Splitting schemes for incompressible fluid /thin-walled

structure interaction with unfitted meshes

y 4
y 4

lrezia—

INVENTEURS DU MONDE NUMERIQUE

We deal with the coupled problem describing the interaction between a viscous incompressible fluid and a thin-
walled elastic structure. For this kind of problem, significant progress has been achieved in the development and
analysis of stable and accurate explicit coupling schemes when fitted meshes are used. For much applications,
it is well known however that this assumption rapidly becomes cumbersome (e.g., large interface deflections,
contacting structures, etc.).

Within the unfitted mesh framework splitting schemes of explicit nature are reported and analyzed in [1] using
the finite element immersed boundary method, and in [2] for an unfitted Nitsche method. A major drawback of
these approaches is that either stability or accuracy demands severe time-step restrictions (e.g., parabolic-CFL)
or correction iterations.

Here we present two new numerical methods (semi-implicit and explicit) which bypass the above stability and
accuracy issues. Their semi-implicit or explicit nature depends on the order in which the spatial and time
discretizations are performed. These methods generalize the Robin-Neumann splitting paradigm of [3] to the
unfitted mesh framework. A priori energy and error estimates are stated for some of the variants. Their
performance is illustrated via numerical experiments in a benchmark.
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We consider the following linear coupled problem: T
e find the fluid velocity w : O x RT — RY,
e the fluid pressure p : Of x RT 5 R, Of
e the structure displacement d : ¥ x R™ — R4
e and the structure velocity d: Y xR = Rd, such that -
(Fluid) (Solid)
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e We consider a quasi-uniform family of meshes {7—}5}0<h§1
Each 7’; is fitted to the >
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which cover the fluid domain.
boundary 't but not to 3.

e Problem (1)-(2) is discretized in space as follows (See [2]):

for £ > 0, find (up(t), py(t), dp(t),dp,(t)) € VI x Qp x
Vi X V7, such that d;, = 0yd;, and

Ff

o (O, v}) o + a ((wg, pp), (W), an)) + e (Oedy,, v5) s + a(dy, v3) + sy ((up, ppy), (V) 1))

— (o (wp, pp)m, v}, — V), — (up — dj, (v}, —qp)n) 5 + %(Uh — dj,, v, — v})y, = 0.

Here, v > 0 denotes the Nitsche's penalty parameter and s;, the stabilization bilinear

det
form Sh(<uhaph)7 (U{;p Qh)) - ZKeTf { (Vph, VQh)K T Vg“h(ﬂvuhﬂa[(’ HVU}ZH@K)@K}

e Problem (3) is aproximated in time with an incremental displacement-correction scheme (See [3]). The
resulting scheme is displayed in Algorithm 1. The implicit treatment of the solid inertia, through an interme-
diate solid velocity, guarantees (added-mass free) stability, while the extrapolation of the solid elastic terms
introduces a certain degree of fluid-solid splitting. In the following, ™ denotes the r-th order extrapolation,

thatis 2 =0ifr=0 2 =2"lifr=1and 2* =221 — 2" 2ifr = 2.

ALGORITHM 1: SEMI-IMPLICIT COUPLING SCHEME

1

1. Fluid with solid inertia sub-step: find (uh,ph, d 2) S V% X Qp x V7 such that

2. Solid sub-step: find (dz, d}) € Vi x V3 such that dy = Ord; and

: L
(O v} + (a3 + (g — T — ) =

e T he following result states the stability and convergence properties of Algorithm 1. Note that with r =1, it
delivers unconditional optimal overall first-order accuracy. This is a significant progress with respect to the
splitting schemes reported in [2], whose accuracy is known to be non-uniform in h.

Proposition 1. Let {(uh,ph,dh,
holds E} < EO unconditionally for r € {0,1} and under the condition T = C’)(hg) for r = 2. Moreover,
under the same conditions, there holds &' S h+ 7 + 72

dy)}n>1 be given by Algorithm 1. For v > 0 sufficiently large, there

e We consider the time semi-discretization of problem (1)-(2) proposed in [3]. It is based on the following

explicit Robin-Neumann time splitting on the interface:
n—1

(W, p")n + ku" = rd' +g*

pPedrd’ + Ld" = —o(u"

*, p*)n and /idffp €/T.

on 2,
p")n on X

(4)

* def

with g pPedrd” + o(u
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e The fundamental idea consists in performing directly an unfitted interface treatment (a /a Nitsche) of the

Robin-Neumann time splitting (4), by extending the arguments introduced in [2, 4]. The proposed fully

discrete scheme is based on the following result:

Proposition 2. Let {(u"
with the transmission conditions (4).

. d ,d")}p>1 be given by the time semi-discretization of problem (1)-(2)
Then, there holds

/ .
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(5)

e A salient feature of (5) is the fact that for K — oo (i.e. 7 — 0) we formally retrieve the unfitted formulation
(3). Taking successively v; = 0 and (fv%, qn) = (0,0) in (5) we obtain the fully discrete method reported in

Algorithm 2.

ALGORITHM 2: EXPLICIT COUPLING SCHEME

1. Fluid sub-step: find (uz,pz) e V% X (Qp, such that

( 1
P (Orul, v}) o + al ((ul, p1, (), ) + sp, ((wp, pp)s (V) an)) + WWTM( —d) vy
Kkh f 1 Vi f
\ o N+ ,{h[(a(u}%»pz)”v”h)z T ( dz ; (vh7 _qh)n)Z] - Vi + wh (927%)2
o h n n f h * f .
\ Vit + kb (G(uhaph)na G(vha Qh)n)g + i+ K (gha U(U}v C]h)n)z =0

2. Solid sub-step: find (dj,, d}') € V x V3 such that dj, = 0-d} and

y
: kh
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e T he following result guarantees the energy stability of Algorithm 2 for » = 0.

Proposition 3. Let {(uy, py, dh>
large, we have E}' < Eg

dy)}n>1 be given by Algorithm 2 with v = 0. For v > 0 sufficiently

e \We consider the benchmark example of the propagation of a pressure-wave within an elastic tube (2D Stokes
equations with a 1D generalized string model).

e \We compare the results obtained with Algorithms 1 and 2 with those obtained with a first-order fully implicit
scheme using fitted meshes. In order to highlight the uniformity of the convergence in h, we have refined both
in time and in space at the same rate, 7 = O(h). In spite of their different semi-implicit and explicit nature,
Algorithms 1 and 2 deliver practically the same behavior: stability is obtained with all the variants, optimal
first-order convergence is obtained with the extrapolated variants (r = 1, 2, unfitted) and the implicit (fitted)
scheme while a sub-optimal convergence rate is exhibited by the non-extrapolated ones (r = 0, unfitted).
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Time convergence history of the solid displacement in the relative elastic energy norm using

Algorithm 1 (left) and Algorithm 2 (right) with 7 = O(h).

2
Snapshot at time t = 0.01 of the fluid pressure (over the whole fictitious domain)
and solid displacement (red line) obtained with Algorithm 1.
Recall that the physical fluid domain extends below the interface Y. (black line).
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