Cedes OC? France 

AND 

S. GALLIC 

C.E. Limeil, C.E.A., Set-rice MA., E.M.. B.P. 27. 
94190 Villeneuce. Si. Georges, France 

A few well-posed variational problems are constructed, whose solutions are vec- 
tor potentials of the velocity Field of the three-dimensional Stokes problem. A 
choice of the adequate boundary conditions to be imposed is performed in a 
systematic manner even in the cast of not simply connected domains. The test 
functions do not have to be divergence free in the formulations given here. It is then 
seen that a similar approach is well suited to the treatment of the non-linear 
Navier-Stokes problem. ( 1985 Academic Press. Inc 

I. INTRODUCTION 

When solving boundary-value problems (arising from hydrodynamics or 
electromagnetism, for instance), one usually has to work with divergence- 
free functions. Unfortunately a divergence-free condition is delicate to 
implement numerically. When the problem is two dimensional, it is 
possible to overcome this difficulty through the introduction of a stream 
function cp satisfying: V x cp = u, where u is the divergence-free field. Then 
after imposing a suitable boundary condition on q, the problem reduces to 

537 
0022.247)(/85 $3.00 

109 10: 1.12 Copyright 0 1985 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
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Discrete vector fields (ProLB software, 2016)
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Raviart-Thomas finite elements of Petrov-Galerkin type

Outline

• Finite volumes

• Mixed finite elements for the Poisson equation

• Butterfly Petrov-Galerkin finite volume scheme

• A new variant of the same framework

• Construction a possible dual basis vector field

• Sufficient stability conditions

• Conclusion
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Finite volumes 9

Motivation: finite volumes for the Navier Stokes equations
∂W
∂t + divF (W ) + divG (W , ∇W ) = 0

mean value in the triangle K : WK ≡
1

|K |

∫
K
W (x) dx

dWK

dt
+

1

|K |

∫
∂K

F •n dγ +
1

|K |

∫
∂K

G •n dγ = 0
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Finite volumes (ii)

Model problem
given the mean scalar values uK in the triangles K ∈ T 2

how to compute the gradient ∇u
on the edges a ∈ T 1 of the mesh T ?
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Noh’s control volume (1964)

Approach the mean flux on the edge a
by the mean flux on a control volume Va around the edge:

1

|a|

∫
a
∇u dγ ' 1

|Va|

∫
Va

∇u dx =
1

|Va|

∫
∂Va

u•n dx

The derivation is replaced by a problem of interpolation
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Model problem: Laplace equation

Interpolation at the vertices compatible with the linear functions

Nodal value uN with N ∈ T 0 given from the elements K ∈ T 2

by uN =
∑
∂K3N

α
NK

uK ,

Relations satisfied by the coefficients α
NK∑

∂K3N
α

NK
= 1,

∑
∂K3N

α
NK

xK = xN ,
∑
∂K3N

α
NK

yK = yN
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Butterfly stencil for the computation of the gradient

discrete scheme

∇u(a) =
∑
K∈T 2

α
aK

uK

impose that the discrete scheme is exact
for an appropriate linear space of polynomials (FD, 1992)
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Mixed finite elements for the Poisson equation 14

Continuous problem: u ∈ L2(Ω), p ∈ H(div)
p = ∇u, divp + f = 0∫

Ω
p • q dx +

∫
Ω
u divq dx = 0 for each vector field q ∈ H(div)∫

Ω
(divp + f ) v dx = 0 for any scalar field v ∈ L2(Ω)

Discrete problem
uT ∈ L2

T ≡ P0, pT ∈ HT (div) ≡ RT ; Raviart-Thomas (1977)

pT =
∑
a∈T 1

pa ϕa∫
b
ϕa(x) • nb dγ = δab , a ∈ T 1 , b ∈ T 1

ϕa(x) = αK + βK x , x ∈ K ∈ T 2

uT (x) = uK , x ∈ K ∈ T 2

Ne + Na scalar unknowns
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Mixed finite elements for the Poisson equation (ii)

pT =
∑
b∈T 1

pb ϕb , uT ∈ P0,∫
Ω
pT •ϕa dx +

∫
Ω
uT divϕa dx = 0 , ∀ a ∈ T 1∑

b∈T 1

(∫
Ω
ϕa •ϕb dx

)
pb + uK − uL = 0

∂ca = (K , L) , a ∈ T 1

∫
K
divpT dx +

∫
K
f dx = 0 , ∀K ∈ T 2∑

a∈T 1∩ ∂K

pa dγ +

∫
K
f dx = 0 , K ∈ T 2

A finite volume method ?
No! The mass-matrix induces a nonlocal gradient operator!
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Mass lumping of Baranger, Maitre and Oudin (1996)

pT =
∑
b∈T 1

pb ϕb , uT ∈ P0,

∑
b∈T 1

(∫
Ω
ϕa •ϕb dx

)
pb + uK − uL = 0 , a ∈ T 1

Replace the mass matrix
∫

Ω ϕa •ϕb dx by a correct approximation

then pa =
uL − uK
ξKa + ξLa

with ξKa = 1
2 cotan θKa

∂ca = (K , L) , a ∈ T 1∑
a∈T 1∩ ∂K

pa dγ +

∫
K
f dx = 0 , K ∈ T 2

VF4 scheme of Herbin (1995)
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Petrov-Galerkin finite volumes 17

Reformulate the mixed finite element method
to enforce the explicitation of the gradient on an edge
in terms of the values in the triangles.

Continuous problem: u ∈ L2(Ω), p ∈ H(div),
(p , q) + (u , divq) = 0, ∀ q ∈ H(div)
(divp , v) = −(f , v), ∀ v ∈ L2(Ω)

Discrete problem: uT ∈ L2
T ≡ P0, pT ∈ HT (div) ≡ RT

test functions v ∈ L2
T , q ∈ H?T (div)

Discrete functional space for test functions H?T (div)

• generated by vector fields ϕ?a : H?T (div) = span (ϕ?a , a ∈ T 1)

• conforming in the space H(div) : ϕ?a ∈ H(div)

• the family {ϕ?a , a ∈ T 1} represent exactly
the algebraic dual basis of the Raviart-Thomas family
for the L2 scalar product: (ϕa , ϕ

?
b) = 0 , ∀ a 6= b ∈ T 1 .
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Petrov-Galerkin finite volumes (ii)


uT ∈ L2

T (Ω) , pT ∈ HT (div)
(pT , q) + (uT , div q) = 0 , ∀ q ∈ H?T (div)
(div pT , v) + (f , v) = 0 , ∀ v ∈ L2

T (Ω) .

A finite volume scheme!

pT =
∑
b∈T 1

pb ϕb , uT ∈ P0, ∂ca = (K , L) , a ∈ T 1

(ϕa , ϕ
?
a) pa = −(uT , divϕ

?
a) , a ∈ T 1∑

a∈T 1∩ ∂K

pa dγ + (f , 1)
K

= 0 , K ∈ T 2
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Butterfly Petrov-Galerkin finite volume scheme

Support V(SN) of the dual Raviart-Thomas basis function ϕ?SN
then

(ϕa , ϕ
?
a) pa = −(uT , divϕ

?
a)

= linear combination of uK , uL, uM , uP , uQ , uR , a ∈ T 1

Presented at the 3th conference
“Finite Volumes for Complex Applications” (Porquerolles, 2002)
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Butterfly Petrov-Galerkin finite volume scheme (ii)

Numerical tests with

Sophie Borel (DEA Orsay, 2002)
Christophe Le Potier (CEA Saclay)
Mahdi Tekitek (DEA Orsay, 2003).

Various schemes for boundary conditions

Recovering exact low degree polynomial solutions

Experimental convergence obtained for two-dimensional test cases

No complete mathematical understanding of the convergence

Presented by Mahdi Tekitek at the 4th conference
“Finite Volumes for Complex Applications” (Marrakech, 2005)
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Working with Isabelle and Charles (Pau, June 2014) 21
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A new variant of the same framework

Ω ⊂ R2, bounded, convex, ∂Ω polyhedral

Right hand side f ∈ L2(Ω)

Dirichlet problem −∆u = f inΩ, u = 0 on ∂Ω

Mixed variational formulation of the continuous problem:
u ∈ L2(Ω), p ∈ H(div)

(p , q) + (u , divq) = 0, ∀ q ∈ H(div)
(divp , v) = −(f , v), ∀ v ∈ L2(Ω)

Discrete problem: uT ∈ L2
T ≡ P0, pT ∈ HT (div) ≡ RT

test functions v ∈ L2
T , q ∈ H?T (div)

H?T (div) =< ϕ?a , a ∈ T 1 >

ϕ?a ∈ H(div)

(ϕa , ϕ
?
b) = 0 , ∀ a 6= b ∈ T 1.

with Isabelle Greff and Charles Pierre (Pau, 2013-2017).
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A new variant of the same framework (ii)

Raviart-Thomas basis function ϕa for the edge a = (S , N)

ϕa(x) =


1

2|K | (x −W ) = 1
4|K | ∇|x −W |2 , x ∈ K

− 1
2|L| (x − E ) = − 1

4|L| ∇|x − E |2 , x ∈ L

0 elsewhere .

Dual Raviart-Thomas basis function ϕ?a
hypothesis: supp(ϕ?a) ⊂ supp(ϕa)

then p =
∑
a∈T 1

pa ϕa and pa =
uL − uK
(ϕ?a , ϕa)

ϕ?a ∈ H(div) then ϕ?a • n = 0 on the four edges NWSEN.
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A new variant of the same framework (iii)

0 = (ϕ?a , ϕNW) =
1

4 |K |

∫
K
ϕ?a∇|x − S |2 dx

0 =

∫
∂K

(
ϕ?a • n

)
|x − S |2 dγ −

∫
K
divϕ?a |x − S |2 dx

=

∫
a

(
ϕ?a • n

)
|x − S |2 dγ −

∫
K
divϕ?a |x − S |2 dx

Impose that these two integral are both equal to zero
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A new variant of the same framework (iv)

Boundary term :

∫
a

(
ϕ?a • n

)
|x − S |2 dγ = 0

Flux of ϕ?a on the edge a: ϕ?a • na ≡
1

|a|
g(s)

with a universal function g defined on [0, 1] such that
• g(s) = g(1− s) , ∀ s ∈ [0, 1]

•
∫ 1

0
g(s) ds = 1, scaling

∫
a

(
ϕ?a • n

)
dγ = 1

•
∫ 1

0
s2 g(s) ds = 0.
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A new variant of the same framework (v)

Two-dimensional term :

∫
K
divϕ?a |x − S |2 dx = 0

We impose that the previous relation is true
for the three vertices of the triangle K

Introduce δK ≡ divϕ?a in the triangle K

We search δK such that

∫
K
δK |x − A|2 dx = 0

for each vertex of the triangle K
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Recovering the VF4 scheme

(ϕ?a , ϕa) =
1

4 |K |

∫
K
ϕ?a ∇|x −W |2 dx − 1

4 |L|

∫
L
ϕ?a ∇|x − E |2 dx

=
1

4 |K |

∫
∂K

(
ϕ?a • n

)
|x −W |2 dγ − 1

4 |L|

∫
∂L

(
ϕ?a • n

)
|x − E |2 dγ

=
1

4 |K |

∫
a

(
ϕ?a • n

)
|x −W |2 dγ +

1

4 |L|

∫
a

(
ϕ?a • n

)
|x − E |2 dγ

=
1

2

(
cotan θKa + cotan θLa

)
after some elementary geometry

be careful ! 0 < θ∗ ≤ θ ≤ θ∗ < π
2 , ∀ θ ∈ T −1
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Construction a possible dual basis vector field 28

Dual basis function ϕ?
K , j

(x) =
1

det(dFK ,a)
dFK ,a • ∇̂ζK ,

ζ
K

solution of a Neumann problem in the reference element K̂
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Construction a possible dual basis vector field (ii)

Given g : [0, 1] −→ R such that

g(s) = g(1− s) ,
∫ 1

0 g(s) ds = 1,
∫ 1

0 s2 g(s) ds = 0.
We impose moreover g(0) = g(1) = 0

example g(s) = 30 s (s − 1) (4− 21 s (1− s))
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Construction a possible dual basis vector field (iii)

Neumann problem in K̂ = {(x̂ , ŷ) , x̂ ≥ 0 , ŷ ≥ 0 , x̂ + ŷ ≤ 1}
Datum g̃ ∈ H1/2(∂K̂ ) on ∂K̂ :

g̃ = g on â = [0, 1]× {0}, g̃ = 0 elsewhere

Affine function FK ,a such that

K̂ 3 x̂ 7−→ x = FK ,a(x̂) ∈ K is one to one

Right hand side δ̃K (x̂) = 2|K |δK (x).

Solution ζ
K

of the Neumann problem

−∆ζ
K

= δ̃K in K̂ ,
∂ζ

K

∂n
= g̃ on ∂K̂

since

∫
K̂
δ̃K dx =

∫
∂K

g̃ dγ = 1 .

Solution ζ
K
∈ H2(K̂ )

and ‖ζ
K
‖

2,K̂
≤ C

K̂

(
‖δ̃K‖

0,K̂
+ ‖g̃‖

1/2, ∂K̂

)
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Satisfy the sufficient stability conditions 31

Discrete stability
Hypothesis: the interpolation operator and the family U of meshes

HT (div) 3 q ≡
∑
a∈T 1

qa ϕa 7−→ Π q ≡
∑
a∈T 1

qa ϕ
?
a ∈ H?T (div)

satisfy the conditions
A ‖q‖2

0 ≤ ( q , Π q ) , ∀q ∈ HT (div) , ∀ T ∈ U
‖Π q‖0 ≤ B ‖q‖0 , ∀q ∈ HT (div) , ∀ T ∈ U
(div q , divΠ q ) ≥ C ‖div q‖2

0 , ∀q ∈ HT (div) , ∀ T ∈ U
‖divΠ q‖0 ≤ D ‖div q‖0 , ∀q ∈ HT (div) , ∀ T ∈ U .

Then we have the following uniform discrete inf-sup stability
condition for the Petrov Galerkin mixed formulation :

inf
ξ∈VT , ‖ξ‖V = 1

sup
η∈V ?

T , ‖η‖V≤ 1
γ(ξ, η) ≥ β

Error estimate : there exists a constant C > 0 such that

‖ u − uT ‖0
+ ‖ p − pT ‖div ≤ C hT ‖ f ‖1

.
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Satisfy the sufficient stability conditions (coefficient C)

Divergence estimate

normalization condition

∫
a
ϕ?a • dγ = 1

then

∫
∂K

Πp • n ds =

∫
∂K

p • n ds

and

∫
K

div Πp dx =

∫
K

div p dx .

(div Πp, div p)
0,K

= div p

∫
K

div Πp dx

because div p is a constant on K .

Thus, (div Πp, div p)
0,K

= ‖ div p‖2
0,K

and C = 1 in the inequality
(div q , divΠ q ) ≥ C ‖div q‖2

0
, ∀q ∈ HT (div) , ∀ T ∈ U
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Satisfy the sufficient stability conditions (coefficient D)

Estimation of ‖ div Πp‖
0,K

for K ∈ T 2

p =
3∑

1=1

pK ,i ϕK ,i in K and div p =
3∑

1=1

pK ,i

thus ‖ div p‖2
0,K

=
1

|K |

( 3∑
1=1

pK ,i

)2

Πp =
3∑

1=1

pK ,i ϕ
?
K ,i in K and div Πp = δK (x)

3∑
1=1

pK ,i

‖ div Πp‖2
0,K

=

∫
K
δ2
K

( 3∑
1=1

pK ,i

)2
dx

‖ div Πp‖2
0,K

= |K |
(∫

K
δ2
K dx

)
‖ div p‖2

0,K
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Satisfy the sufficient stability conditions [D, (ii)]

Estimation of I ≡ |K |
(∫

K
δ2
K dx

)
with δK satisfying the condition

∫
K
δK (x) dx = 1 and∫

K
δK |x − A|2 dx = 0 for each vertex A of the triangle K .

After a formal calculus, I ≤ 8 . 35 . 23

5

( 1

tan θ∗

)4 ≡ ν

and ‖divΠ q‖0 ≤ D ‖div q‖0 with D =
√
ν .



Finite volumes Raviart-Thomas Butterfly new variant construction stability C D A B conclusion bonus

Satisfy the sufficient stability conditions (coefficient A)

Minoration of (q , Πq)

(q , Πq) =
∑

a, b∈T 1

qa qb (ϕa , ϕ
?
b)

=
∑
a∈T 1

q2
a (ϕa , ϕ

?
a) =

∑
K∈T 2

(q , Πq)
0K

with

(q , Πq)
0K
≡

∑
1≤i≤3

q2
K , j

(ϕ
K , j

, ϕ?
K , j

)

=
1

2

∑
1≤i≤3

cotan θj q
2
j

≥ 1

2
cotan θ?

∑
1≤i≤3

q2
j

(q , Πq)
0K
≥ 1

2
cotan θ?

∑
1≤i≤3

q2
j
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Satisfy the sufficient stability conditions [A, (ii)]

We majorate ‖ q ‖2
0K

by some constant multiplied by
∑

1≤i≤3

q2
j

‖ q ‖2
0K

=
∑

1≤i , j≤3

qi qj (ϕ
K , j

, ϕ
K , j

) ≤ 5

4 tan θ?

∑
1≤j≤3

q2
j

then

(q , Πq)
0K
≥ 1

2
cotan θ?

∑
1≤i≤3

q2
j

≥ 1

2
cotan θ?

4

5
tan θ? ‖ q ‖2

0K

and ( q , Π q ) ≥ A ‖q‖2
0 with A =

2

5
cotan θ? tan θ? .
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Satisfy the sufficient stability conditions (coefficient B)

Majoration of the L2 norm ‖Π q‖0

‖Πq ‖2
0

=
∑
K∈T 2

‖Πq ‖2
0K
≤ 3

∑
1≤j≤3

q2
K , j
‖ϕ?

K , j
‖2

0K

Dual basis function ϕ?
K , j

(x) =
1

det(dFK ,a)
dFK ,a • ∇̂ζK ,

Neumann problem −∆ζ
K

= δ̃K in K̂ ,
∂ζk
∂n

= g̃ on ∂K̂

solution ζ
K
∈ H2(K̂ ) such that ‖ζ

K
‖

2,K̂
≤C

K̂

(
‖δ̃K‖

0,K̂
+‖g̃‖

1/2, ∂K̂

)
‖δ̃K‖2

0,K̂
=

∫
K̂
δ̃K

2
dx̂ =

∫
K

(2|K |δK )2 dx̂

dx
dx = 2|K |

∫
K
δ2
Kdx ≤ 2 ν

‖∇̂ζ
K
‖

0,K̂
≤ C

K̂

(√
2 ν + ‖g̃‖

1/2, ∂K̂

)
‖ϕ?

K , j
‖2

0K
≤
( 1

2 |K |

)2 ( 8 |K |
sin θ?

)
‖∇̂ζ

K
‖2

0,K̂
(2 |K |)

‖ϕ?
K , j
‖

0K
≤ µ∗ ≡

2√
sin θ?

C
K̂

(√
2 ν + ‖g̃‖

1/2, ∂K̂

)
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Satisfy the sufficient stability conditions [B, (ii)]

‖Πq ‖2
0K
≤ 3

∑
1≤j≤3

q2
K , j
‖ϕ?

K , j
‖2

0K
≤ 3µ2

∗
∑

1≤j≤3

q2
K , j

We minorate ‖ q ‖2
0K

by some constant multiplied by
∑

1≤i≤3

q2
j

Local Raviart-Thomas mass matrix (Gram)
GK ≡

(
ϕ
K ,i

, ϕ
K ,j

)
1≤i , j≤3

for K ∈ T 2

Smallest eigenvalue of the Gram matrix

λ∗ ≥
tan2 θ∗

48
Final estimate

‖Πq ‖2
0K
≤ 3µ∗

∑
1≤j≤3

q2
K , j

≤ 3µ2
∗

1

λ∗
‖ q ‖2

0K

and ‖Π q‖0 ≤ B ‖q‖0 with B =
12 µ∗
tan θ∗

. ouf !

Presented by Charles Pierre at the 8th conference
“Finite Volumes for Complex Applications” (Lille, June 2017)
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Conclusion 39

• Reformulation of finite volumes for Poisson equation
with mixed finite elements of Petrov-Galerkin type

• Explicitation of dual test functions
of the low degree Raviart-Thomas finite element

• Specific constraints for the dual test functions enforce stability

• The convergence is established with the
usual methods of mixed finite elements

• Analysis for the Laplace equation is also a priori valid in 3D

• Extension to equations with tensorial coefficients...

• The stability of the “butterfly” scheme is still open...
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Thank you for your attention !
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Finite volumes for elliptic problems 41

Noh scheme
Convergence theorem of Coudière, Vila and Villedieu (1999)
The affine compatibility of the nodal interpolation

is an essential hyothesis

Other method: “footbridge” of Ghidaglia and Pascal (1999)
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Finite volumes for elliptic problems (ii)

Radical solution: Hermeline (2000), Domelevo and Omnes (2005)
modify the set of degrees of freedom!

Degrees of freedom: nodal values uS for S ∈ T 0

and volumic values uK for K ∈ T 2
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Finite volumes for elliptic problems (iii)

Petrov-Galerkin mixed formulation of Thomas and Trujillo (1994)

p = ∇u,
divp + f = 0,
u ∈ H1

0,
p ∈ H(div)∫

Ω
(p −∇u) • q dx = 0

for each vector field q constant in the Noh’s cell Va, a ∈ T 1∫
Ω

(divp + f ) v dx = 0

for any scalar field v constant in each “Inria cell”
around the vertices (E ∈ T 0)
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