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Stackelberg Game
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STRONG STACKELBERG EQUILIBRIUM




Example ‘ Player A : Leader I - A =1{aq,a,}

Actions

‘ Player B: Follower | - B ={by, by}

b1

« | a1 | (10,-10)]| (—5/6) |

1-x d2 {'8:”

If B plays b; leader’s reward will be
10x+-8(1-x)

If B plays b; his expected reward will be
-10x+4(1-x)

If B plays b, leader’s reward will be

-5x+6(1-x)

If B plays b, his expected reward will be
6x+-4(1-x)
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Example « | a1 | (10,-10) | (—5.6)
1x | @2 (-8.,4) (6, —4)
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Example « | a1 | (10,-10) | (—b.6)
1.x | a2 | (-8,4) | (6,—4)

10 4
Best Response: by 6x+-4(1-)
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Example . | a |(10,-10) | (—5)6)
1x | 32 || (-84) | (6,74
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Stochastic Games

Plaver A Player B
@ h v observes f, and g—
chooses fo chooses g, Q/090(s1|s0)
Player B
-] PlayerA observes f; and >
SNCEBES Ji chooses g, Q/191(s?|s1)
Feedback Policies: Stationary Policies:
m=m(s,t) m = 1(s)
= {1, fo} = f}




Framework

* General Objectives
* Existence and characterization of value functions
» Existence of equilibrium strategies
* Algorithms to compute them

e State of the art

* For finite horizon, Stackelberg equilibrium in stochastic games via Dynamic
programming.
 Mathematical programming approach to compute stationary values.




Our contribution

* We define suitable Dynamic Programming operators.

* We used it to characterize value functions and to prove existence and
unicity of stationary values forming a Strong Stackelberg Equilibrium for a
family of problems.

* We define Value Iteration and Policy Iteration for this family and prove its
convergence.

* We prove via counterexample that this methodology is not always
applicable for the general case.




Stackelberg Equilibrium in Stochastic Games

Value functions

! _
viT(s) = BV ()| ) Bl (s
Lt=0 -
(7, 7) - |
v (s) = E™(s) Zﬁ,grBAtBt(st)
Lt=0 -

Stackelberg Equilibrium: (*,v")

vf Y (s) = max v%?y (s)
Y* € argmax vB’y(s)




Best response functional

. Given a stationary policy
1(51) and future values, g

N
b, (.52) €B computes the best
; : actions to perform in
n(Sn) each state.

g(f,vp)(s) = argmaxpegp z f(a,s) [Tgb(S) + Bs z Qab(Z|S)VB(Z)]

aceA ZES

* Myopic follower strategies (MFS)

g(f;vB) =g(f)




MFES case

va'(51)
v, € R/ -§. Uy (52) e RISI
Vs (Sn)
For a fixed stationary policy f, TAf computes the
value of applyng this policy.

T (wa)(s) = z f(a,s) IrB“g(f ) (s) + B z Q9 ><S(z|s)vA(z)]

a€EA ZES




MFES case

V4'(51)
v, € R -§. Vs (Sz) € RI%!
Uy (Sn)

‘ T, computes the value of the best policy for the leader. ‘

Taa)(s) = max T (va)(s)




MFES case

* Theorem 1.
a) Tf, T, are monotone.

b) For any stationary strategy f, the operator TAf is a

contraction on (RIS!, ||-|| ) of modulus S,.
c) The operator T is a contraction on (R ||-]l.) of
modulus (.

* Theorem 2.

There exists a equilibrium value function v, and it is
the unique solution of v; = T4(v,). Moreover, the
pair f* and g(f ™) which maximizes the RHS of (1) are
the equilibrium strategies.



Value Iteration algorithm

0 v4(51) v5(s1)
(.) — —_— vA (52) — —_— vj (SZ) - > —
O Uj(Sn) Uﬁ (Sn) \
f°.9° gt £2, g2
Theorem 3.

: The sequence of value functions v} converges to v,.
Repeat until Furthermore, v} is the fixed point of T, with the
convergence following bound:

Ik II
lvg — vl <,8n s



Value Iteration algorithm

Algorithm 1 Value function iteration: Infinite horizon

Require: ¢ >0
1: Initialize with n =1, vi(s) = 0 for every s € S and v} = Ta(V3)
2: while ||[v] — vi7}|| > € do
3:  Compute uj"’l by

vati(s) = Ta(va)(s) -

Finding f* and g*(f) at stage n.
4: n=n-+1
5: end while
6: return Stationary Stackelberg policies 7* = {f*,...} and 7* =

g%}




Policy Iteration algorithm

Repeat until
convergence




Policy Iteration algorithm

Algorithm 2 Policy Iteration (PI)

Choose a stationary Stackelberg pair (f, g(fy)).

while ||ua, — vane1]| > € do
Evaluation Phase: Find vy , fixed point of the operator Ti"n
Improvement Phase: Find a strategy f,.; such that

ol

T (upn) = Ta(uan) -

5 ni=n+l
end while
7: return Stationary Stackelberg policies 7* = {f*,...} and v* = {g(f*),...}

=4




Computational Results

»— Value lteration «—= Policiy lteration
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Computational Results
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Computational Results
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General case

V; € ]Rlsl

(va,vp) € RFXS

(Taves) = (2



General case

Algorithm 3 Value Iteration (VI): Finite horizon for the general c:

1: Initialize with v;(s) = vi™'(s) =0 forevery s€ S
2: fort=1.....0, and for every s € S do
3: Solve
(VA(s). Vi (5)) = T(E™ vE™)(s) Vs €S

Finding f* and g SSE strategies at stage t.
4: end for
5: return Stackelberg policies 7* = {fy",...,f*} and v* = {g5,..., &}

This algorithm returns an Strong Stackelberg Equilibrium in feedback
policies for the T-horizon problem.

What about stationary policies?




Example

by by
TG ©.1)
! (10,-10) (—5,6)
NEE) 1. 0)
° (-8,4) (6, —4)
State s;
)] bo
TED ©.1)
' (7.-5) (=1.6)
(7> 7) (1,0)
%2 (-3,10) (2, —10)
State s,

Ba=PBg =079

Value Function

100

50

— (0, 0)
e—ea (100.0, 100.0)
v—v (-100.0, -100.0)

w—x (-50.0, -50.0)
= (50.0, 50.0)

g 10 20



Example

b b
_ | @0 (0, 1)
! (1-1) (0,1)
(0, 1) (0, 1)
2 (-1,1) (-1, —1)
State s;
b bo
(0, 1) (1, 0)
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State 57
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Example
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Algorithm 4 V| modified: Infinite horizon for the general case

1: Initialize with n = 0, vi(s) = va(s) = 0 for every s € S.
2. forn=1,--- , MAX_IT do
3: Find the pair (v4,vg) by

4: | if (vi.vg)=(vi~',vi™") then —

5: return (vy, vg) fixed point of T. I We found an equifibrium.
6: —_endif

r: if ||(v4. ve) — {F-:_l ]” = Eﬁ -5 ||[r,a_ rs)|| fhen There is no geometrical
8: return UNDEFINED 1. decreasing.

9: end if

10: We get tired of finding an
11: return UNDEFINED 2. equilibrium.
I
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Security Games
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Conclusions

* We define suitable dynamic programming operators and we use it to
prove unicity of values of Strong Stackelberg games in stationary
policies for a family of problems.

* We define Value Iteration and Policy Iteration algorithms for finding
Stackelberg stationary equilibrium.

* We prove via counterexample that this methodology is not always
applicable for the general case.

* We study security games and we conjecture that operators for this
type of games are contractive.
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