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Context

H-Matrix

Boundary Element Method

o Consider the mesh only on the boundary

@ drawback : full matrices (N? coeff.).

@ Compression techniques applied to this full matrix
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H-Matrix

Context

Boundary Element Method
o Consider the mesh only on the boundary
@ drawback : full matrices (N? coeff.).

@ Compression techniques applied to this full matrix

Finite Element Method
@ usual method, sparse matrices (O(N) coefficients for
N unknowns).

o disadvantages : volumic mesh, infinite boundary
conditions
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H-Matrix

Context

Boundary Element Method
o Consider the mesh only on the boundary
@ drawback : full matrices (N? coeff.).

@ Compression techniques applied to this full matrix

Finite Element Method
@ usual method, sparse matrices (O(N) coefficients for
N unknowns).

o disadvantages : volumic mesh, infinite boundary
conditions

Works in the context of collaborations with
e G2ELab and LAPLACE/GREMS3 for low frequency problem
o LAAS-CNRS and IMT for PCF problem e
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H-Matrix

Low rank approximation

Ex. Electrostatic. Unknown == surface charges on conductors. Matrix coefficient

for 2 packs of N remote charges :

1

Iri =5l

ij
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H-Matrix

Low rank approximation

Ex. Electrostatic. Unknown & surface charges on conductors. Matrix coefficient
for 2 packs of N remote charges :

1
[ri —r;ll°

Aij =

[ ]
Bloc interactions : N2 coefficients.

N
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H-Matrix

Low rank approximation

Ex. Electrostatic. Unknown =& surface charges on conductors. Matrix coefficient
for 2 packs of N remote charges :

Y
Y e =l
[ ] [ ]
., IR/ —Ry|| .,
o o o o
[ ] [ )
[ ] [ ]
Bloc interactions : N? coefficients. Aij~ (IR —Ry[[)™".
N k N
P
N low rank Approx.
A~ UVT
k< N
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H-Matrix

Low rank approximation

Ex. Electrostatic. Unknown =~ surface charges on conductors. Matrix coefficient
for 2 packs of N remote charges :

A 1
Y =yl
[ ) [ )
.. IR, —Ry|| .,
o o o o
[ ] [ ]
[ ) [ ]

‘ full matrix ‘ low rank approx.
storage N2 2kN
matrix-vector product | O(N?) O(kN)
Very interesting if k << N.
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H-Matrix

Compression Methods

e Adaptive Cross-Approximation (ACA)
o lterative Method
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H-Matrix

Compression Methods

e Adaptive Cross-Approximation (ACA)
o lterative Method
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H-Matrix

Compression Methods

e Adaptive Cross-Approximation (ACA)

o lterative Method
e Only a few row and column computed

Q

First pivot

[} = = = = Q@
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H-Matrix

Compression Methods

e Adaptive Cross-Approximation (ACA)

e lterative Method
e Only a few row and column computed

Q

Second pivot

o 5 = = =
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H-Matrix

Compression Methods

e Adaptive Cross-Approximation (ACA)

e lterative Method
e Only a few row and column computed

. % “‘ o
A

[} = = = = Q@
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H-Matrix

Compression Methods

e Adaptive Cross-Approximation (ACA)
o lterative Method

e Only a few row and column computed

e Error estimated at each iteration (£aca)

I

pivot number k
JA— UVH]le < enen
VH
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H-Matrix

Compression Methods

e Adaptive Cross-Approximation (ACA)
Iterative Method

Only a few row and column computed
Error estimated at each iteration (€aca)
Give an r-matrice

. L

pivot number k
A= UVHle < enen

VH

o 5 = E A
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H-Matrix

Compression Methods

e Adaptive Cross-Approximation (ACA)
Iterative Method

Only a few row and column computed
Error estimated at each iteration (€aca)
Give an ri-matrice

I

pivot number k
JA— UVH]le < enen

A U vH

e Fast Multipole Method (FMM)
@ Hybrid Cross-Approximation (HCA)

o F = = E DA
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H-Matrix

Clustering

Example : clustering of a metallic cylinder (2D) as
o Number of DOF : N =32 ;

o Max number of DOF by cluster : npa = 5.
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H-Matrix

Clustering

Example : clustering of a metallic cylinder (2D) as

o Number of DOF : N =32 ;
@ Max number of DOF by cluster : npa.x = 5.
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H-Matrix

Clustering

Example : clustering of a metallic cylinder (2D) as

o Number of DOF : N =32 ;
@ Max number of DOF by cluster : npa.x = 5.

o & = = = 9vQQ
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H-Matrix

Clustering

Example : clustering of a metallic cylinder (2D) as

o Number of DOF : N =32 ;
@ Max number of DOF by cluster : npa.x = 5.

2.0' f '0.4
° °
° °
° °
° °
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Enl N S W E—
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H-Matrix

Clustering

Example : clustering of a metallic cylinder (2D) as

@ Number of DOF : N =32 ;
@ Max number of DOF by cluster : npa.x = 5.
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H-Matrix

Coarsening
16 3
13
Matrix before and after Coarsening
Advantages

o Total storage lowered
@ Structure simplified

e Computation times enhanced
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H-Matrix

Hierarchical preconditionner or direct solver

LU decomposition with a hierarchical matrix

@ Redefine each algebraic operation (+,*,inv) with accuracy ¢, for the low
rank blocs

@ H-LU decomposition is the LU algorithm for this arithmetics

B 9 B
+ [ [ H
= b it

= = E

H-LU decomposition: = LU with accuracy €,y
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H-Matrix

Electrostatic and magnetostatic problems (with O.
Chadebec and J. Siau)

1 1
Gij = E/Q/Q%‘(r)HrT

[} = = = = Q@
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ACA and FMM

Electrostatic without preconditionner

Hamatrix | Solver
0 Assembly

Temps en secondes
Time in seconds.

1
6198 12138 33806 61842 130074 6198 12138 33806 61842 130074
Number of Elements. Nunber of Elements.

Figure : Comparison HCA/FMM

@ ACA Assembly is slower than FMM.

@ but solution is faster




H-Matrix

Coarsening result on a magnetostatic example

Table : Computing times, Storage and error without coarsening

NbDof Assemb. Storage (kb/ddl) Erreur

3846 12 mn 15.4 1.53%
12938 2 h 24.3 0.85%
48154 15 h 37.6 0.37%

Table : Computing times, Storage and error with coarsening

NbDof  Assemb. Storage (kb/ddl)  Erreur

3846 16 mn 7 1.66%
12938 2 h 45 10.3 0.27%
48154 20 h 14.9 0.45%

comments
@ Compression higher

@ Slow increase of Assembly
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Scattering problem and RCS

@ Frequency f = 300 MHz
o discretisation h < %

Emission / Reception

Emission Reception
ENE! E. E,
monostatic Radar Bistatic Radar
@ bistatique RCS : 1 RHS
@ monistatic RHS : multiple RHS

(LAPLACE, INP-ENSEEIHT)
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Scattering problem and RCS

V x E — jiwpuH = 0 dans Q

V x H+ iweE = 0 dans Q
Exn=0 sur

V-E=0 V-H=0 dansQ

Jim x| { VAH() x 7 — VEE(x)} =0

E)=v, [ rvr 000 ey W TRy
() =V [ Ve A g0+ [ 5 ()

47R
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LU - MRHS

Hierarchical preconditionner and direct solver

Metallic sphere monostatic RCS

multiple RHS -p = 360

@ Frequency: f =300 MHz ;

@ Compression :(gxca = 107%)

0 g =107

GMRES GMRES précond. H-LU
1071 10-3
coarsening (Eprec. (S) 1] 36,152 71,884 0
H-LU decomposition (s) 0 124,800 852,980 1622,080
GMRES (s) 109 164,62 16 370,384 1394,260 0
solving H-LU (s) 0 0 1] 226,808
Temps total (s) 109164,62 16532,192 2320,428 2048,888
total iterations 241630 17993 720 0
memory cost (Mo) 854,912 1036,7 14225 879,25
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LU - MRHS

Hierarchical preconditionner and direct solver

Metallic sphere monostatic RCS
multiple RHS -p = 360

o Frequency: f =300 MHz ;

@ Compression :(gxca = 107%)

@ Ers = 10~4
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LU - MRHS

Hierarchical preconditionner and direct solver

Metallic sphere monostatic RCS
multiple RHS -

o Frequency: f =300 MHz ;

@ Compression :(gxca = 107%)

@ Ers = 10~4
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LU - MRHS

Hierarchical preconditionner and direct solver

Metallic sphere monostatic RCS

multiple RHS -p = 360

@ Frequency: f =300 MHz ;

@ Compression :(gxca = 107%)

0 g =107

GMRES GMRES précond. H-LU
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total iterations 241630 17993 720 0
memory cost (Mo) 1422,5

(LAPLACE, INP-ENSEEIHT) H-matrices for the BEM in electromagnetism

December 13, 2017

13 / 25



LU - MRHS

Hierarchical preconditionner and direct solver

Metallic sphere monostatic RCS

multiple RHS -p = 360

@ Frequency: f =300 MHz ;

@ Compression :(gxca = 107%)

® g = 1074

GMRES GMRES précond. H-LU
1071 10-3
coarsening (Eprec. (S) 1] 36,152 71,884 0
H-LU decomposition (s) 0 124,800 852,980 1622,080
GMRES (s) 109 164,62 16 370,384 1394,260 0
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Photonic crystal fiber

TTIL RSMOSG : LAPLACE/LAAS/IMT

@ Optical fiber consisting of a cladding and C cores
@ Study of the propagation of light in the fiber

Purpose: To find the refractive index nes characterizing the fiber

(LAPLACE, INP-ENSEEIHT)

Figure : Example of a fiber with 121 cores

[m]
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Photonic crystal fiber

The transmission problem

E=E;,and H=/=H, k = 27’;, k = kon and 8 = kones..

(A+ (K- BY)E(x) =0 y Yo
- ) _O}V eiL:JOQ,

M
{ Neff. aE}[ 1 6‘H] 0 inr:gr"

2_ 2 2 _ 2
n ngg OT n nge Ov

{ Neff. 3H}+[ n? 8E] 0

2_ 2 2 _ 2
n ng OT n nge Ov

@ Helmholtz equation on E and H,

@ Transmission condition on E, H and derivative.
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Photonic crystal fiber

BEM for PCF (with P. Daquin, J. Vincent)

@ Boundary conditions : [X] = X. — X;

Neff 1
[nzza‘fE] = {2231»"’}
r r

= Mefr n= = Neg

2
Neff n
——0;H =—|——90,E
[”2 — Mg }r [”2 — %y ]r
E, 0,;E, 0,.E, H, 0,;H, 0,.H, 9-E and 0,H are the initial unknowns J
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The operators

Photonic crystal fiber

@ Inside

(Id - J,) 8,/,'U = —VV,'U
@ Outside

(Id + J) Opeu = Weu
u=EorH
T is the tangential derivative operator
1
nI2 Netr ng

1 1
2 2 nzfr:| neffTE: n2
€
{ 1

—0,iH
1

2 2

Ny — Nggr

i Ner

1
n2 — n2 :| I'IeﬁrTH =
e eff
(LAPLACE, INP-ENSEEIHT)

—yeH
Mg — Negr
1

3)
1
—OyeE — ——0,iE
NMe — NMegr A - ngff
H-matrices for the BEM in electromagnetism
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Photonic crystal fiber

The involved problem

After discretization we can build the following 6 unknowns system

Wi Id — Ji 0 0 0 0 E
We 0 —(Id + Je) 0 0 0 OyiE
0 wo gl (P om)T o 0 et
0 Wi Id — Ji 0 H
0 0 0 We 0 —(id+Je) | |5y
(‘:’Ezi n:’ff,:? ) T 0 0 0 n2 —lni ld — nZ—n Id veH
eff & eff < eff & eff
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Photonic crystal fiber

The involved problem

After discretization we can build the following 6 unknowns system

0 E
We 0 0 OuE
0 - id 0 dveE
< eff
0 0 0 0 .
0 0 0 We 0 ~(d+Je)| |57y
(n;"f'fygﬂ, - n;"f'fyg,,,) T 0 0 0 ﬁ/d s veH

fr

Reduction to a 4 unknowns problem with

n2 ng €i e
(né_gner'r’ Id) Ove = (ng‘_ner’f Id) OviE = ((”én_f’r’ B ”gn_f'r’eff) T) H

eff

1 — 1 Neff Neff
(W_n /d) ByeH = (—2—_ /d) ByiH + ((—r_ — e ) T)E
-4 eff c eff & eff & eff
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Photonic crystal fiber

The 4 unknowns problem

o "z - "eﬂ Nefr n—niy E
We R (ld+J) L (14 25— ) (Id + Je) T 0

Wi 1 J; 0 0 N el
et (1+ = eff)(/dH)T 0 W, ~ 5= (1d + Je) r

0 0 w, Id— Ji OuiH

December 13, 2017 19 / 25
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Photonic crystal fiber

The 4 unknowns problem

iy Ner n—riy E
We bt (ld 4 Jo) P (14 5=t ) (Id + Jo) T 0
e ni =Ny e ;= Mg 0,E
Wi Id~ J; 0 0 B IRt
ner (1+ 5= ) (1d + J) T 0 W. ~ B (1d + J,) H
0 w; Id —J; OyiH

Non linear problem
The is solving by seeking the zeros of f define by:
1
flne) = grF-16

where W and ¢ are two random vectors.
nesr. solution of the problem leads to ||F~1|| — +oo.
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Photonic crystal fiber

The algebraic problem

Fu=9o

We K. KeT

W | Ki

aK.T We pBKe
W  Ki

(LAPLACE, INP-ENSEEIHT) H-matrices for the BEM in electromagnetism
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Photonic crystal fiber

The algebraic problem

Fu=9o

We Ko KT F sparse matrix of size (4NC)? with
W, | K @ 6 blocs 0
@ 4 sparse blocs : diagonal blocs
full bl
aK.T W, BK. @ 6 full blocs
W,  Ki
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Photonic crystal fiber

The algebraic problem

Fu=9¢ (5)

We. K. K

¢ ° T F sparse matrix of size (4NC)? with

W, | K @ 6 blocs 0
@ 4 sparse blocs : diagonal blocs

full bl

aK. T W. BK. @ 6 full blocs
— Compress the full blocs with ACA
W, K — Apply H-matrices strategy to the full matrix
1 1
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Photonic crystal fiber

Assembling Time

Assembly time of the matrix F for a fiber with 121 cores with or without
compression as a function of the size Ng = 4NC of the problem

@ Compression : ACA (gxcn = 1075).

102 [

Time [s]

| |
10*® 10* 10%?

NEe
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Photonic crystal fiber

Assembling Time

Assembly time of the matrix F for a fiber with 121 cores with or without
compression as a function of the size Ng = 4NC of the problem

@ Compression : ACA (gxcn = 1075).

102 [

Time [s]

| |
10*® 10* 10%?

NEe

Improved assembly time by applying hierarchical format
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Photonic crystal fiber
Direct Solver H—LU / GMRES
the GMRES solver has very slow convergence

Table : Number of iterations for the GMRES solver

Eewres | 1452 ddl | 2420 ddl | 4840 ddI
103 1347 1822 4789
1074 1354 1838 4798
105 1361 1850 4801
1070 1369 1863 4840
(LAPLACE, INP—ENSEEIHT) H-matrices for the BEM in electromagnetism December 13, 2017

22 /25



Table : Number of iterations for the GMRES solver

Photonic crystal fiber

Direct Solver H—LU / GMRES

Eowres | 1452 ddl | 2420 ddl | 4840 ddl
10°3 1347 1822 4789
10~* 1354 1838 4798
107° 1361 1850 4801
10°° 1369 1863 4840

H—LU solver needs more accuracy than in the conventional cases

Table : Relative error ||x — Xer || /|| Xrer ||

(LAPLACE, INP-ENSEEIHT)

Erés. OF €1y H-LU GMRES
103 1.42 1.81107°
104 2.94 2.3910°°
10~° 6.311072 | 2.97 10°8
10~° 4251031682109
107 23910°% | 1251079
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Table : Number of iterations for the GMRES solver

Photonic crystal fiber

Direct Solver H—LU / GMRES

Eowres | 1452 ddl | 2420 ddl | 4840 ddl
1073 1347 1822 4789
10-4 1354 1838 4798
107° 1361 1850 4801
10°° 1369 1863 4840

H—LU solver needs more accuracy than in the conventional cases

Table : Relative error ||x — Xer || /|| Xrer ||

(LAPLACE, INP-ENSEEIHT)

Erés. OF €1y H-LU GMRES
103 1.42 1.81107°
104 2.94 2.3910°°
10~° 6.3110°2 | 2.97 108
10~° 4251031682109
107 2391071251079

H-matrices for the BEM in electromagnetism

December 13, 2017

22 /25



Photonic crystal fiber

GMRES with H-LU preconditionning

To solve the previous difficulties it is convenient to use an iterative solution with
‘H-LU preconditionning

Table : Number of iterations for a 4840 unknowns case with egures =107°

€,y | without coarsening | with coarsening
1072 4546 4133
1073 2634 2166
10* 1569 1228
10-° 622 271
10°° 92 38

(LAPLACE, INP-ENSEEIHT) H-matrices for the BEM in electromagnetism December 13, 2017 23 /25



Photonic crystal fiber

GMRES with H-LU preconditionning

To solve the previous difficulties it is convenient to use an iterative solution with

‘H-LU preconditionning

Table : Number of iterations for a 4840 unknowns case with egures =107°

€,y | without coarsening | with coarsening
1072 4546 4133
1073 2634 2166
10* 1569 1228
10-° 622 271
10°° 92 38

The value of £,, has to be lower that the desired accuracy to be efficicient and the

coarsening is very efficient for accurate values

(LAPLACE, INP-ENSEEIHT)
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Photonic crystal fiber

Computation Times

Assembly time of the matrix F for a fiber with num 121 cores with or
without compression as a function of the size Ng = 4NC of the problem
e Compression : ACA (gxcn = 107°)
e preconditioned GMRES (gqures = €0 = 107°)
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Improved solution time by applying hierarchical format
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Photonic crystal fiber

Conclusion and futur prospects

@ Wave problems and low frequency application
o Very efficient for the low frequency applications
e Implemented on the improved G2ELab code
e Good results but that need to be improved for the high frequency case

e study of the H2-Matrix format
e PCF

e Code and tools not very optimized
e Currently in progress

scaling of the coefficients

smart pivoting of the blocks

parallelization and improvment of the code
improve the non linear solver
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