Ensemble controllability in qubits with a single control

via adiabatic and rotating wave approximations.
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Ensemble controllability : short introduction

{f(((t,; z;EX(t)»W(t)) (1)

Definition : system (1) is approximatively controllable from xo toward x¢ € E iif

Ve >0,3T >0, 3w e L([0, T], U), x(T) — x¢|| < ¢
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Ensemble controllability : short introduction

{)'((t) = fx(®.w(®) {)'((t,a) = flx(t,0),am(D)

x(0) =xo x(0,a) =x «aeD
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Ensemble controllability : short introduction

x(t) = f(x(t), w(t x(t,a) = f(x(t,a),a, w(t
{x((O; :X(E (1)) (1) {X((0,0zg zxo( (ae)D (®) (2)

Definition : system (1) is approximatively controllable from xo toward x¢ € E iif
Ve >0,3T >0, 3w € L=([0, T], V), Ix(T) — x¢|| < e
Definition : system (2) is approximatively ensemble controllable from x toward xr € E
" Ve > 0,3T >0, 3w € L=([0, T], V), su7p3||x(T,a) — x| <e
a€
models :
@ Uncertainties/fluctuations on the system

@ set of systems that we want to control with a single control

Some seminal works : Li—-Khaneja, Beauchard—Coron—Rouchon,
Agrachev-Baryshnikov—Sarychev, Augier—Boscain—Sigalotti. . .
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Quantum mechanics

Let V be C vectorial space and H(w) a self-adjoint operator.
The wave function ¢ € V follows Schrodinger’s equation :

[i0ep(t) = H(w(1))¥(t) |

For a qubit, dim¢ V =2 and

H(w(t)) = a(t)o, + b(t)ox + c(t)o,.

a quantum state is an element of the projective space P(V/).
In particular, qubit states can be represented on the Bloch sphere.
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Let E > 0 and « be the dispersion parameter.

Va € [ag, 0], H*(w) = ( E+*a v )

w —E -«
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Let E > 0 and « be the dispersion parameter.

Va € [ag, 0], H*(w) = ( E+*a v )

w —E -«

Population transfer : do we have ensemble controllability from the ground
state (&) towards the exited state (é1)?
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Let E > 0 and « be the dispersion parameter.

Va € [ag, 0], H*(w) = ( E+*a v )

w —E -«

Population transfer : do we have ensemble controllability from the ground
state (&) towards the exited state (é1)?

Ve >0,3T >0, 3w € L>([0, T],U), Va € D, 30 € R,
[9*(T) — el <&

with

i (t) = H*(w(t))y(1),  ¢%(0) = e
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Let E > 0 and « be the dispersion parameter.

Va € [ag, 0], H*(w) = ( E+*a v )

w —E -«

Population transfer : do we have ensemble controllability from the ground
state (&) towards the exited state (é1)?

Ve >0,3T >0, 3w € L>([0, T],U), Va € D, 30 € R,
[9*(T) — el <&

with

i (t) = H*(w(t))y(1),  ¢%(0) = e

@ Yes with a bounded complex control

@ In most experiments, people 'duplicate’ the real control thanks to the
RWA.
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Adiabatic control

W(t) — u(t)e—2l'(Et+fot V(S)ds)

A\

U1

ay
Chirp: (u(t), v(t))
frequence modulation between .
2(E + w) and 2(E + v1) together >
with an amplitude modulation

g

Vo
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Adiabatic theorem

There exists C > 0 (depending on the path) such that, for every
a € [ag, 1] and € > 0, the solution 2 of

d;’ie - Ha(u(&'t) _ZI(EH_I fO s)dS))d)s ) wg(o)

satisfies |2 (1/¢) — (e?,0)| < Ce for some 6.
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Rotating wave approximation

w,(t) = 2eu(et) cos <2Et +2 /H v(s)ds)
wl(t) = cu(et) exp (—/(2Et + 2/ ds)>

In the case a = 0, the time evolution associated to the complex control in
the interaction frame is:

AR —v(et) u(et)
a= = ) ooty )P
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Rotating wave approximation

w,(t) = 2eu(et) cos <2Et +2 /OH v(s)ds)
wl(t) = cu(et) exp (—i(2Et +2 /:t v(s)ds)>

In the case o = 0, the time evolution associated to the real control in the
interaction frame is:

i

dw, —v(et) u(e
qcit :[8( u(itg) vgeg )

4i(Et+ [, v(s)ds)

0 e u(et) \7»
g( e—4i(Et+f0“ v(s)ds) u(et) 0 )} 2

We
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Rotating wave approximation

we(t) = 2cu(et) cos <2Et + 2/ v(s) ds)
wl(t) = cu(et) exp ( i(2Et + 2/ ) .

averaging

Let o = 0, 1y, and ¥ be the evolution of ¢ with controls w. and wX.
Then, there exists C > 0 such that for every € > 0

vVt € [0,1/e], [hw. (1) — Yur(t)] < Ce.
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Compatibility between the two approximations

we(t) = 2zu(et) cos <2Et +2 /Et v(s)ds)
wWE(t) = cu(ct) exp (—1(2Et 42 / ds))

have trajectories close at € during a time 1/¢.

AA

w.(t) = u(ct) exp <—1(2Et +2 / ds))

ensures a population transfer for all o up to an order € in time 1/e.
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First idea:
Take v small and use

w.(t) = u(et)2 cos <2Et + i/ogt v(s)ds)

to simulate

u(et) exp (—i(2Et + i/oat v(s)ds))

Pb: Does not work in general
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First idea:
Take v small and use

w.(t) = u(et)2 cos <2Et + i/ogt v(s)ds)

to simulate

u(et) exp (—i(2Et + i/oat v(s)ds))

Pb: Does not work in general

@ RWA: small control and finite time not too long.

@ AA: the smallest the control is, the longer the finite time should be.
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V1
&%)

(u(t),v(t))
e1eat

2 u
We,,e,(t) = 2e1u(e1e2t) cos (2Et + E v(s)ds) -

Theorem [R., Augier, Boscain, Sigalotti, JDE, 2022]

Assume 3(E + ag) > E + ai1. Then for every Ny € N, there exists Cp,
such that

|ve; ¢, (1/€162) — ( ,0)| < Cpy, max(eg/sl,sl /62) feR

where ¢, _ is the solution with control w, ,.
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Sketch of proof

@ Using 3(E + ap) > E + aq, we introduce an algorithm of change of
variables corresponding to a kind of RWA up to Ngh order

@ Prove that the obtained Hamiltonian induces a dynamcs close to first
order RWA.

© Prove that the first order RWA Hamiltonian ensures population
transfer under the assumption e < &1

November 30, 2022 12/21
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Evoluticn complex case

Evolution real case
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A controllability result

Let D = [ap, 1] X [0m, Opm] be a compact set and define
F = C%D,SU,). dr(f,g) := maxgep ||f(d) — g(d)]|.

Theorem [Li-Khaneja 2006, see also Beauchard—Coron—Rouchon

2010]

For every control bound K > 0, target distribution Mg € F and precision
€ > 0, there exist T > 0 and some controls u,v € L>([0, T],[-K, K])
such that the solution of

{ ’dtM( 6, t)
5.0)

((E+ a)o, + 5u( Yox + dv(t)oy)M(a,d, t)
b, (a,0) €

S
2R

satisfies dr(M(-,-, T), Mg(-,-)) < e.
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A generalisation of Li—-Khaneja

Theorem [R., Augier, Boscain, Sigalotti, JDE, 2022]
Assume 3(E + ag) > E + a1, set

D — [0, 0] X [5ms51a] C (~E, +00) x RY.

Fix e >0, Mg € F and K > 0. Then, there exist T > 0 and
u € L*=([0, T],[—K, K]) such that the solution of

{ iLM(a,8,t) = ((E + )o, + du(t)ox)M(a, b, t)
M(a, 8,0) = b, (a,0) €D

satisfies [|M(-,-, T) — Mg(-,")||F <e.
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A few open questions

Under the assumption 3(E + ag) > E + aq, can we prove the
population transfer with 1 fixed?

@ Can we extend the compatibility between RWA and AA to higher
dimensions ?

@ Can we extend the controllability result without the assumption

3(E+Ozo) >E+ap?

Is there more efficient methods to ensure ensemble controllability

(better controllability time...)?

R. Robin (Mines Paris) November 30, 2022 17 /21



A few open questions

e Under the assumption 3(E + ag) > E + a1, can we prove the
population transfer with 1 fixed?

@ Can we extend the compatibility between RWA and AA to higher
dimensions ?

@ Can we extend the controllability result without the assumption
3(E+Ozo) >E+ap?

@ Is there more efficient methods to ensure ensemble controllability
(better controllability time...)?

Thank you for your attention
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Reachable propagators :

R ={M(-, T)| T >0, M solution pour u € L>([0, T],[-K, K])}

o Vt €R, (,0) s e t(E+a)oz ¢ R
o YueR, (a,8) — e € R

An (infinite dimensional) Lie Algebra

g={X eC%D,suy) |Vt € R, eL= R}

g is a linear subspace stable under brackets.
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A corollary of AA+RWA

Assume 3(E + ag) > E + aq, then for every K > 0 and € > 0, there exist
T > 0 and a control u € L*([0, T],[—K, K]) such that the solution of

{ idM(a,d,t)

((E + a)oz + du(t)ox)M(a,d, t)
M(a, 4, 0) /

2 (O[,(S) €D

satisfies max(q 5)ep Mingepo,27) [IM (e, 6, T)(0, DT —(e?,0)7| <e.
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Adiabatic Approximation

Adiabatic Approximation
Let Hy(u,v) = (oo — v)o, + uox. The eigenvalues of H,(u, v) are
+4/(a — v)? + 2.

U1

2

Initial and finite time Hamiltonian
(u(t), v(t))

H,(0,vp) = ( ano _ag_ vo )

a0 = (“5" %)
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