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When | began my PhD in 1980, for me, most important algerian people
where footballers, a lot of them were playing in France
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Going every week at Ecole Polytechnique, | realised that Algeria had also
a good team of applied mathematicians, many them playing in France
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The only problem that | ever had with this distingiuished person is when
| wanted to send him an e-mail becasuse of the spelling of his first name

&

Abderramane Bendali
h

Finding the good solution needs several iterations, which is ok for a
numerical analyst). The main issue was to find where to put the £, a
a paradox for a numerical analyst
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Example : the lung

An application : propagation of acoustic waves in humans lungs
(to detect crackles).

- dyadic tree with 23 generations,
- over than 8 million slots,

- the geometry is «almost» self similar.

Molding obtained by Ewald R.Wiebel,
University of Berne, Switzerland

Can be modeled mathematically
as an infinite quasi-self similar tree

B. Maury, D. Salort, C. Vannier, Trace theorems for trees, applications for the human lung,
Network and Heterogeneous Media 1 (3), 469-500 (2009)
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Wave propagation in a tree

Goal : study the propagation of acoustic waves in a network of thin
slots and particularly in infinite trees (seen as a limit case of a very
large number of slots)
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By a tree, we mean a graph with the additional notion of
branches and successive generations

— natural numbering of edges with two indices ¢ = (n, j)



Wave propagation in a tree

Notation : S denotes a generalized abcissa along the tree

w: T —> RT ,LL(S) — My along the edge n° 7

107U — Os( 1 Osu) = 0

| D wave equations + Continuity + Kirchoff conditions

Ug — Uy, \V/(Z,])EBg Z:uzaszuzzo
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This model is justified by an asymptotic analysis of the 3D
acoustic wave equation in a thin network (§ — 0) with
homogeneous Neumann boundary conditions ~8 1

7

: : : 2
The transverse cross section of the thin slot Ff is /1 0°.
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A complex phenomenon : reflections up to infinity

Solution computer with many
generations and brute force Zoom with amplified color scale
(one week of computation)




Major difficulty : Treat numerically the fact that the tree is infinite

can be done under the assumption
that after a certain generation, all
the subtrees are self-similar
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Transparent DtN o
conditions at nodes e

Ostt =
Main questions

How to characterize and compute How to discretize and implement
the operators 7', ? them (in time) ?

Similar questions were adressed in the following article, as a part of a
series of works devoted to elliptic boundary value problems in fractal domains

TQU

Y. Achdou, C, Sabot, N. Tchou, Diffusion and propagation problems in some ramified
> domains with a fractal boundary, ESAIM : M2AN 40(4), 623-652 (2006)




A self-similar p-adyc tree

> :a root segment of length / The tree is
| bounded

p strictly contractant direct /

similitudes s; of ratio a; <1 | Example with p = 2
and 1 — (9

The branches of the tree are ' — \
Y V2

€01 = 2

ek = Sk(€o1), 1<k<p

entlp(i—1)+k = Sk(€ny), 1<j<p", 1<k<p

Self-similarity of the coefficients : 3 (v1,--- ,v,) > 0 such that

M(Sk(en,j)) = vk - p(en,j)

Example :the human lung p =2, o] =a9 ~0.85, v = Oz%




The reference DtN operator

107U, — Os(pOstuy,) =0 alongT,  u,(0,t) = (1)

+ some condition (Cy) at infinity (to be made precise)

The Dirichlet-to-Neumann operator : Ap(t) := agugp((), t)

Reference tree — (Co)




The reference DtN operator

107U, — Os(pOstuy,) =0 alongT,  u,(0,t) = (1)

+ some condition (Cy) at infinity (to be made precise)

The Dirichlet-to-Neumann operator : Ap(t) := 05, (0, 1)

It is a convolution operator characterized by its Fourier Laplace symbo

F:ot) — ¢w), weCh FAp)(w)=AWw)epw)
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The reference DtN operator

107U, — Os(pOstuy,) =0 alongT,  u,(0,t) = (1)

+ some condition (Cy) at infinity (to be made precise)

The Dirichlet-to-Neumann operator : Ap(t) := agugp((), t)

It is a convolution operator characterized by its Fourier Laplace symbo

Fiolt) — o), weC" F(Ap)w) = Alw)pw)

Os(ppOsu) +pw?u=0 aong7, u(0,w)=1

+ some condition (C,) at infinity (to be made precise)

A(w) = 0su(0,w) symbolic notation : A = A(0;)




Scaling of the DtN operator

107U, — Os(pOstuy,) =0 alongT,  u,(0,t) = (1)

+ some condition (Cy) at infinity (to be made precise)

The Dirichlet-to-Neumann operator : Ap(t) := agugp((), t)
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The transparent boundary condition

107U, — Os(pOstuy,) =0 alongT,  u,(0,t) = (1)

+ some condition (Cy) at infinity (to be made precise)

The Dirichlet-to-Neumann operator : Ap(t) := agugp((), t)

end point of the cut tree (u1,T1)
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The reference DtN operator

107U, — Os(pOstuy,) =0 alongT,  u,(0,t) = (1)

The Dirichlet-to-Neumann operator : Ap(t) := 05, (0, 1)

It is a convolution operator characterized by its Fourier Laplace symbo

F:ot) — ¢w), weCh FAp)(w)=AWw)epw)

as(uﬁ’su)+ﬂw2u20 along7, u(0,w)=1

+ some condition (Cy,) at infinity (to be made precise)

A(w) = 95u(0,w) symbolic notation : A = A(0;)




Weighted Sobolev spaces in p-adyc s.s. trees

mn

p

Notation : / wfds := S:Sj ,un,j/ fds
’7' .

n>0 j=1 €n,;
Weighted broken H'- norm : ||u”i1;g = [r u!é’sU\stJr[r 1 |ul? ds
Associated Sobolev spaces
H,(T)={velT)/ HvHiIL < o0} (for Neumann)
H,(T)

(for Dirichlet)

H}L,O (T) — H,zlj,,c(T)

where I‘I1 C(T) — {V - Hi(T) such that 4 N / v =0 1n T\ TN}

1,



Dirichlet and Neumann Helhmoltz problems

Given w ¢ R, we define the Dirichlet and Neumann (at co) problems

(Po) Find u © Hi)o(T) / u(0) = 1, such that

/,uu'v’—wZ/,uuV:O, Vv eH, (T) such that v(0) = 0
T T

(Pr) Find u © Hi(T) / u(0) = 1, such that

/! 2 _ 1 —
[r,uuv — W [r,uuV—O, Vv eH,(T) such that v(0) =0

For each w ¢ R, (Pp) (resp. (Pn)) admits a unique solution denoted

up (w, +) (resp. Uy (w,-))

Definition:  Ap(w) := Osup(w,0)  An(w) := Osun(w,0)




Some mathematical analysis

(va~t) ::Z viog b > (va) ::Zmai ( max a; < 1)

1<:<p

L2(T)={v:(T) = C/ | ulo|* < +oc}

D lung




Some mathematical analysis

(va~t) ::Z viog b > (va) ::Zmai ( max a; < 1)

1<:<p

D lung




Some mathematical analysis

Definition : Ap(w) := Osup(w,0)  An(w) := Osun(w,0)

Theorem : fo(w) := w™'A,(w),a =0, n are Herglotz functions

f is a Herglotz function <= { is analytic from C, into C,

Imw Imw

Rew

T
Time domain version : / Aap(t) Orp(t) dt >0 VT >0,V ot
0




Some mathematical analysis

Definition : Ay(w) := Osup(w, 0)

An(w) := Osun(w, 0)

Theorem : fo(w) := w™ 'A (w),a =0, n are Herglotz functions

Theorem : (Py) and (P, ) are well-posed except for a sequence of real

frequencies + Wl € R}

* )

Wy — +00 and

T w'ﬁ & RT

BN

, Wy — +00

and

w — Up(w, ) and uy(w, ) are meromor

bhic, poles {-

- Wi} and {-

- )

Proof : spectral theory of self-adjoint operators with compact resolvent

Rew




Definition : Ay(w) := Osup(w, 0) An(w) = Osun(w, 0)

Theorem : fo(w) := w™ 'A (w),a =0, n are Herglotz functions

Theorem : (Py) and (P, ) are well-posed except for a sequence of real

frequencies + w? € RS, w? — +oo and +wj € Rf, wji — +00 and

* )

w — Up(w, ) and 1y (w, -) are meromorphic, poles {4 w?} and {£ w} }

How to compute
Corollary : Ag(w) = — w? g o o
w -

Aq(w) in practice ?
n=>0

One can make explicit  as an integral time convolution operator
t +-00 QQ

At = Aqu + K(0) 820 + / K(t— 1) Pu(r)dr  K(t):=Y

0

= CoS W n ()




Some mathematical analysis

Definition : Ay(w) := Osup(w, 0)

An(w) := Osun(w, 0)

Theorem : fo(w) := w™ 'A (w),a =0, n are Herglotz functions

Theorem : (Py) and (P, ) are well-posed except for a sequence of real

frequencies + Wl € R}

* )

Wy — +00 and

T w'ﬁ & RT

BN

, Wy — +00 and

w — Up(w, ) and uy(w, ) are meromor

bhic, poles {-

- w?}and {£ Wi}

+00
Corollary : Aq(w) = Aq — w? Z

n=0

2
a,mn

— w2
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How to compute
Aq(w) in practice ?

This is where we shall really exploit the self-similar nature of the tree




Scaling of the DtN operator

Oy, — Os(110suy) =0 alongT,  uu(0,t) = (1)

—+  some condition at infinity (to be made precise)

The Dirichlet-to-Neumann operator : Ap(t) := agugp((), t)
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A characterization of the function A (w)

Os(posu) +pw?u=0 T
{u(O,w) =
u'(0,w) = A(w)

Along the first branch :  92u +w? u =0

Aw)

W

—>  u(s,w) = cos(ws) + sin(w s) u'(1,w) = A(w) cos(w) — wsin(w)

Kirchhoff condition at point 1: u'(1,w) = Z Vi-

Scaling argument (previous slide) : DtN for 7; - = ozj_lA(ajw)-

A(w)

W

A(w) cos(w) — wsin(w) = Z Z—Z (cos(w) + Sin(w)) Aoy w)




A characterization of the function A (w)

Both functions A, (w)and A, (w)solve the quadratic functional equation

(E) A@)cos(w)— wsin(w) = ( ﬁA(aiw)

07

) (cos(w) A@) sin(w))

The frequency w = O plays a particular role : A = A(0) satisfies

A=wa ) (1+A)A = -

(A=A,:=0

A =Ay:=wa )" 1-(va ")) <0

(va™t) < 1




A characterization of the function A (w)

Both functions A, (w)and A, (w)solve the quadratic functional equation

Vi

—A(Oziw)) (cos(w)

07

(E) A(w)cos(w) — wsin(w) = (

The frequency w = O plays a particular role : A = A(0) satisfies

(A=A, =0 (<= uy(0)=1)

A={vaH(14+A)A =
(va=t)(1+A) LA = Ay = ra="1 (1 = (ra=1)) <0

Theorem: Ap(w) is the unique meromorphic function solution of (E) s. t.

Ao (O) — Aa
A (w) is the unique meromorphic function solution of (E) s. .

AL (0) = Ay




An algorithm for the computation of A (w)

(E) A(w)cos(w)— wsin(w)

(

ﬁA(aiw)) (Cos(w)  AW)

Setting f(w) := w ' A(w) and f y(w) = tan(w), (E) can be rewritten as :

_ (W) +fa(w)
f(w) - 1 b— fb(w) fN(w)

fp(w) = Z v; f(a;w)

(*) considering as an equation for A (w),assuming that the A(a;w)’s are known




An algorithm for the computation of A (w)

Setting f(w) := w ' A(w) and fy(w) = tan(w), (E) can be rewritten as :

_ B (W) +fy(w) D) =S U flaw
M) = Tt v ) = 2 viflowe)

Setting " = max «; < 1 and knowing f(w) in By = {|z| < 6} N C™ this allows to compute
f(w)in the larger domain (a™)~! By :

By induction, one can then determinate f(w)in all C*

The algorithm transmits (locally) the Herglotz property

One initiates by a Taylor expansion in B; for 6 small enough

Taylor expansion : Substituting A (w) = Z Asg,, w?™ in (E) allows to compute As,, by induction:

Aoy = gn(Ng, -+, Aop_2) with gn known explicitly

This is initiated with Ag = A, or Ag = A, which allows to distinct between Dirichlet and Neumann




p=2

()41:&2:0.4 M1:/L2:O.4

Neumann case

Modulus

Imaginary

part




p=2 ar=ay=04 pu; =pu =04
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Neumann case

8 -
6 -
o 10 -
2f 8
Modulus 0 6
2¢F 4
2
4t
0
6t -10
_8 5
-10 1 . i
-10 -5 0 5 10
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4
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Imaginary 0
part B
-4
-6

A(w) —iwsgn(Imw)| < C |w|* max (1

1 —2|Zm w|
» | Zm w|2) ¢




Discretization: convolution quadrature approach

The continuous Dirichlet problem : © = (1) - Uy i= Uy (S, 1)
107U, — Os(pdsuy,) =0 1, (0,t) = p(t) + (Cxo)
The semi-discrete Dirichlet problem : ™= {p"} - Uy = {up(s)}
un—l—l — 2" + un—l 1
= Atg — = 0s(n0sugp) =0 ug(0) = ¢" + (Coo)
nt o ultt 4+ 2ul ful !
with u, * = 1 (non-dissipative and unconditionally stable scheme)

The discrete DtN operator A~ : (AAtgp)n = Jsu’r(0)

T
Discrete positivity property / Aaip(t) Drp(t) dt > 0 zrete DtN condition
0

(A )nigoﬂ_gp 1At=12/N{ U’ _u¢2+a(u¢+ +u¢)z}m
2At 2 T At ’ 2
n=1 n=0




The convolution quadrature approach

Discrete symbol : .F(AAtgo) (w) = A (w) p(w) (discrete Fourier)

1+ 2

AAt(w) = A (Ait (1 — Z)) y = WAt shift operator

W & C_I_ < |Z| <1 <= Azt(ij_tz) - (C—I_ (unconditional stablility)

n

AAt(w) _ Z)‘m(At) JPULRN (AAtgp)n _ Z)\q(At) gpn_q

q=0

Convolution weights : (z =p 6@’9’ p <1 = Fourier seriesin 0)

— 27 : :
p " i /11— pett . Fourier coefficients
m — imb 10
Vo<l A (At) 27 /O A (At (1 + petd )> © FFT algorithm




The convolution quadrature approach

Recap : transparent DtN operator at each end point ¢

N
‘O
*
’0
*

*
‘0

Q
T=pg" Y 1ghg(@)  Agw) =0 A(fyw) 0 ——="
q=1

0‘.
0‘ .
*

.0
*
’0
*

The fully discrete truncated tree problem:

n—l—l n n—1
/ Up ' — 2Uy + Uy
Te

INE vh+/ posuy Osvy  «—— explicit
T

C

implicit > T Z (TAt Uh)n’% vp =0,
ec&

1 Q 1
(Taew)™* = pgt Y (g Ag™u)™ ™ ABE = g1 ABY | At, = At/




Numerical simulations

Neumann case




Numerical simulations

Reference solution : computed with brute force (one week of computation)

Approximate solution : computed with At = 0.04 (Tinin = 0.1)

1 \
H
0.8 |-
0.6 || I — . .
'l | This part of the signals contains
| '; reflections from nodes which are
0.4 . |not in the computational domain |
0.2 |1 i
o\ i\ |
—0.2| \ \ \ |
0 1 2 3

The convolution quadrature approach




Numerical simulations

Reference solution : computed with brute force (one week of computation)

Approximate solution : computed with At = 0.01 (Tinin =~ 0.1)

1 |

0.8 | N

0.6 | . . _ N
This part of the signals contains
reflections from nodes which are

0.4 1 not in the truncated domain

0.2|| :

—0.2 | | | | | | | | | |
0 1 2 3 4 5} §) 7 8 9 10

The convolution quadrature approach




