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What's this talk about?

Time domain BEM for wave scattering off a knife's blade (screen
problems).

convergence rates - theory and numerical experiments
(in DOF on a 2d screen)

0.5: h-version, uniform

0.77: h-version, adaptive

1.0: p-version, uniform

£/2: h-version, [-graded, /5 € [1, 3)
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3d wave equation

u = u(t,z) sound pressure
Ru—Au=0 inR xR\ Q
u= 0 fort<O0.
Simple: boundary conditions u = f on I' = 02.

Realistic: acoustic boundary conditions 0,u — adyu = f on I' = 0€).

Some motivations for space or space-time refinements + adaptivity:
e Edge/corner/geometric singularities.

@ Sharp travelling wave crests.

Variable At: Sauter-Veit, Veit-Merta-Zapletal-Lukas, Sauter-Schanz, . ..
Variable Az: Abboud
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Screen problems: static graded meshes

Q¢ =R3\ ([-1,1]* x {0}), Vé(z) = sin(z)® on [-1,1]* x {0}.

—0.703...

. 1
solution near corner r , near edge r™ 2
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Contents

u: Ry x Q, — R sound pressure
Fu—Au=0 inR xQ, Q=RN\Q
u= 0 fort<O0.
o TDBEM: basics

@ Screen problems:
singular expansions / graded meshes for edges and corners / tires

@ Space adaptivity / towards space-time adaptivity
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BEM for the wave equation

u: Ry x Q, — R sound pressure
Ofu—Au= 0 inR;xQ°
u= 0 fort<O0.

simple: Dirichlet boundary conditions v = f on I' = 0€:
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BEM for the wave equation

u: Ry x Q, — R sound pressure
Ofu—Au= 0 inR;xQ°
u= 0 fort<O0.

simple: Dirichlet boundary conditions v = f on I' = 0€:

~ flt,z) = Vo(t,x) = /¢ 47T|$‘fy_|y‘> ds,
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Function spaces: space-time Sobolev spaces

<b \w—yl

space—time anisotropic Sobolev spaces H"(R™, H*(T")), o > 0:
HI(R*, H*(R?)) defined using Fourier—Laplace transform

{0 supp ¥ CRY X B2, [0 do foa deluol (o + [€12)° | Fw, €) < oo}
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Function spaces: space-time Sobolev spaces
_ _ [ oyt — |z —yl)
f=Vo(t,x) —/FW dsy

space—time anisotropic Sobolev spaces H.(R*, H*(T)), o > 0:
H!(R*, H*(R?)) defined using Fourier—Laplace transform

[ supp & CRY X B2, [y o fga dEll? (o] +€12)° Fp(o, )2 < oo}

Space-time variational formulation of Dirichlet problem:
Find ¢ € HL(R*, H~2(I')) such that V¢) € HL(RT, H2(I)):

(Vo) = (Oufo ), () = /0 /F T, dt

The solution ¢ exists for f € H2(RT, Hz ().
Key: V0 coercive with loss (Bamberger — Ha Duong '86)
1012 s 1 2 (V06 8) 2 812 _y
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Discretization

I = UM T; (quasi-uniform) triangulation

VP piecewise polynomial functions of degree p on I' = U, T;
(continuous if p > 1)

[0,T) = UE_ [tn_1,tn), tn = n(At)

V3, piecewise polynomial functions of degree ¢ in time (continuous
and vanishing at t =0 if ¢ > 1)

tensor products in space-time: V"1, =V @ V],
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Discretization

° V,f’ piecewise polynomial functions of degree p on I' = Ui]\ilFi
(continuous if p > 1)
° VAqt piecewise polynomial functions of degree ¢ in time (continuous

and vanishing at t =0 if ¢ > 1)
P.q

e tensor products in space-time: V"1, = VP @ V],
Time domain BEM: Find ¢y a; € V,f”ﬁt such that Vi, A¢ € V}f’gt:
(VOrpn.ats Vnat) = (Ocf, nat)

Sparse matrix, almost block lower triangular (causality).
Solve by time stepping scheme (HG — Stark '16).

—t—>

T v’ v'io o c f, T

) v'|Vv° v' o Cy f,

m j— tm
vz V' v y! C3 f,
TARTSIRVARTY A f,
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Screen problems: Edge and corner singularities

Qc=R3\ ([-1,1)% x {0}), Vo(t,z) = s11f1(11t)5 on [-1,1]% x {0}.

solution near corner 0703 near edge r~
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Screen problems: edge and corner singularities

Helmholtz: (Kondratiev, Dauge, ...)
Solution behaves like

o 7771 near corner, ¥=0.29 for square screen

1
@ r~ 2 near edge.

von Petersdorff '89, +Stephan '90: precise tensor product decomposition,
BEM on graded meshes
—> optimal approximation on graded meshes.
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Ernst P. Stephan (Leibniz University Hannove

Screen problems: edge and corner singularities

Theorem (7’7*1 in corner, =7 at edges, coeffs depend on w)
Let Vb, = f., € H*(T). Then

Yo = Y0 + X (1)1 00 (8) + X (0)b1(r)r ™ (sin(6))
T xw(g — )by (r)r(cos(8)) "

where 1), € HI_E(F), a,(0) € HI_E[O 2]y biw = CiwrY + di (7).

)
r_%di,w(r) € HY(R1), r_%di,w(r) € Ly(R1), ¢ €R.
(r,8) polar coordinates around (0,0), Xu, Xw € CS°, =1 near 0.

~ eigenvalue: v ~ 0.2966 for square
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Screen problems: edge and corner singularities

Previous work on wave equation:

@ Plamenevskii et al. since '99:
singular expansions near corners and edges of polygon

@ Miiller — Schwab '15: 2d FEM on graded meshes

Theorem

a) Decomposition of solution in singular / regular parts with same singular
exponents vy — 1, —% as in elliptic case.

b) Error of best approximation in HO(R*, H~2(T)) = O(hmin{g’%}_a).
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Screen problems: edge and corner singularities

Theorem

a) Decomposition of solution in singular / regular parts with same singular
exponents v — 1, —% as in elliptic case.

b) Error of best approximation in Hg(R*,H_%(I‘)) = O(hmi“{g’%}_a).

IR
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A priori estimate for Dirichlet, b(¢, 1)) = (Vé,¥) = (f, V)

Theorem 2 (a priori estimate)

1,—1 . 1
If¢ € Hy *(R4,1): [|¢ — dnaclly §¢n£(1+5)|!¢—¢h,Azlll,,%-

1
2 h, At

Proof
pn,ar = Unadlg 12 S b(Snar— &, dnar— Unar) + b( — Y ar, dnar — Ynar)

b(pnar — ¢, dnar — Ynar) =0 Galerkin orthogonality
1o}
(& — Yn, A Gnar — Ynar) < ||V&(¢ = Yna)ll=1,+172 - 1 dnar — Ynadli,—1/2
N ||(/) —Ynaddli,—1/2 - NOnar — Ynadl,—1/2
S At”¢h ar = Ynadlo—17201¢ — Ynadl,—1/2
= |l = dnadlo,—1 S 16— Unadlo,—1/2 + [|én.ar = Ynarllo,-12

1
S (1 + At) 16 = Ynadly,—1
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Screen problems: Corner exponents for waves

Q° =R3\ ([-1,1)2 x {0}), V¢ =sin(t)° on [-1,1]?> x {0}, 0 < t < 1.

corner exponent: —0.78 ~ v —1 = —0.703 as in elliptic case

Plot: ¢(t,r) as function of r along z =y
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distance to (1,1); y=x
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Screen problems: Edge exponents for waves

Q¢ =R3\ ([-1,1]2 x {0}), V¢ = sin(t)® on

edge exponent: —0.49 ~ —3

L as in elliptic case

Plot: ¢(t,z,y = 0) as function of =

[-1,12 x {0}, 0 <t < 1,
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Screen problems: Convergence rates

Q° =R3\ ([-1,1)2 x {0}), V¢ =sin(t)° on [-1,1]?> x {0}, 0 < t < 1.

Convergence for fixed At = 0.01:

Energy norm? = (VO,(¢y, — @), ¢y, — ¢) ~ h? =~ DOF(I')~! (2-graded)
~ h =~ DOF(T)~Y/2 (uniform)

similar results for W and for Dirichlet-to-Neumann operator

10

—p— uniform
—%— -graded, =2
——O(DOF °%)

— — opon)

104 108 108 107
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Graded Meshes for Tyre (1)
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Graded Meshes for Tyre (2)

Amplification due to horn effect:

o
S,
T ~
; -
<
— At=0.04, graded
| —— At=0.01, graded
-1 | ——— At=0.005, uniform
151 At=0.005, graded
-20 2&0 4(‘)0 6(‘)0 8(‘)0 10‘00 12‘00 14‘00 1600 18‘00 20‘00

freq [Hz]

Grading with various At compared to uniform tire mesh.
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Graded Meshes for Tyre (3)

Left: As At — 0, difference between graded and uniform becomes larger.

|graded - uniform|

y

200 400 600 800 1000 1200 1400 1600 1800

freq [Hz]

2000

\gradedM‘ - graded M\

Right: Relative effect of grading increases

Effects mostly seen in resonances.
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— At=0.01, 0.005

—— At=0.04, 0.01
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freq [Hz]

for small time steps.
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Error Indicators

Theorem

Let ¢op At € HQ(RJF,H_%(F)) such that
R =20, [ — VOipnar € HI(RT, H () =

¢ — ¢h,At||(2)_; S ) max{At, ha} HR”(Q)717ti7ti XA
=% [tistiv1)
N

max{At, h}HRH(Z),1—5 Slle— ¢h,At”§7_%

The upper bound is independent of the approximation method: TDBEM,
convolution quadrature, no assumption on mesh.

The lower bound holds on quasi-uniform meshes.
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Error Indicators

Theorem

Let ¢y s € HOARY, H 2(T)) such that
R=0 f—Vohona € HHRT, H(T)) =

o — ¢h,AtH§7_% S max{At, ha} RIS 11,0, 1)xa
N
max{At, h}|R|3, . S ll¢ — ¢h,AtH§7,%

Residual error indicators (RB):

nQ(Aa Z) = Ina‘X{At7 hA} ||R||(2),1,[ti,ti+1)><A

- /t /A {At [0:V6(t,%) = 0:f(£,%)]” + ha[VeV(t,x) — Vrf(t,%)] 2}
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Proof of upper bound
b(p,) =[5 e 2" [ Vo(t,x)(t, x) dTdt
I — ¢h,m|’a,%$
< /O Tt /F AT V() — dn.an) (6 — dn.a)
- / di &2 / 0T (F = Véna)(é — dna)
0 I

S HRHO,%I ¢ — wh,AtHO,—%,F :

@ interpolation inequality: ||R||(2) 10 S IR loarlRloor -
727

e residual orthogonal: R L ¢, A, in HY(R*, HO(T)) .
@ interpolation ~~ h, At
[Rlloor <inf||R — T/Jh,AtHLz([OjLLz(F)), Ynar € V;::Zt
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Adaptivity: Spherical Harmonic on the Uniform Sphere

f(t,x) =sin®(t)z2 on T' = {m,y,z | 22 + 92 4+ 2% = 1}, 0<t<2.5b.

Using a time step size At = 0.1, we look at RB and ZZ indicators on a

uniform series of meshes.

i —e— Energy
—8— U
107" —v— RB indic
—6—ZZ indic
5107
fin}
3
2 10°
w
107
10* 10°

DOF (space x time)

@ Indicators scale like actual error.

Efficiency Index

10* 10

DOF (space x time)
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A First Adaptive Method: Singular Geometry

@ Start with coarse space-time grid: (At); ~ (Ax); ~ hg VA;
@ Solve discretisation of V¢ = f.

© Compute time-integrated error indicator 1(4;)

Q > .nA)<e = STOP

Q 7(A) > Olimar = A = A4, (At); —» S

QO GOTO 2.
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Adaptivity: Wave Scattering on the Screen (1)

Vo =sin®(t)2? on T' = [-0.5,0.5)> x {z =0}, 0 <t < 2.5, At = 0.1.

Compare residual indicators, energy, and sound pressure for uniform /
adaptive mesh refinements.

07
06 3
—1t=1.0
05 25 .
2
04
15
03 =S
1
02
0.5
01 o
0 .

-0.5
-0.5

o

0.5

@ Uniform method: Density ¢ at ¢ = 1.0, 1.4
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Adaptivity: Wave Scattering on the Screen (2)
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Adaptivity: Wave Scattering on the Screen (3)

V¢ = sin®(t)x? on I' = [-0.5,0.5]2 x {z =0}, 0 < t < 2.5, At = 0.1.

Compare residual indicators, energy, and sound pressure for uniform /
adaptive mesh refinements.

E - unif = T ——u - uniform
1 E - adap 10 —— u — adaptive|
10 —IND - unif

—&—IND - adap

10° 10° ¢ 10° 10° 10* 10°

DOF (space x time) DOF (space x time)

e Convergence rate 0.5 (uniform), 0.77 adaptive
reproduces rates for time-independent BEM.
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Adaptivity: Wave Scattering on Triangular Screen (1)

V¢ = sin®(t) on I' = 30 — 60 — 90 Triangle, 0 < ¢ < 2.5.

Compare residual indicators, energy, and sound pressure for uniform /
adaptive mesh refinements.

—— E — unif
—8—E - adap
— RB - unif

—e—RB - adap||

2 3 4
0

DOF (space x time)

e Convergence rate 0.45 (uniform), 0.65 adaptive.
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Adaptivity: Wave Scattering on Triangular Screen (2)
V¢ = sin®(t) on T' = 30 — 60 — 90 Triangle, 0 < t < 2.5.

1 1 A
1 0.9 4 09
08 35 08 | X
0.8 v
07, N o7 7
06 \ 05| V4
L los 25 s
~05 ~05 >
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s 04 04 )
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03 03 XN
1 )
s oz 02 N/\R
01 0.5 o1 v 2
PPV Y
0 02 0 02 04 06 0
x x

05"
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Adaptivity on Screens

V¢ = F on I' = Polygonal Screen, 0 < t < 2.5.

— T T T T

0.75f

—&— Uniform
—©— Adaptive

o
3

o o
o 9 o
(528 (2} (52

Convergence Rate

o
3

0.6 0.8 1.4 1.6

o
IS
o

1 1.2
Sharpest Angle

Convergence rate dominated by edge singularity.
Apparent rate decay for small angles due to preasymptotic regime?
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p-version TDBEM

Energy (t)

0.03 T

0.025

0.02

0.015

Energy

0.01

0.005

0 0.5 1 1.5 2 25
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p-version TDBEM

107

|E-E,|

107k,
10° 10

Convergence rate = 1, twice the rate of h-version.
Expected from a priori analysis: Error of best approximation < %
~p
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Work in Progress

p-version and hp-graded meshes:

4
Il)

0.25

Space-time adaptivity:

N

(b) mesh 4 (c) mesh 7 (d) mesh 10 (e) mesh 13

() mesh 1

In 2d: picture by Glaefke
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Conclusions

Analysis & numerics: convergence rates for screen problems
(in DOF on a 2d screen)

0.5: h-version, uniform

0.77: h-version, adaptive (as for A)

1.0: p-version, uniform

B/2: h-version, (-graded, § € [1,3)

in particular:
@ Singular expansions & (optimal) graded meshes
for edge and corner singularities.

@ A posteriori estimate for numerical approximations without
assumptions on mesh (TDBEM, CQ, ...)

H. Gimperlein, F. Meyer, C. Oezdemir, D. Stark, E. P. Stephan, Boundary
elements with mesh refinements for the wave equation. preprint.

H. Gimperlein, C. Oezdemir, D. Stark, E. P. Stephan, A residual a posteriori error

estimate for the time domain boundarv element method. preprint.
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Thank you very much
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