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a b s t r a c t

The singularity exponent (SE) is the characteristic parameter of fractal and multifractal
signals. Based on SE, the fractal dimension reflecting the global self-similar character, the
instantaneous SE reflecting the local self-similar character, themultifractal spectrum (MFS)
reflecting the distribution of SE, and the time-varyingMFS reflecting pointwisemultifractal
spectrumwere proposed. However, all the studieswere based on the depiction of spatial or
differentiability characters of fractal signals. Taking the SE as the independent dimension,
this paper investigates the fractal energy measurement (FEM) and the singularity energy
spectrum (SES) theory. Firstly, we study the energymeasurement and the energy spectrum
of a fractal signal in the singularity domain, propose the conception of FEM and SES of
multifractal signals, and investigate the Hausdorff measure and the local direction angle of
the fractal energy element. Then, we prove the compatibility between FEM and traditional
energy, and point out that SES can be measured in the fractal space. Finally, we study
the algorithm of SES under the condition of a continuous signal and a discrete signal, and
give the approximation algorithm of the latter, and the estimations of FEM and SES of the
Gaussianwhite noise, Fractal Brownianmotion and themultifractal Brownianmotion show
the theoretical significance and application value of FEM and SES.

Crown Copyright© 2012 Published by Elsevier B.V. All rights reserved.

1. Introduction

The idea of describing natural phenomena by statistical scaling analysis, the self-similarity and self-affine character, has a
long history. Indeed, many researches have been carried out on this topic. In the 1960s, fractal masterMandelbrot published
his landmark book, and then, the conception and the status of fractal geometry were set up progressively. Subsequently,
the study on the Hausdorff measurement and dimension, singularity exponent, multifractal spectrum as well as various
definitions of fractal dimension and its application plays the dominant role in the fractal theory [1–4].

The advantage of fractal theory is aimed primarily at the seemingly irregular and not smooth singularity debris, which
exists widely in the real world and cannot be solved using traditional measures and set theory. The fractal theory using tem-
poral and spatial statistical scaling law and the power-law characteristic can reveal that complex dynamic systems widely
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exists in the realworld. The applications of fractal theory in signal processing developed fractal signal processing. Researches
show that fractals are fit for signal analysis, processing andmodeling in the real world, such as electroencephalogram (EEG),
electrocardiogram (ECG), aswell as turbulent flows, lightning strikes, DNA sequences, and geographical objectswhich repre-
sent some of many natural phenomena and are difficult to be characterized using traditional signal processing theory [4–6].
Therefore, the fractal theory provides a new train of thought for complex system research, non-stable and non-linear signal
processing.

Fractal dimension describes the geometry characters of fractal signals, including the measurement of complexity,
singularity and irregularity of the signal, whose estimations are the key problem of fractal theory [4]. Stanley and
Ostrowsky [7] and Pietronero and Tosatti [4] have been pioneers in the development of this research and studied the fractals
in physics [4,7]. In the past decades, various definitions and algorithms of global fractal dimension have been proposed
through the history of fractal theory, which included the measure method, the FBMmethod and the IFS method [5]. Besides
the Hausdorff dimension, several global fractal dimensions were brought forward, such as self-similar dimension, box-
counting dimension, capacity dimension, padding dimension, Kolmogorov dimension and Lyapunov dimension, but the
relationships among those fractal dimensions are still a puzzle, and they are all based on the idea of ‘‘the measure under the
scale δ’’ [5].

The multifractal formalism is based on the calculation of two sets of coefficients associated to the signals: the Holder
exponent (HE) that quantifies the local regularity of a signal or function and the multifractal spectrum (MFS) that quantifies
the multifractality of the signal and measurement. The MFS associates each group of data with the same regularity with the
Hausdorff dimension of this point set. In this way, it defines a function between the HE and the Hausdorff dimension which
is also known as spectrum of singularity [5,6]. The MFS is intimately related with the generalized Hausdorff dimension
of strange attractors based on which Grassberger and Procaccia have published studies widely, in the 1980s [5,6,8]. In
1988, Chhabra and co-workers studied the relationship between the MFS and the entropy density of fractal system, and
related the Holder exponent with the free energy of a fractal set [9,10]. After that, Arneodo, Bacry and Muzy proposed
the wavelet transform modulo maxima (WTMM) method, a statistical method for the estimation of the MFS based on
the study of the maxima of the continuous wavelet coefficients of the signal [11–13]. In 1995, Peng and collaborators
put forward the detrended fluctuation analysis (DFA) [14], which was proved to adapt the short datasets and has less
computational complexity and was successfully applied to the study of sequences of DNA, non-stationary heartbeats time
series, human brain electroencephalogram, physiological and economical processes [15–18]. After that, Castro e Siva and
Moreira introduced the conception of the generalization of the DFA, and subsequently, Kantelhardt et al. proposed the
multifractal detrended fluctuation analysis (MFDFA) and its application on the non-stationary time series analysis, which
extended the application field for temporary series with multifractal behavior [19,20]. In the past years, Jaffard with
Lashermes and Abry have proposed the Wavelet Leaders (WL) method, a new formulation in terms of the local supreme of
the wavelet coefficients or Leaders of the signal. TheWL is a newmethodology for the characterization of Holder exponents
and their relationship between Holder regularity and local oscillations [21–25]. Recently, Schumann and Kantelhardt [26]
introduced the multifractal centered moving average (MF-CMA) based on the CMA technique [26,27]. In fact, MF-CMA is a
special case of multifractal detrending moving average algorithm (MF-DMA) proposed by Gu and Zhou [28] based on DMA
proposed by Carbone et al. in 2002 [28]. Jiang and Zhou [29] also concluded that the backward MFDMA performs best,
the centered MFDMA performs worst, and the forward MFDMA outperforms the MFDFA [29]. In the calculation of MFS,
Arneodo et al. studied the fractal dimensions and multifractal spectrum for Henon attractor [30]. Audit et al. compared the
WTMM and DFA, and their performance for LRC analysis is quantitatively analyzed in regards of statistical convergence
and finite-size effects [31]. At the same time, the application field of Fractals is developed from the traditional geography
structure, meteorological distribution and chemical oscillation to general non-linear and non-stationary signal processing
fields.

However, the generality of the above studies is based on the spatial characteristics and the differentiability analysis of
the fractal signal or fractal time series, such as the fractal dimension and the singularity exponent, which fail to present the
energy distribution of the signal along with the singularity exponent and the hierarchical quality of energy measurement.
All previous research such as the Hausdorff measure, Lebesgue measure and multifractal spectrum, only measured the self-
spatial size of the fractal subset, but failed to study the energy measurement of the fractal subset instead. To reveal the
spatial dynamics character of the fractal system and describe the dynamics of the evolving process of non-stationary and
nonlinear system, the conception of fractal energymeasurement and singularity energy spectrum are proposed in this paper
based on the Hausdorff measure and the singularity analysis.

The rest of this paper is organized as follows. Section 2 is devoted to the theoretic foundation of the fractal energy
measurement and the singularity energy spectrum. We distinguish between the fractal subset and the fractal sub-band
signal, summarize the algorithm of singularity exponent, and explore the physical meaning, conception, and origins of FEM
and SES. Based on the Hausdorff measure, in Section 3, we propose the conceptions and the mathematical expressions of
fractal energymeasurement(FEM) and singularity energy spectrum(SES) ofmultifractal signals, study theHausdorffmeasure
and the local direction angle of the fractal energy element. We also prove the compatibility between the FEM and the
traditional Energy. Section 4 studies the algorithm expression of SES under the condition of the continuous signal and the
discrete signal, and the approximation algorithm of the latter. In Section 5, we simulate and discuss the FEM and SES of the
Gaussian white noise, Fractal Brownian motion and the multifractal Brownian motion. Finally, in Section 6, we provide a
conclusion.
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2. Theoretical basis and the conception origin

2.1. The fractal sub-band signal

Stochastic fractal signal processing is the combination of fractal theory and signal processing. Divide the fractal
set according to the singularity exponent, and call the subsets composed of the little unit with same singularity
measurement and power law characteristics as the fractal subsets, denoted as x(α). These fractal subsets from the singularity
decomposition construct the compact support of x(t), i.e. x(t) =


α x(α). Similarly, in the field of stochastic fractal signal

processing, regard the fractal segmentation as the fractal filter, and regard the singularity exponent as the parameter of
fractal filter, then x(α) can be considered as the fractal sub-band signal. From the viewpoint of multifractal signal space,
suppose F is the multifractal signal/time series, s ⊂ 2F (2F is the power set) is the fractal sub-band signal, α be anymeasure,
and hence (F , s, α) is the fractal signal space. If α is the singularity measure, then s(α) = {Ft : α(Ft) = α} is the fractal
subset or fractal sub-band signal which satisfies s(t) =


α
s(α)dα or s(t) =


α s(α).

2.2. Several definitions of singularity exponent

According to the multifractal theory, set x is any subset with topology dimension d, and µ is a Borel measure on x.
Decompose iteratively (x, µ) with α, and after n steps, the cells with the samemeasure µ(α) structure the subset x(n, α). If
limn→∞ x(n, α) = x(α) is a fractal set, then x(α) is called a fractal subset. Furthermore, define fractal dimension of fractal
subset x(α) as f (α) = dim[x(α)], thus f (α) is the multifractal spectrum of x.

The fractal segmentation differs according to the definition of the singularity exponent. There are three kinds of
definitions of singularity exponent. The first is the point measurement analysis method. For any point in x, define the
singularity exponent (SE) α(x) = limr→0 log2 µ(B(x, r))/ log2 r , where B(x, r) is the closure centered in x with radius r ,
and µ is the basic measure. Call the subsets composed of the little unit with same singularity measure and power law
characteristics as the fractal subsets, denoted as x(α) := {x : α(x) = α}. Thismethod is the basic definition of the singularity
exponent, and also the foundation of singularity and measure analysis of fractal sets. However, it is hard to calculate and
not convenient for engineering applications.

The second is the Taylor polynomial approximation method. When satisfying the condition of Taylor series expansion,
the singularity exponent can be defined by the polynomial approximation as h(t) = lim infε→0 log2 sup|u−τ |<ε |v(τ) −

v(u)|/ log2(2ε), where v(u) is Taylor polynomial expansion. The method fails to estimate the SE if the Taylor expansion
condition cannot be satisfied.

The third is the singularity exponent based on the wavelet coefficient. Using the characteristics of adaptive
time–frequencywindowofwavelets, we can realize the tract and location of signal details. Thewavelet singularity exponent
is defined as w(t, τ ) = lim infn→∞ w

(n)
kn , where w

(n)
kn (t) := − log2 |2n/2Wn,kn(t)|/n, and Wn,kn(t) is wavelet coefficient with

vanishing moment order n > h(x). Because of the characteristics of vanishing moments, select the wavelet function with
higher-order vanishing moment than the differential order, and all the singularity points will be detected. The method is
popular and convenient for engineering calculations.

2.3. The physical meaning of singularity energy spectrum

For the fractal subset x(α), the multifractal spectrum f (α) and time varying multifractal spectrum distribution f (t, α)
solve the problem of its fractal dimension and time-varying fractal dimension of x(α) [32]. However in this paper we study
the energy characteristic of fractal subset x(α) in fractal space of f (α) dimension, which represents energy distribution of
fractal signal in singular domain and provides a new conception and perspective for fractal signal processing.

Let us note that the research of FEM and SES is mainly based on three points. The first is to consider the logical
completeness of the development of fractal theory. Based on studies on multifractal spectrum, short-time multifractal
spectrum distribution and the quadratic time-singularity multifractal spectrum distribution, there are even more reasons
to believe that the singularity exponent can be considered as an independent dimension in the signal space and can be
joined to the research field of fractal theory. It is an inevitable trend in the research of independent dimensions in the
signal processing from fractal dimension, instantaneous singularity, time-varying dimension, multifractal spectrum and
time varying multifractal spectrum distribution to the FEM and SES analysis.

The second is based on a new thought about the fractal structure, namely the mutual relationship and energy
distribution between the fractal dimension (reflecting occupation degree in the geometry space) and SE (reflecting space
differentiability) in the process of fractal reconstruction. Thus it is expected to get a new fractal structure through the
inverse transform of a given SES and singularity spectrum distribution, which lays a good foundation for the multifractal
reconstruction method.

The third is studied as an extensive analysis of the traditional energy conception. Fractal energy measurement (FEM)
reflects energy measure of the fractal signal in multifractal signal space, interdependence with the singularity energy
spectrum analysis. Compared with the traditional energy analysis, in essence the FEM and SES reflect more clearly the
constitute element and mechanism of signal energy, which opens another door for us to study the fractal signal.
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3. The fractal energy measurement (FEM) and the singularity energy spectrum (SES)

3.1. The basic measure of fractal subset

The basic measures of Fractal subset x(α) are the Hausdorff measure and the Lebesguemeasure. For arbitrary δ-coverage
of x(α), if 0 < diam Ui < δ, introduce notation

Hr
δ (x(α), µ(α)) = inf


∞
i=1

(diam Ui)
r
: x(α) ⊂

∞
i=1

Ui


. (1)

According to the definition of the Hausdorff measure, the r-dimension Hausdorff measure about µ is

Hr(x(α), µ(α)) = lim
δ→0

Hr
δ (x(α), µ(α)). (2)

If there exists a critical exponent f (α), it satisfies

Hr(x(α), µ(α)) =

0 r > f (α)
∞ r < f (α)
A r = f (α),

(3)

where A is a limited positive number. Then f (α) is the singularity spectrum in the Hausdorff measure with varying α, which
is exactly the Hausdorff dimension of x(α)

f (α) = inf


r : lim

δ→0
inf

∞
i=1

(diam Ui)
r
= 0


= sup


r : lim

δ→0
inf

∞
i=1

(diam Ui)
r
= ∞


. (4)

Besides Hausdorff measure, there are Lebesgue measure, point measure and so on, and the application scope and
calculation of characteristics of those measures are not identical. The Hausdorff measure and Hausdorff dimension theory
indicate that only in the fractal space of f (α) dimension can the fractal subset x(α) be Hausdorff measurable. Firstly, the
above enlightenment inspires us that in order to maintain a consistent testability, FEM and SES must also be defined and
measured in f (α) dimension fractal space in seeking for the energy measurement of x(α). Secondly, the Hausdorff measure
survey generalized measure of signal space occupied by the fractal signal or subset, while the SES measures signal energy
of fractal sub-band signal x(α) accumulated by the Hausdorff measure along with the time, which indicates that the study
of Hausdorff measure can be considered as the basis of the study of FEM and SES.

3.2. The FEM and SES

Let X be a set of signal or time series, and x(t) ∈ X, (0 ≤ t ≤ T ) be the continuous signal. Define xα(t) = {x(t) :

α(x(t)) = α} as the fractal sub-band signal or fractal subset of signal x(t), then the time index set corresponding to xα(t)
constitutes the set t(α) = {t, α(x(t)) = α}, i.e.

xα(t) =


x(t) t ∈ t(α)
0, t ∈ [0, T] \ t(α)

(5)

where α(x(t)) is the singularity exponent of x(t) at time t . According to the multifractal theory, x(t) is a dense subset
supported with compact set


a xα(t). At the same time, xα1(t), xα2(t), xα3(t), . . . constitute the segmentation of x(t),

where xαi(t) are disjointed mutually, namely xαi(t)


xαj(t) = ϕ, i ≠ j. All measurable subsets constitute a set system
I = {xα1(t), xα2(t), xα3(t), . . .}, and I is a topology measurable set. There exists a measurable function f : I → ℜ

+, and
(X, I, f ) constitutes a measurable space.

Compared to traditional energy definition of signals, the energy measure of a fractal sub-band signal or fractal subset
is different. Although the fractal dimension of x(t) is greater than one, x(t) is still defined in the one-dimensional plane.
According to the traditional definition, the energy of fractal signals is the integral of the modulus square of the fractal signal
on the time axis. But in fact, if you take a time cell, the dimension of closed space surrounded by signal and cell 1t is greater
than 2, and if the signal is the ideal fractal curvewith self-similar structure in infinite levels, then the traditional signal energy
definition using the linear approximation method will not work. If the signal has a finite hierarchical structure and scaling
interval, in the sense of limitation, linear approximationmethodwill be adopt to calculate FEM and SES. Therefore, when the
cell is small enough, we can calculate signal energy of the fractal interval signal in view of 2-dimension plane. However, the
fractal time element x(dtf ) should be derived according to Hausdorff measure of the fractal signal. Assuming x(t), t ∈ [a, b]
is fractal signal with finite time support, by themethod of the traditional signal energy definition for reference, draw lessons
from, insert a number of points in the interval [a, b] homogeneously to calculate energy measure of x(t), and we have

a = t0 < t1 < t2 < · · · < tn−1 < tn = b, (6)
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Fig. 1. The fractal time element dtf , fractal energy element dW (x(t)) and the fractal energy measurement W (x(t)) obtained from partition of the fractal
signal. Divide the interval [a, b] inton segmentswith interval length1tfi . The arc length of x(dtf ) is equal toH[x(dtf )], and thus dtf = H[x(dtf )]/


1 + tg2θt .

which divide the interval [a, b] into n cells [t0, t1], [t1, t2], . . . , [tn−1, tn] with interval length 1tfi = ti − ti−1. Different from
the definition of traditional signal energy, in the study of the fractal energymeasure, we call1tfi the fractal time element. In
each time element 1tfi , some points are selected as ξi ∈ [ti−1, ti], i = 1, 2, . . . , n, with modulus square |x(ξi)|2. According
to the definition of signal energy, we have

W (x(t)) =

n
i=1

|x(ξi)|21tfi . (7)

Suppose λ = max{1tfi}, when λ → 0, the number of divided intervals n → ∞, we have

W (x(t)) = lim
λ→0

n
i=1

|x(ξi)|21ti =

 b

a
|x(t)|2dtf . (8)

The fractal time element dtf can be considered as the projection of fractal signal x(t) on the time axis, which should adopt
corresponding measure of fractal signal. In the interval [ti−1, ti], the length of fractal signal L{x(dtf )} is

L{x(dtf )} = dtf ·


1 + tg2θt , (9)

where θt is local direction angle of the fractal energy element at x(ξi) (discussed later). According to the Hausdorff measure
definition of the fractal signal, the length of the fractal signal in the fractal time element dtf is the Hausdorff measure in the
interval dtf , as showed in Fig. 1, it is

H[x(dtf )] = L{x(dtf )}. (10)

Therefore, for the fractal time element, we have

dtf = H[x(dtf )]/

1 + tg2θt . (11)

The fractal energy element is

dW (x(t)) = |x(t)|2H[x(dtf )]/

1 + tg2θt . (12)

Therefore, the fractal energy measure (FEM) can be defined as

W (x(t)) =


[|x(t)|2/


1 + tg2θt ]H[x(dtf )]. (13)

Then the fractal energy measure of continuous signal can be defined as follows.

Definition 1. For the fractal signal x(t) with dim(x(t)) ∈ [1, 2), the fractal energy measurement (FEM) can be defined as

W (x(t)) =


+∞

−∞

[|x(t)|2/

1 + tg2θt ]dH(x(t)), (14)

where dH(x(t)) is the differential of the Hausdorff measure of signal x(t). The energy of the fractal signal can be defined as
the function of modulus square of the signal, the local orientation angle and the integral of the Hausdorff measure.



6352 G. Xiong et al. / Physica A 391 (2012) 6347–6361

For multifractal signals, the calculation of dH(x(t)) is related to the singularity exponent. The analysis of fractal time
element dtf and its measure H[x(dtf )], should distinguish different singular subset xα(t) with varying singularity exponent,
as is the samewith fractal energymeasure analysis of xα(t). For arbitraryα, we can calculate the Hausdorff measure element
of fractal subset xα(t), and obtain dH(


α xα(t)). So the fractal energy measure should be defined in accordance with the

singularity energy spectrum distribution. Hereby we have the following proposition about singularity energy spectrum of a
continuous fractal signal.

Proposition 1. For a multifractal signal, suppose that x(t) can be expressed as a combine of dense subsets xα(t), which is also
known as a fractal sub-band signal or subset, i.e. x(t) =


α xα(t), and then singularity energy spectrum of the fractal signal can

be expressed as

W [xα(t)] =


+∞

−∞

 |xα(t)|2
1 + tg2θt

dH(xα(t))

=


+∞

−∞

|xα(t)|2
1 + tg2θt

H(xα(dt)), (15)

which can be briefly denoted as W (α), and FEM of multifractal signal can be expressed as

W (x(t)) =


α

W [α]dα

=


α


+∞

−∞

|xα(t)|2
1 + tg2θi

dH(xα(t))dα. (16)

According to the Hausdorff measure and the definition of fractal energymeasure of the fractal signal, the proposition can
be proved as follows.

Proof. For multifractal signal, we can calculate singularity exponent α(t) as Section 2.2, and divide the singular sub-band
signal or subset xα(t), so that x(t) =


xα(t). For xα(t), make any δ-coverage {Ui}i∈N similar to Hausdorff measure and

dimension, so that the coverage meets the f (α) power law and the infimum is bounded, i.e. limδ→0 inf {·} is a finite value,
while the arbitrary two small units have no intersection, i.e. Ui


Uj = φ, i ≠ j and xαi(t)


xαj(t) = φ, αi ≠ αj. As the

Eq. (14), we have:

W (x(t)) = W


α

xα(t)



=


+∞

−∞


α
|xα(t)|2dα
1 + tg2θt

dH


xα(t)


=


+∞

−∞


x2α(t) + 2


xαi(t)xαj(t)

1 + tg2θt
dH


xα(t)


. (17)

Because there is no intersection between xαi(t) and xαj(t), therefore, one has xαi(t)xαj(t) = 0, i ≠ j, and
xαi(t)xαj(t) = 0, (18)


α

x2α(t)dH


α

xα(t)


=


α

x2α(t)dH(xα(t)). (19)

Substituting the above equation into Eq. (17), we have

W (x(t)) =


α


+∞

−∞

|x2α(t)|
1 + tg2θt

dH(xα(t))

=


α


+∞

−∞

|xα(t)|2
1 + tg2θi

dH(xα(t))dα

=


α

W [α]dα. � (20)
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For the mono-fractal, α = 2 − D (D is the fractal dimension), we have

W [x(t)] = W [xα(t)]

=


+∞

−∞

|x(t)|2H(x(dt)). (21)

From the above research, we can see that the singularity energy spectrum expresses the energy measure of the
multifractal signal in the hierarchy of singularity exponent, which describes the contribution of energy of different
singularity exponents, and the distribution of fractal energy in different scales and hierarchy.

3.3. The Hausdorff measure and local orientation angle of fractal element

As Eqs. (14) and (15) indicate, the estimation of Hausdorffmeasure and local orientation angle of fractal element is crucial
when calculating the FEM and SES. In engineering applications, it is very hard to calculate the Hausdorff measure of fractal
elements from the mathematical definition of the Hausdorff measure.

When {Ui}i∈N are all ε-boxes and the counting of boxes with measure µ(α) in [α, α + dα] is N(α). Without loss of
generality and allowing for arbitrariness of the covering set, from Eq. (1), we have

Hr
ε(x(α), µ(α)) = N(α)εr . (22)

When N(α) ∼ ε−f (α),Hr
ε(x(α), µ(α)) is limited, and f (α) = − limε→0 lnN(α)/ ln ε. We can determine the upper bound

of Hr
ε(x(α), µ(α)) based on the two facts. One is the estimating method of multifractal spectrum and partition function

based on the wavelet coefficient; the other is the Large Deviation Principle (LDP) and the Legendre transform. From the
above relationship, the partition function satisfies [33]

S(a)(q) =

2n−1
k=0

2−nqw(n)
K =


|h(n)

K (t)−a|<ε

2−nqw(n)
K ≥ N (n)(a, ε)2−n(qa+|q|ε), (23)

where the partition function S(a)(q) and the mass exponent τ(q) meet the power law relationship, while Nt(α) and the
multifractal spectrum f (α) meet the power law relationship, i.e. N(α) ∼ ε−f (α) and S(a)(q) ∼ 2−nτ(q). Respectively, assume
that N(α) = A(α)2−nf (α) and S(a)(q) = B(q)2−nτ(q), where A(α) is variance about α, and B(q) is variance about q, and we
have A(α) = Hr

ε(x(α), µ(α)) and B(q) = S(a)(q)2nτ(q). From Eq. (23), we have inequality

N (n)(a, ε) ≤ S(a)(q)2n(qa+|q|ε). (24)

From Eq. (22), we have

Hr
ε(x(α), µ(α)) = N (n)(α, ε)εr

= N (n)(α, ε)2−nf (a), (25)

and then

Hr
ε(x(α), µ(α)) ≤ S(a)(q)2n(qa−f (a)+|q|ε). (26)

Introducing τ(q) = qa − f (a) and B(q) = S(a)(q)2−nτ(q) into Eq. (26), we have A(α) ≤ B(q)2n|q|ε and

Hr
ε(x(α), µ(α)) ≤ S(a)(q)2−n[τ(q)−|q|ε]. (27)

The estimation of the Hausdorff measure is a very complex problem, and up to now the study of the Hausdorff measure
still remains in some simple fractal set. This section sets up a bridge between the estimation of the Hausdorff measure
and the partition function S(a)(q) through inequality relations of S(a)(q) and N (n)(a, ε); therefore, the estimation of SES is
transformed into the analytical expression about the partition function based onwavelets, multifractal spectrum, weighting
factor and the wavelet scale.

Furthermore, we will discuss another parameter, the local orientation angle of the fractal element. Call there exists a
tangent θ (unit vector) at x in F , where F is a s set and F ⊂ Rn, if the upper convex density [34]

D
s
(F , x) = lim

r→0

Hs

F


B(x, r)


(2r)s
> 0. (28)

Furthermore, for each φ > 0

lim
r→0

r−sHs

F


B(x, r) \ S(x, θ, φ)


= 0, (29)

where B(x, r) centered in x with radius r is a closed circular region; S(x, θ, φ) is a double vertebra with vertex located at x
and built by the ‘y’s which makes the maximal angle between the line [x, y] and ±θ less than φ, and φ is the vertex of the
double vertebra (see Fig. 2).
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Fig. 2. The local orientation angle of fractal element. If there exists a tangent θ at x in the F , then for little r , the part on B(x, r) \ S(x, θ, φ) of F can be
negligible, which ensures that the effective part of F is close to x in the direction of the tangent θ , while the points of F close to x but outside the double
vertebra S(x, θ, φ) can be negligible. We call it the local orientation angle of the fractal element.

According to the geometric measure theory and tangent measure theory, when s is an integer, there exists a tangent on
set s almost everywhere. For the s set F ⊂ R2, if 1 < s < 2, almost all the points on F are not tangent. If 0 < s < 1,
the existence of a tangent on F is inconclusive. The local orientation distribution of set with positive measure is analogous
to a tangent line in traditional calculus. For the fractal curve of s set, we will not detail theoretically the local orientation
distribution here, but just introduce it into the field of fractal signal processing in view of application.

3.4. The compatibility of definition of SES

For the SES of fractal signal, we have the following compatible propositions.

Proposition 2. For the fractal signal x(t) with finite time supporting, the definition of fractal energy measure in Eq. (14) is
compatible with the traditional energy expression, i.e.,

W (x(t)) =


+∞

−∞

[|x(t)|2/

1 + tg2θt ]dH(x(t)) =


+∞

−∞

|x(t)|2dt, (30)

where θt and H(·) have the same meaning as Eqs. (9) and (14).

Proof. Due to its fractal dimension equal to one, the traditional random signal can be considered as themono-fractal signal.
At the same time, H(x(dt)) is the Hausdorff measure of random signal corresponds to the time element, and then

H(x(dt)) = lim
δ→0

inf


∞
i=1

(diam Ui)
r
: x(dt) ⊂

∞
i=1

Ui


= L(x(dt)). (31)

L(x(dt)) is the arc length of x(dt), which satisfies the following equation with tangent angle as

L(x(dt)) = dt ·


1 + tg2θt . (32)

According to above analysis and the definition of FEM of fractal signal, we have

W (x(t)) =


α


+∞

−∞

|x(t)|2
1 + tg2θt

dH(xα(t))dα =


+∞

−∞

|x(t)|2
1 + tg2θt

H(x(dt))

=


+∞

−∞

|x(t)|2
1 + tg2θt

dt ·


1 + tg2θt =


+∞

−∞

|x(t)|2dt. � (33)

4. The algorithm analysis of SES

Firstly, we will study the approximation algorithm of SES of a continuous signal. Suppose there exists the bounded
function x = f (t) defined on t ∈ [0, T ] with dim f (t) ∈ [1, 2). x is the multifractal signal, i.e. ∃t1, t2 ∈ [0, T ], s.t. α(t1) ≠

α(t2), where α(t) is the singularity exponent at t . There exists a fractal subset xα(t) = {(t, f (t)), α(t) = α}, which satisfies
dim[xα(t)] = f (α), and f (α) is the multifractal spectrum. Thus xα(t)s construct the support of x(t), i.e. x(t) =


α xα(t),

where xα(t) is a point set with fractal characteristics.
According to multifractal spectrum theory, max(f (α)) = 1 so except for α = argα[max(f (α))] all the fractal subsets

xα(t) are sparse and non-continuum. According to the theory of functions of a real variable, xα(t) is a countable set.
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For any α0, given a small interval A0(δ) = [α0 − δ, α0 + δ], denote A0 = limδ→0 A0(δ), and correspondingly we have
xα0(t, δ) = {(t, f (t)), α(t) ∈ A0(δ)}. Define xα0(t) = limδ→0 xα0(t, δ) = {(t, f (t)), α(t) ∈ A0}, and xα0(t) is no longer a
countable set but a continuum, so

W (α) =


+∞

−∞

|x(t)|2
1 + tg2θi

H(xα(dt)) = lim
δ→0


+∞

−∞

|xα(t, δ)|2
1 + tg2θi

H(xα(dt)). (34)

Secondly, for the algorithm of SES of discrete signals, the estimation of the fractal energy spectrum distributions can be
modeled as that of the traditional discrete signal. The modulus square of the sampling points can be defined as the discrete
signal energy. For the discrete fractal signal x(n), 0 ≤ n ≤ N − 1, calculate the singularity exponent α(n) of discrete points,
according to the singularity index, and partition singular subset xα(n) = {(n, xα(n))}. Thus the fractal energy of fractal
subset is obtained as

W (α) =


n

∥xα(n)∥2 . (35)

To obtain the uniform sample of α, we will study the approximation algorithm of SES of discrete signals. Firstly, calculate
the singularity exponent α(n) of discrete points, assume α(n) ∈ [αmin, αmax], divide the singularity exponent in fixed steps,
and obtain singularity exponent vector α(m) = [αmin = α0, α1, . . . , αM−2, αM−1 = αmax]. For α(m), 0 ≤ m ≤ M − 1,
assume α(m) ≤ α(n) < α(m + 1), define the discrete fractal sub-band signal

xαm(n) = {(n, x(n))}, α(n) ∈ [α(m), a(m + 1)]. (36)

Therefore, the SES of a discrete signal can be calculated as

W (αm) =


n

xαm(n)
2 . (37)

5. The simulation analysis and discussion

To validate the singularity energy spectrum and the fractal energy measure, three kinds of signals are selected for
experiment, ① Gaussian white noise (GWN, the non-fractal signal) generated from Matlab7.11; ② Fractal Brownian Motion
(FBM, the mono-fractal signal) with singularity H = 0.4 generated from; ③ Multifractal Brownian Motion (mFBM, the
multifractal signal). For further studies of mFBM, we chose the linear varying mFBMwith singularity H(t) = 0.1+ 0.8t and
the nonlinear mFBM with H = 0.5 + 0.3 sin(4π t) for details. The FBM and mFBM signal was generated from the software
envelope ‘‘fraclab.2.0.5’’ inMatlab7.11. The computations have been performedwith 10000 realizations of lengthN = 216 of
GWN, FBM andmFBM to address the statistical convergence and eliminate the finite-size effects of numerical computations.

For the above signals, we simulate the singularity energy spectrum (SES) using the approximation algorithm as defined in
Eqs. (35) and (37) in Section 4 and the singular subsets from the singularity decomposition and the fractal sub-band signal
of GWN, FBM and mFBM. We compare the theoretical expectation to the numerical experiment with 10000 realizations
of length N = 28, 210, 213, 216 of GWN, FBM and mFBM. Moreover, we simulate the pointwise singularity exponent (PSE)
based on the generalized quadratic variations(GQV) [35] for a 1D signal andmultifractal spectrum (MFS) based on theWTMM
method of the above signals (also with 10000 realizations) as a reference to analyze the characteristic of SES and the FEM.
Through the simulation of fractal subsets, we study the existence of fractal subset and the divergence of the fractal subsets
or signal of three kinds of signals, and discuss the characteristics of SES of the GWN, FMB, linear mFBM and the non-linear
mFBM, and their relationship with the MFS and the PSE.

In the following figures, the red dashed lines and red circles correspond to the theoretical exception for PSE, MFS and
SES, and the blue lines with different symbols (including •, ♦, � and ) indicate the numerical computation with 10000
realizations of length N = 28, 210, 213, 216. Fig. 3 shows the numerical computation of PSE, MFS and SES of GWN. Fig. 3(a)
is the GWN with σ 2

= 1 and length N = 216, and Fig. 3(b) shows the PSE of GWN, which varies in the [−0.02, 0.04],
and indicates that the GWN is singular almost everywhere. Fig. 3(c) is the MFS and Fig. 3(d) is the SES of GWN according
to the PSE and MFS of GWN, which indicates that the energy of GWN converges and assembles inside the small singular
range. Theoretically, PSE of GWN is identically equal to zero and the MFS and SES of GWN exist only at α = 0. However, the
oscillating of PSE and expansion ofMFS and SESwere caused by the calculating error. Fig. 4 shows the numerical computation
of PSE, MFS and SES of FBM. Fig. 4(a) is the FBM signal with H = 0.4 and length N = 216, and Fig. 4(b) shows the PSE of FBM,
where the dotted line is the theoretical expectation. The numerical computation of PSE varies in [0.38, 0.42] around the
theoretical expectation. Fig. 4(c) is the MFS and Fig. 4(d) is the SES of FBM, which indicate that the energy of FBM converges
and assembles around the given singularity exponent, and ideally, the SES of FBM is located at H = 0.4, and W (0.4) is the
fractal energy measure W (x) of FBM as to the Proposition 1. If we change the Holder exponent, the SES of FBM will move
along the singular axis.

We show the numerical computation of PSE, MFS and SES of linear mFBM with Holder exponent H(t) = 0.1 + 0.8t in
Fig. 5. Fig. 5(a) is the linearmFBM signal, and Fig. 5(b) shows the PSE of linearmFBM, and the PSE varies as the linear function
H(t), which indicates that the linear mFBM has linear varying singularity characteristic. The solid lines are the calculating
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c d

Fig. 3. The numerical computation of fractal characteristic of GWN. (a) the GWN signal with σ 2
= 1 and length N = 216; (b) the pointwise singularity

exponent (PSE) of GWN, based on the generalized quadratic variations (GQV) [35], and the red dotted line corresponds to the theoretic expectation (TE);
(c) the multifractal spectrum (MFS) of GWN based on WTMM, where red circle is the theoretic expectation (TE), and (d) the singularity energy spectrum
(SES) of GWN with 10000 realizations based on Eqs. (35) and (37). The solid lines with •, ♦, � and correspond to numerical computation of length
N = 28, 210, 213, 216 in (b)–(d). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

computationwith different lengths of data, and the dotted line is the theoretical expectation. Those small fluctuations in PSE
are caused by the calculating errors. Fig. 5(c) is the multifractal spectrum with length N = 28, 210, 213, 216, which indicates
that when N = 28, the basis of estimation of MFS is large corresponding to the part of moment q < 0, the estimation of
N = 216 is close to the theoretical expectation, and the estimation of linearmFBMbased onWTMMis statistical convergence.
Fig. 5(d) is the SES of linear mFBM, which indicates that the energy of linear mFBM distributes along with singular axis in
[0.1, 0.9]. The maxima of SES located in αmax indicates that sub-band signal xαmax(t) is measurable and the fractal energy
measure of xαmax(t) isW (αmax) in the f (αmax) fractal space.

There are several singularity spectrum algorithms currently, includingMF-DMA,MF-CMA,Wavelet leader (WL),MF-DFA,
WTMM and MFS based on box-dimension. Zhou proposed the MF-DMA and concluded that MFDMA is superior to MFDFA
for multifractal analysis [36,37]. Oswiecimka et al. compared WTMM and MF-DFA and concluded that MF-DFA is at least
equivalent to WTMM [38]. In Figs. 3–6(c), we use WTMM to calculate the singularity spectrum to explain in auxiliary the
physical meaning and the numerical characteristic of their corresponding FEM and SES, because our study indicates that SES
is defined in the fractal space with f (α) dimension and the singularity signal subset xα(t) is measurable with the Hausdorff
measure Hf (α)(xα(t)) and singularity energy spectrum w(α). It is worth mentioning that the use of MF-DMA in SES analysis
is hopeful of further discovering feather of the singularity energy distribution.

In addition, from the Figs. 3–6(c), we can see that the estimations are more accurate when N is larger, and the numerical
results indicate that the SES and MFS converge statistically. Furthermore, from the numerical results in Figs. 3(c), (d), 4(c),
(d), we can see that the curves of singularity spectrum and SES are artificial multifractality for mono-fractal time series. This
is actually a finite-size effect and we can refer to Refs. [36,37], which provide detailed discussions on this topic.

Fig. 6 shows the numerical computation of PSE, MFS and SES of nonlinear mFBM with Holder exponent H = 0.5 +

0.3 sin(4π t). Fig. 6(a) is the nonlinear mFBM signal, and Fig. 6(b) shows the PSE of nonlinear mFBM, and the PSE varies as
the nonlinear functionH(t) = 0.5+0.3 sin(4π t), with small fluctuation in PSE,which indicates that the nonlinearmFBMhas
nonlinear varying singularity characteristic as H(t). Fig. 6(c) is the multifractal spectrum with length N = 28, 210, 213, 216,
which indicates that when N = 28, the basis of estimation of MFS is large corresponding to the part of moment q < 0, the
estimation ofN = 216 is close to the theoretical expectation, and the estimation of linearmFBMbased onWTMMis statistical
convergence. Fig. 6(d) is the SES of nonlinear mFBM, which indicates that the energy of nonlinear mFBM distributes along
with singular axis in [0.2, 0.8]. For given α, we can get the sub-band signal xα(t), which is measurable in the f (α) dimension
space and the fractal energy measure of xα(t) is W (α).

Figs. 7–10 show The singular subsets from the singularity decomposition and the fractal sub-band signal of GWN, FBM,
linear andnon-linearmFBMsignal respectively. Numerical computation indicates that the singularity decomposition divides
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a b

c d

Fig. 4. The numerical computation of fractal characteristic of FBMwithH = 0.4, where various symbols (•, ♦, � and ) have the samemeaning as Fig. 3.
(a) the FBM signal with length N = 216; (b) the pointwise singularity exponent (PSE) of FBM, based on the generalized quadratic variations (GQV) [35],
and the red dotted line corresponds to the theoretic expectation (TE); (c) the multifractal spectrum (MFS) of FBM based onWTMM, where the red circle is
the theoretic expectation (TE), and (d) the singularity energy spectrum (SES) of Fig. 4(a) based on Eqs. (35) and (37). (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)

the signal with singularity exponent and obtains the fractal sub-band signal, thus the SES is the energymeasure of the fractal
sub-band signal. For GWN, the fractal sub-band signal is a uniform distribution in the time axis and converges in the given
interval of the singular axis, which is consistent with the singularity characteristic of GWN. For FBM, ideally, there only
exists a fractal subset with H = 0.4. As to the error of numerical calculation, the singularity point is replaced by a small
singularity interval. For linear mFBM, the fractal sub-band signal xα(t) possesses the linear character just as PSE H(t). For
example, the xα0(t) focuses on the time t0 = (α0 − 0.1)/0.8, and the energy of fractal subset at α0 originated from the
time t0. For non-linear mFBM, as the PSE varies as H(t) = 0.5 + 0.3 sin(4π t), the fractal sub-band signal xα0(t) includes
the points at t0 = arcsin[(α0 − 0.5)/0.3]/4π . In Figs. 7–10, we can obtain the singularity windows of GWN, FBM and
mFBM signal, where the singular subsets from the singularity decomposition are embodied. Furthermore, a time-domain
projection window and a singularity-domain projection window exist as shown in Fig. 10. By the time-domain projection
and the singularity-domain projection of xα(t), one can get the fractal signal and the PSE H(t) of fractal signal. From the
experiment result of xα(t), we can see that the singularity decomposition of fractal signal represents the dynamic evolving
process and indicates the spatial dynamics character of the system.

Besides, there are three viewpoints worthy of attention. Firstly, the calculating deviation of pointwise singularity
exponent causes that the simulation ofMFS, fractal sub-band signal and the SES are not so ideal. For example, the fluctuation
of PSE of FBM leads to the expansion of MFS and SES instead of a single point ideally, which happens to the GWN andmFBM
in the sameway. So a high accurate estimation of PSE is needed for MFS, SES and FEM. Secondly, we simulated the SES of the
fractal signal based on the approximation algorithm of SES of a discrete signal instead of the continuous algorithm of SES as
Eq. (34) because it is hard to estimate the local orientation angle and the Hausdorff measure of fractal time element. It lacks
rigorous proof that the Parseval theory about energy conservation holds in the fractal field. In Section 3.3, we studied the
upper bound of the Hausdorff measure of the fractal element and the existence of local orientation angle θt of the fractal
element, but more theoretic works about θt and H(xα(t)) remain to be done to obtain the continuous singularity energy
spectrum W (α). Thirdly, the SES is defined in the fractal space and possesses the singularity characteristic, just like the
singularity signal subset xα(t) in the f (α) dimension space with the Hausdorff measure Hf (α)(xα(t)). In the loose sense,
based on the projection theorem of fractals, the singularity energy measure is defined in the f (α) + 1 dimension space.
Furthermore, for the mono-fractal signal, and the dimension of singularity energy measure is D + 1 dimension. For that
discussion, amore strict proof is needed in future research.However, these problems could be solved if we consider studying
a high accurate estimation of PSE, and explore the physical meaning andmathematic origination deeply. Further studies will
be devoted to the algorithm of high accurate estimation of PSE, the local orientation angle and the Hausdorff measure of the
fractal time element.
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Fig. 5. The numerical computation of fractal characteristic of the linearmFBMwithH = 0.1+0.8t , where various symbols (•, ♦, � and ) have the same
meaning as Fig. 3. (a) the linear mFBM signal with length N = 216; (b) the pointwise singularity exponent (PSE) of linear mFBM, based on the generalized
quadratic variations (GQV) [35], and the red dotted line corresponds to the theoretic expectation (TE); (c) the multifractal spectrum (MFS) of linear mFBM
based on WTMM, where the red circle is the theoretic expectation (TE), and (d) the singularity energy spectrum (SES) of Fig. 5(a) based on Eqs. (35) and
(37). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

It should be noted that this experiment has examined only typical fractal and multifractal signals. For the natural fractal
signal in the real world, the validity and feasibility of the SES and FEM remains to be tested. Furthermore, the physical
meanings of SES and FEM are still not so distinct. In addition, we should pay attention to application research of SES and
FEM on the modulated signal in radar, communication, navigation and measurement and control, which will expand the
engineering application of SES and FEM.

6. Conclusion

In this paper, we proposed the conception and the mathematical expression of fractal energy measurement (FEM) and
singularity energy spectrum (SES) of multifractal signals, estimated the upper bound of the Hausdorff measure of the fractal
element and analyzed the local direction angle of the fractal signal. We also proved the compatibility between the FEM and
the traditional energy, and pointed out that SES is measured in the fractal space. We studied the algorithm expression
of SES in the condition of the continuous signal and the discrete signal, and gave the approximation algorithm of the
latter.

Furthermore, we simulated and calculated the FEM and SES of the Gaussian white noise, fractal Brownian motion and
the multi-fractal Brownian motion, and discussed the shortcomings and deficiencies on the calculating precision and the
theoretical rigorousness. From the experiment results, we conclude that: (1) the fractal sub-band signals/subsets of GWN,
FBM, linear mFBM and non-linear mFBM exist actually based on the singularity decomposition, and they embody the
different characteristics of four kinds of signals. For GWN, the fractal subset cluster is only one setwithH = 0 approximately.
For FBM, it is also one set with givenH . FormFBM, the fractal subset clusters distribute with different singularity exponents;
when αmax = maxα(f (α)), the fractal subset xαmax(t) is continuum because max(f (α)) = 1. When the PSE deviates from
αmax, fractal subsets become sparse sets. (2) The SES represents the energy distribution of the fractal signal based on the
fractal energy spectrum along with PSE. The SES of GWN and FBM is one point corresponding to only the fractal sub-band
signal in the given Holder exponent, and the FEM of GWN or FBM is in the same way respectively. The SES for mFBM has
rich energy distribution about the singularity exponent corresponding to singularity decomposition of themFBM signal. The
experiment showed that the SES is irrelevant with the dimension of the fractal subset, and the SES is not a convex function
like the multifractal spectrum function, while the FEM of the mFBM is equal to the integral of the SES along with PSE.

Further studies will concentrate on the high accurate estimation of PSE, the estimation of the local orientation angle and
the Hausdorff measure of fractal time element. We will also develop the SES and the FEM to the high dimension signal
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Fig. 6. The numerical computation of fractal characteristic of the nonlinear mFBM with H = 0.5 + 0.3 sin(4π t), where various symbols (•, ♦, � and
) have the same meaning as Fig. 3. (a) the nonlinear mFBM signal with length N = 216; (b) the pointwise singularity exponent (PSE) of the nonlinear

mFBM based on the generalized quadratic variations (GQV) [35], and the red dotted line corresponds to the theoretic expectation (TE); (c) the multifractal
spectrum (MFS) of nonlinear mFBM based on WTMM, where the red circle is the theoretic expectation (TE), and (d) the singularity energy spectrum (SES)
of Fig. 6(a) based on Eqs. (35) and (37). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

Fig. 7. The singular subsets from the singularity decomposition and the fractal sub-band signal of Gaussian white noise, which is a uniform distribution
in the time axis and concentrate on the slice at H(t) ∈ [0, 0.06].

processing based on the projection theorem of fractals and to the time-varying SES. It is hoped that we can reveal the
dynamics evolving process and the spatial dynamics character of fractal nonlinear systems based on the SES and FEM.
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Fig. 8. The singular subsets from the singularity decomposition and the fractal sub-band signal of FBM, which concentrate on the slice at H(t) = 0.4. The
projection of singularity subsets in the direction of time domain reconstructs the Fractal Brownian Motion signal.

Fig. 9. The singular subsets from the singularity decomposition and the fractal sub-band signal of linear mFBM, which distribute on the time-singularity
plane in the law of t = (α − 0.1)/0.8. We can reconstruct x(t) according to the singular subsets at (0.1, 0.1 + 0.8t). The projection of singularity subsets
in the time-domain or singularity domain can reconstruct the linear mFBM signal according to H(t) = 0.1 + 0.8t .

Fig. 10. The singular subsets from the singularity decomposition and the fractal sub-band signal of non-linear mFBM, which distribute on the time-
singularity plane in the law of t = arcsin[(α − 0.5)/0.3]/4π . We can reconstruct x(t) according to the singular subsets at (0.2, 0.5 + 0.3 sin(4π t)). The
projection of singularity subsets in the direction of the time axis or singular axis reconstructs the non-linear mFBM signal.
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