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Abstract

The application of mathematical physics to economics has seen a recent de-
velopment in the form of quantum game theory. Quantum game theory has
become an important field of research in multidisciplinary applications of math-
ematical physics to the study of economic phenomena.
We address the empirical findings of multifractality and turbulence in finan-

cial markets’ dynamics, from the point of view of evolutionary quantum game
theory, proposing a quantum game theoretical model of a financial market, that
extends the behavioral framework proposed by Sornette and Zhou for the self-
fulfilling Ising model of the markets.
The quantummarket model works with a bosonic framework for evolutionary

quantum game theory introduced here and is based on recent findings within
neuroeconomics and the neurobiology of decision.
The model is tested against actual market data, where it is shown that it

is able to reproduce some of the main multifractal signatures present in actual
markets.

Keywords: Bosonic Evolutionary Quantum Game Theory, Multifractals,
Market Turbulence, Econophysics.
    
    JEL Classification: C73, G10, G14, G32, D83, D84, D87

∗Researcher at UNIDE − ISCTE Business School, quantitative methods’ research line.
e-mail: cpdsg@iscte.pt, carlospedrogoncalves@yahoo.com

†ISCTE − Business School, Department of Finance. e-mail: carlos.goncalves@iscte.pt

1



Electronic copy of this paper is available at: http://ssrn.com/abstract=982086

Acknowledgements: We thank Professor Didier Sornette for the important
discussions regarding the previous artificial financial market, which much con-
tributed with elements for the current work. We also thank Maria Odete Gonçalves
for the important discussions regarding cognitive science, neurobiology and phi-
losophy, which contributed, a great deal, for the behavioral foundations of the
current model. We would also like to thank the Netlogo user community and the
Netlogo team at Northwestern University, for the important support in agent-
based modelling.

2



I. Introduction

Ever since the identification of multifractal behavior in the financial mar-
kets’ price fluctuations (Mandelbrot, 1999; Mandelbrot, et al., 1997; Calvet and
Fisher, 2002; Muzy et al., 2001), an empirical fact, unexplained within standard
financial theory, there has been a search for models that provide an explanation
of this phenomenon.
The major problem with financial stochastic modelling approaches such as

the multifractal model of assets’ returns (MMAR) (Calvet and Fisher, 2002) and
the multifractal random walk (MRW) (Muzy et al., 2001), is that multifractal
behavior is introduced through a multiplicative cascade, without a fundamen-
tal theoretical grounding on agents’ behavior. Such a modelling approach is
useful in terms of the immediate end result, which is the reproduction of the
price patterns, but they lack an agent-level behavioral basis for explaining these
patterns.
The development of models that generate multifractal patterns in a bottom-

up fashion is necessary, both for financial theorists and financial agents. The
presence of multifractal patterns makes the markets more risky than predicted
by standard financial models, which means that financial agents need to have
models that are able to provide for guiding tools in asset and risk management.
Within standard financial theory the multifractal behavior remains unex-

plained. The development of a model capable of explaining the presence of
multifractal signatures in the markets would be a first step towards a financial
theory of market dynamics. However, such a model, and such a theory cannot
be found in the framework of standard finance.
It has become necessary to review the microscopic assumptions that form

the basis for classical finance, where, by microscopic assumptions, we mean the
individual agent’s behavior and the interaction rules between agents.
Mathematical physics, and econophysics have provided for competing fields

of research where it is possible to study market dynamics from the perspective
of microscopic modelling. Spin glasses provide for the oldest examples of the
application of physical models to solve unexplained empirical facts in market
dynamics. One of the early applications of these models dates back to Vaga’s
(1990) coherent market hypothesis, that tried to relate market dynamics to dif-
ferent phases, in an analogy with the different phases of a spin glass.
Although spin glasses have been an example of a simple and effective mod-

elling tool to build microscopic theories of market dynamics, one still lacked
a robust model capable of generating self-organized multifractality, until a re-
cent work by Sornette and Zhou (Sornette and Zhou, 2005; Zhou and Sornette
2005, 2007), in which multifractal structure is diagnosed, not only by the stan-
dard convexity of the structure functions’ exponents, but also by a continuous
spectrum of power law response functions to endogenous shocks.
Sornette and Zhou stressed that this seems to be the first market model in

which such a clear distinction is documented quantitatively, based only upon a
bottom-up self-organization, which is in contrast with the previous models based
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upon stochastic modelling techniques like the MMAR and the MRW. This is one
of the first works to produce self-organized multifractality in the market observ-
ables, that closely matches actual market behavior, simultaneously providing
for a behavioral explanation of market dynamics.
Sornette and Zhou’s model is based upon a previous work by Gonçalves

(2003b), which in turn, develops a previous model proposed by Johansen, Ledoit
and Sornette (2002).
The novelty of these models is that multifractality emerges from a simple

microscopic mechanical rule, based upon the dynamics of social sentiment con-
tagion. The fact that the model is grounded in simple microscopic behavioral
assumptions, conveys to it an explanatory capability not present in neither stan-
dard financial theory, nor in the MMAR and MRW.
However, the model only deals with one aspect of price series, it does not

capture additional empirical features like multifractality in transaction volume
and the connection between market activity and price jumps.
The problem is that the model is not sufficiently dynamic with respect to

the number of agents, since it works with a fixed number of agents. Taking into
account that, in the model, trading is assumed to be synchronous, there are no
fluctuations in the transaction volumes.
However, fluctuations in market activity and transaction volumes seem to

be at the core of market turbulence and of multifractal behavior, as Mandelbrot
and Hudson (2004) have discussed. Indeed, in actual markets the number of
traders fluctuates. Periods of higher market turbulence are usually linked to
higher market activity, with simultaneous synchronization of trading behaviors.
The existence of periods of high market activity or low market activity seems

to play a central role in the production of multifractal patterns, and it provides
an important piece of empirical evidence that should be taken into account when
modelling the markets.
In the present work we propose a quantum game theoretical model (formal-

ized in section 4) that generates self-organized multifractal patterns (analyzed
in section 5) and that allows for fluctuations in the number of agents, thus
accounting for the above mentioned empirical facts.
The model extends the previous work by Sornette and Zhou, and by Gonçalves,

to include complex social dynamics and fluctuations in the number of agents.
There are, however, some major differences, namely, the model includes a more
complex semantics in agents’ behavior, albeit being analytically simpler, in the
sense that we obtain closed-form formulas for each trading round.
The model is based upon a bosonic framework for evolutionary quantum

game theory that is laid out in section 3. Bosonic evolutionary quantum
game theory, provides for a useful modelling tool to deal with social games in
which agent populations fluctuate with agents entering and leaving, and agents
changing strategies.
If strategies are made to correspond to quantum states, and agents to par-

ticles, then, the language of second quantization becomes a natural language
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for social systems’ dynamics with fluctuating numbers of agents’ implementing
each strategy.
The model that we propose here is not only able to generate multifractal

patterns, but it is based on a different behavioral theory than that of standard
financial theory and different than that of the branch of behavioral finance based
upon the noise trader hypothesis1.
The noise trader hypothesis assumes that there is a subset of irrational agents

or that rational agents may sometimes become irrational and that (irrational)
crowd dynamics may dominate the markets leading to phenomena like bubbles
and crashes, and to multifractal patterns. Lux andMarchesi’s (1999) model is an
example of a noise trader-based microscopic model, that has been successful in
obtaining long range dependence in absolute returns2 (Samanidou et al., 2006).
Unlike previous microscopic models, such as Lux and Marchesi’s model, that

worked with the noise trader hypothesis, our model is based upon a different
behavioral framework that incorporates recent findings within neurobiology and
neuroeconomics. Both standard financial theory and the noise trader hypoth-
esis have problems when considered in light of the recent empirical evidence
regarding how human beings make decisions.
Indeed, both standard financial theory and the noise trader hypothesis are

based upon a notion of rationality that does not take into account the actual
role of emotions and feelings in rational thinking and rational decision. In
both standard financial theory and in the noise trader hypothesis, emotions
are always assumed to be purely irrational and are considered to be sources
of market inefficiencies. However, the recent evidence, from neurobiology and
neuroeconomics, does not seem to support neither this interpretation of the
relation between emotions and rationality, nor the behavioral assumptions that
underlie both standard financial theory and the noise trader hypothesis.
Emotions, feelings and processes of social cognition play a central role in

rational decision-making. We shall argue here, that emotions, feelings and
processes of social cognition are necessary elements for market efficiency. On the
other hand, these emotions, feelings and processes of social cognition are, in our
model, responsible for complex market dynamics, in such a way that complex
market dynamics is always present in an efficient market, being a consequence
of the very mechanisms that make the market efficient.
These behavioral and financial foundations of the model, along with the

criticism to standard financial theory, are addressed in section 2.
Thus, the present work is divided into four parts that include sections 2 to

6. In section 2, we review the model’s behavioral and financial foundations. In
section 3 we introduce the framework of quantum game theory and provide for

1A noise trader is an uninformed trader whose trades are purely random and do not reflect
any information on the underlying asset. According to the hypothesis, a noise trader should
become a driving force in market dynamics through synchronization in trades produced by a
dynamics of social imitation and crowd behavior.

2 Lux and Marchesi’s model has the problem that market statistics are not robust, being
sensitive to the number of agents, as noticed by Lux (2006).
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the formalism for an approach to a bosonic evolutionary quantum game theory.
In section 4 the market model is formalized and in section 5 the main empir-
ical findings are addressed. Final reflections upon the model’s significance for
financial theory, quantum game theory and quantum econophysics are addressed
in section 6.

II. Behavioral and financial foundations

Standard financial theory rests upon a hypothesis known as the efficient
market hypothesis (EMH) which states that market prices reflect the whole in-
formation regarding the value of any asset, traded in a financial market3 . Taken
in a weaker sense, one might state that financial markets are among the most
efficient socioeconomic information processing systems capable of converting the
intrinsic value of an asset into a fair price for that asset.
Although, financial markets obey a general principle of efficiency, in terms of

their functional nature of financial information processing systems, one should
stress that EMH may have basic problems when considered as a general state-
ment for any kind of market organization. One problem is the existence of
firms.
This matter was first raised by the economist Ronald Coase (1937) who asked

the question: why do firms exist? If a market is the most efficient organizational
form, why do people join each other to form firms? These questions originated
the theories of the firm, and are still under debate in economic theory.
The questions, themselves, raise the problem of the market as an efficient

organizational form. Under such an organizational form, for instance, no worker
would work for a given firm, each agent that was needed for production would
meet other agents in a market, and production would proceed without any given
product being produced by a given entity other than the market itself.
As it turns out, according to the recent knowledge-based theories of the firm

(Kogut and Zander, 1992; Conner and Prahalad, 1996; Spender, 1996, Nonaka
et al., 2000; Gonçalves, 2005), the market seems to have a basic problem of
relational stability. People must work in stable working environments in order
to create knowledge more efficiently. A market is not generally efficient, as an

3Fama (1970) defined, on this regard, three levels of efficiency: weak, semi-strong and
strong.
Markets are considered to be efficient in the weak form if the prices reflect all the information

contained in the past price series.
On the other hand, if besides the information contained in the past price series, the prices

also reflect all the past publicly available information, then, the markets are said to be efficient
in the semi-strong form.
Finally, if private information is also reflected in the prices, then, the markets are said to

be efficient in the strong form.
These three levels of efficiency define a type of efficiency with respect to information, in the

sense that no investor should be able to profit from information since all information, relevant
for valuation, is already reflected in the prices.
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organizational form, when knowledge creation is a key factor of competitive
advantage4.
Markets seem, however, to be an efficient organizational form, when valua-

tion issues are concerned. As a valuation system, a market is not compromised
by any one particular interest. Economic agents actively search all the infor-
mation regarding the asset under valuation, and reflect the information they
gather in their trading bids.
Given a sufficient time to process all the information, the price will reach

a social consensus that should reflect the intrinsic value of the asset. At the
equilibrium price, no-one is willing to pay more, nor less, for the asset, it is the
asset’s just price.
Although the EMH does not, by itself, imply any given set of behavioral

assumptions, any theory that assumes its validity will have to address how the
agents process the information and place a bid based upon their information
processing activity.
Standard financial theory assumes that investors have access to all the in-

formation that is relevant for asset valuation. It also assumes that the fact that
all investors have access to all the relevant information is common knowledge.
Even if an investor did not have access to all the relevant information, or could
not process all the information, the great number of investors guarantees that
the information processed by the whole market system is all the information
that is necessary to evaluate an asset (Schleifer, 2000).
Besides these assumptions, financial theory also assumes that investors are

rational and, hence, evaluate the assets rationally (Schleifer, 2000, p.2). Any
irrational investors are eliminated through a process of natural selection due to
accumulated losses.
The rationality assumption is a cornerstone in standard financial theory.

However, what is meant by being rational begs a further inspection. There are
two relevant senses which make an agent rational, in order for an agent to be

4 In economic theory, management strategy and organizational theory, other possible ex-
planations are found for firms to be considered as having advantages over markets include:

• Transaction costs (Coase, 1937; Williamson, 1985, 1975) − if the transactions costs are
higher in the market, then transactions will be internalized in a firm;

• Bounded rationality and opportunism (Williamson, 1985; Simon, 1977, [1945]) − a firm
has advantages over the market because it is able to overcome the problems of bounded
rationality, asset specificity, uncertainty, transaction frequency and the problem of de-
tecting opportunism which menaces the market transaction.

• Unique resources (Penrose (1995, [1945]; Wernerfelt, 1984; Barney, 1991) − the ex-
istence of a firm is explained by the fact that it possesses a set of unique resources,
difficult to immitate and that provide it with a sustainable competitive advantage over
a market organization.

• Organizational routines (Nelson and Winter, 1996, [1982]) − learning, acquisition and
creation of knowledge and skills, through organizational routines, form the main engine
of evolution of the organization and of value creation and are the source of the firm’s
advantage over a market organization.
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rational she must evaluate rationally the several alternatives, and act rationally.
Acting rationally, in classical decision theory, is defined in terms of choice. A
choice is, in this theory, considered to be rational if it satisfies a criterion for
rationality. The basic criterion for rationality was introduced in mathematical
economics by von Neumann and Morgenstern (1990, [1953]).
Drawing upon previous economic tradition, the authors considered that an

individual that attempts to maximize her personal gain is said to act rationally,
where the personal gain is mathematically expressed by some utility function
which expresses numerically the level of personal satisfaction with a given choice
from among a set of alternatives.
A problem with this approach was, however, already identified by von Neu-

mann and Morgenstern. The authors noticed that, at that time, no satisfactory
treatment of the notion of rational behavior existed5. The notion of rational
choice, thus, had a purely operational value and should not be considered as a
fundamental notion of rationality.
The notion of rational choice does not, in fact, incorporate any theories

regarding the nature of cognition, which makes it compatible with different
underlying cognitive theories.
However, the recent developments within neurobiology have contributed to

a new understanding of how human beings process information and how they
make decisions. More specifically, new light has been shed on what it means to
evaluate rationally the information available and to choose rationally.
Indeed, neurobiological evidence has shown that every act of consciousness

has an emotional substractum (Damásio, 1994). The cerebral systems that are
responsible for emotions and for the feelings of those emotions are fundamentally
linked to the systems that are necessary for rational behavior (Damásio, 1994,
p.251).
These neural structures are linked with the regulatory mechanisms of the hu-

man body. Indeed, a feeling, defined by Damásio as a private mental experience
of an emotion, seems to depend on a complex system of multiple components
which is linked to biological regulation, and rational thought seems to depend
on cerebral systems, some of which process feelings (Damásio, 1994, p.251).
The evidence seems to point out towards the existence of an anatomic and

functional linking element between reason and feelings and of these to the body
(Damásio, 1994, p.251). Every act of consciousness is accompanied by a feeling.
Neurobiology shows us that there is a deep connection between feelings and

emotions. Every emotion originates a feeling, if one is in a state of aware-
5This can be seen in the following passage (von Neumann and Morgenstern, 1990, [1953],

p.9):

“(...) it may safely be stated that there exists, at present, no satisfactory treat-
ment of the question of rational behavior. There may, for example, exist several
ways by which to reach the optimum position; they may depend upon the knowl-
edge and understanding which the individual has and upon the paths of action
open to him (...)”

8



ness. While an emotion is produced as a set of changes in the body’s state, the
essence of the feeling of an emotion is the experience of those changes in juxta-
position with the mental images that activated the emotional cycle (Damásio,
1994, p.159). The substractum of a feeling completes itself with the changes
in the cognitive processes that are induced simultaneously by neurochemical
substances6 (Damásio, 1994, p.159).
Recent experiments seem to show that if the emotional basis is somehow af-

fected, then, the ability to make rational decisions diminishes, even though indi-
viduals are capable of logical reasoning (Damásio, 1994, p.225), this constitutes
a fundamental problem for traditional financial models, that have considered a
purely logical, emotionless decision, as being the best basis for making rational
decisions, that is to say, decisions which are advantageous to an individual’s
personal interest.
It appears to be the case that the criterion of rationality that underlies

classical decision theory and classical game theory finds its validity, for human
agents, only if those agents have a normally functioning emotional system. That
is, an individual must have a normally functioning emotional system in order
to choose rationally and to evaluate rationally the different available strategies.
Taking into account these findings, in order to have a model of an efficient

market, one must take these behavioral issues into account, for, otherwise, the
model would not have the sufficient explanatory power to account for market
dynamics, for it would ignore how human agents actually decide.
The main problem that arises in the mainstream financial theory of mar-

ket efficiency, is that it has incorporated in its theoretical basis the behavioral
notion that individuals compute the economic and financial information in the
same way, form homogenous expectations, fully agreeing on the implications of
available information for both current prices and probability distributions on
future prices of individual investment assets (Fama and Miller, 1972, p.335).
In terms of a formal representation from the point of view of agent-based

modelling, the model of financial agents, conceived within this theory, is such
that agents correspond to automata that are exact copies of each other and that
compute the information without any emotional substractum. Such a simplifica-
tion was useful mathematically, since it allowed the construction of closed-form
formulas for financial economics, but it goes against the recent neurobiological

6We should stress that we are using Damásio’s terminology associated with feelings and
emotions. It is not a normalized terminology, as Damásio himself admits it.
For instance, one might not use the term feeling at all, and divide the term emotion in two

components, one of which would correspond to what Damásio calls the feeling of the emotion.
We use Damásio’s terminology for two reasons. The first, is that the neurobiological evi-

dence seems to support a distinction between emotions and feelings, in such a way that the
terminology becomes useful for dealing with the neurological data.
The second reason is that Damásio’s work provided elements that support a new view of

rational decision theory and a basis for neuroeconomics.
In order for a market behavioral theory to have an empirical support, expressions like

rational behavior and rational choice must be considered in light of the new neurobiological
basis. And, on this regard, Damásio’s work provides for a useful basis for the development of
new market theories.
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evidence and makes the microscopic model inadequate to deal with problems
that arise from deviations of actual human rational behavior from the idealized
normative rationality assumed by the mainstream financial theory.
In order for individuals to possess the degree of homogeneity that the main-

stream financial theory assumes, it would be necessary for them to all share the
same body, have the same life experiences, be the same individual. It follows
from Damásio’s work on decision, that no two individuals will process the infor-
mation in the same way, since different working memories, different knowledge
bases, different mental imagery evoked by the information and the context of
the decision itself, will necessarily produce different computations for different
people.
Agreement as to the expectations stem from social consensus formation due

to social information processing, and, even then, there should exist different
expectations (Sornette, 2004; Gonçalves, 2003b).
The assumption of homogeneous expectations, besides assuming an emo-

tionless neurobiological substractum for decision, also involves the assumption
that all investors agree in regards to the price probability distributions, and
these distributions all coincide with the actual distributions. That is, given
the information set available at time t, I (t), if the price P (t0), for t0 > t,
has the conditional probability Pt [P (t0)] = P [P (t0) |I (t)], then, the assump-
tion of homogeneous expectations means, in this case, that, for each agent j,
Pjt [P (t0)] = Pt [S (t0)]. Since all agents have the same information set, and
they form homogenous expectations, the rationality criterion here becomes that
each conditional probability distribution for each agent coincides with the actual
probability distribution for the price.
This is useful in defining equilibrium models, but has the fundamental prob-

lem that, for actual markets, Pt emerges from the microscopic behavior of fi-
nancial agents. Thus, taking Pt to be a given and assuming that the behavior of
each agent is guided by Pt not only prevents the theory from having an explana-
tory model of market dynamics, but it invalidates the natural causal connection
between microscopic agent-level behavior and macroscopic market dynamics,
it assumes that agents are driven by some higher-order probability field with
which they must agree in order to be rational.
In terms of evolutionary theory, the mainstream financial theory makes the

behavior of the agents deterministically driven by the whole. The theory is
close to Rupert Sheldrake’s proposal for evolutionary theory in which there
is a probabilistic field − the morphic field − that determines the microscopic
organization in a process of formative causality, determined by the system’s
past (Sheldrake, 2000). In the mainstream financial theory, the conditional
probability Pt is the financial analogue of a morphic field which determines
the agents’ behavior through a process of formative causality, by which the
microscopic expectations are made to agree with the whole. This process of
financial formative causality proceeds instantaneously from the hypothesis of
homogeneous expectations.
The problem with this approach is that, not only, does it go against standard
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evolutionary theory and the way in which a complex adaptive system functions,
but, also, any deviations of actual markets’ from the theory automatically be-
come unpredicted and unexplained phenomena, that are labelled as irrational
for the lack of a better explanation.
The fact that Pt emerges from the agents’ behavior is a relevant element for

the construction of an efficient markets’ theory. In this case, we must distinguish
between two kinds of rationality: (1) agent-level rationality which should be
grounded on some behavioral theory, which should take into account the recent
findings within neurobiology and neuroeconomics; (2) market-level rationality.
A rational expectations hypothesis should hold as an emergent property of

the agents’ aggregate behavior, indicating an emergent market-level rationality.
The market-level rationality condition should be such that, in equilibrium,

the market reflects in the expected price, the fair price for the asset, in accor-
dance with the rational expectations hypothesis (Muth, 1961). The fair price
corresponds to the correct valuation of the asset, reflecting the prospects for
future value in the asset.
More specifically, in the case of the stock market, the fair price reflects

the market’s valuation of the firm’s ability to generate future free cash flows7,
the firm’s economic value is, then, an expression of a firm’s current ability to
generate future free cash flows. In the branch of financial theory that studies
financial valuation, there are various approaches to assess the fair value, the
discounted free cash flow approach has, however, become dominant within the
theory of financial valuation, in this case, the firm’s value is equal to the expected
value of the discounted of the (random) future free cash flows.
Assuming that the firm goes on forever, and considering a discrete time

sequence of free cash flows, with time intervals of some period τ , the economic
and market conditions provided by the information set at time t, I (t), may
be assumed to provide for a specific stochastic process for the future free cash
flows such that, on average, the cash flows grow at a rate ḡ, this implies that,
the average present value of the infinite sequence of random free cash flows, is
obtained by discounting the infinite sequence of cash flows growing on average
at the rate ḡ, giving for the firm’s value, at time t (Gregory, 1992, p.162):

Ṽ (t) =
FCF (t)

κc − ḡ (1)

where κc is the firm’s cost of capital, FCF (t) is the (known) free cash flow at
time t.8

Fluctuations in value due to changes in the information set I (t) imply that
Ṽ (t) must be changed at each time in which new information arrives, which

7Free cash flow is a notion of corporate finance, it corresponds to the cash flow that the firm
generates from the operational and investment activities and before financial commitments.
Three operating value drivers determine the free cash flow − sales growth, operating profit
margin, and investment − and one value determinant, cash tax rate, determine the free cash
flow (Rappaport and Maboussin, 2001, p.22)..

8The growth rate must satisfy the inequalities κc > ḡ ≥ 0.
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carries not only information regarding the current ability of the firm to generate
future cash flows, but also elements that allow the prediction of the evolution of
economic conditions affecting changes in this ability, that is the information set
also contains elements that allow the definition of expectations regarding the
evolution of economic conditions affecting the future evolution of value Ṽ (t).
A common assumption, in standard financial theory, is that the value Ṽ (t)
changes in accordance with:

E
h
Ṽ (t+ τ)

¯̄̄
I (t)

i
= V (t) exp (µ̄τ) (2)

Letting v (t+ τ , t) be the logarithmic rate of return on value, we have that:

E [v (t+ τ , t) |I (t)] = µ̄τ (3)

This means that although the conditions affecting a firm’s ability to generate
value may fluctuate, there is an average growth in value between two times t
and t+ τ equal to µ̄τ .
If, on average, the value’s logarithmic returns are equal to µ̄τ , then, the

condition of rational expectations equilibrium9 (Muth, 1961) for the market’s
returns, dictates that the market should, on average, reflect correctly the average
logarithmic return on value in the form of an equal average price logarithmic
return, that is, for the price’s logarithmic returns R (t+ τ , t) we must have that:

E [R (t+ τ , t) |I (t)] = E [v (t+ τ , t) |I (t)] = µ̄τ (4)

when µ̄ = 0 the conditions influencing value do not lead neither to an expected
rise nor to a fall, that is, the rational expectations equilibrium would be:

E [R (t+ τ , t) |I (t)] = E [v (t+ τ , t) |I (t)] = 0 (5)

The argument for rationality here is a game theoretical one, the financial
market should, on average, compensate the holders of shares by an amount
equal to the average returns on value. Alternatively, in terms of valuation, we
may state that, the market’s price should, on average, grow at the same rate
than value thus reflecting the average increase in value10.

9The expected value condition for the rational expectations hypothesis, was proposed by
Muth (1961). The expected value condition also allows the definition of a rational expectations
equilibrium in terms of the agreement between the expected value for the market variable and
the theoretical expected value for that same variable.
Although this equilibrium may be a macroscopic equilibrium not necessarily brought forth

by a microscopic homogeneity in expectations. Muth assumed microscopic homogeneity in
expectations.
We shall see that Bachelier (1900) proposed a model of an efficient financial market in which

heterogeneity in expectations was a pre-condition for a macroscopic rational expectations
equilibrium.
10This argument and the equations (4) and (5) are independent of the chosen valuation

method.
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This criterion for rationality is macroscopic. It should emerge from micro-
scopic agent-level behavior. Bachelier (1900) was the first to propose a math-
ematical model of an efficient financial market that also incorporated a micro-
scopic behavioral reasoning, from which emerged a macroscopic rationality in
the form of the global rational expectations equilibrium of the form of (5).
Bachelier’s model for the market price was a random walk, with the Brown-

ian motion as a limit, this model had a flaw in the fact that it could lead
to negative prices, and was later on replaced by the geometric random walk,
with the geometric Brownian motion as a continuous limit (Black and Scholes,
1976; Zhang, 1998). Nonetheless, by replacing the price by the price logarithm,
Bachelier’s main behavioral assumptions carry over directly to the geometric
model.
Despite the geometric random walk and the geometric Brownian motion be-

ing used in standard financial theory, both of these models have a behavioral
origin that differs from the mainstream financial theory, in terms of the main
behavioral assumptions, namely these models, under Bachelier’s theoretical ar-
guments, depend largely upon heterogeneous expectations.
Bachelier assumed that the influences that determine the stock market move-

ments are innumerable including past, current and foreseeable future events. On
the other hand, besides these external drivers of market behavior, Bachelier also
assumed that the stock market was also influenced by its own behavior, namely,
the stock market is its own object of strategic intentionality, this means that
it is also influenced by its past behavior and by its own evolutionary position
within the economic system.
Taking into account the scope of factors that determine the stock market,

Bachelier concluded that it is subordinated to an infinite number of factors and
that it is impossible to expect a mathematical prevision of market behavior11.
Instead, given the same information, it is possible to form one of two contra-
dictory opinions regarding the future behavior of prices, more specifically, it is
consistent with the information set to believe in a rise or in a fall. On this point,
Bachelier’s market theory differs from what eventually became the mainstream
theory, because, expectations are, in Bachelier’s model, necessarily heteroge-
neous.
The main agents in Bachelier’s model are speculators, for a speculator the

main objective is to take advantage from the price fluctuations in order to buy
low and sell high, this means that the speculator plays a minority game with
the market, selling if they believe that the market will rise and buying if they
believe that the market will fall. The object of strategic intentionality of each
speculator is the market itself, where the market is, in this case, defined as the
set of other speculators.
Each speculator will form an expectation regarding the future price move-

ments. It might appear, at first glance, that this behavior is not a rational one,
11On this regard Bachelier defined a notion of informational efficiency. If the market is

truly unpredictable, it is impossible to take advantage of information to predict the price
movements.
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since the price fluctuation is unpredictable, but such a statement reverts the
terms of causality, the price fluctuation is the result of the buying and selling,
it is only unpredictable because the reasons to buy balance the reasons to sell
in such a way that it becomes unpredictable which speculators will form an
expectation that leads them to buy and which will form an expectation that
leads them to sell.
These expectations differ from the macroscopic rational expectations, the

macroscopic rational expectations’ equilibrium is, in this case, only attained if
the microscopic expectations are not of the form of (5), that is, if each agent
either expects a rise or a fall in price.
In regard to the expectation’s formation process, Bachelier distinguished two

notions of probability, the mathematical probability that can be defined math-
ematically, as a measure determined from some theory12, and the probability
that depends from facts to come, being impossible to predict in a mathematical
fashion. It is this last notion of probability that speculators try to predict. In
this sense, each speculator analyzes the reasons that might influence a rise or
a fall and the amplitudes of such movements. The process is a fully personal
inductive process, and has as a necessary counter-party the inverse opinion.
This behavioral theory is compatible with current neurobiology and neuroe-

conomics, where the induction is based on a process of evaluation of information
in which emotions play a fundamental role. The emotional basis of an expec-
tation can be included to make Bachelier’s argument consistent with the recent
findings in the neurobiology of decision, unlike the theory that later on devel-
oped within finance, around the homogeneous expectations’ hypothesis, which
could not be made compatible with neurobiology.
Going from the microscopic to the macroscopic, Bachelier defined that the

market (the whole system) does not believe in neither a rise nor a fall in the
price. This means that, while the microscopic beliefs may be biased to a rise
or fall, the global expectation forms an average of zero. In this sense, the game
becomes symmetric with respect to the winnings and losses of each strategy
(buying strategy or selling strategy), that is E [R (t+ τ , t) |I (t)] = 0, which
defines a balanced game.
The symmetry for each strategy, means that the game is also symmetric for

a buyer and a seller, in what regards the expected logarithmic returns; they
both expect to win on average a return of zero.
Bachelier’s macroscopic assumption that the mathematical expectation of

the speculator is null is consistent with the microscopic assumption that the
personal expectations of each speculator are not null, but that they balance
themselves, given the variety of information, and of the reasons to buy or sell.
Besides Bachelier’s theory there is another market theory, that developed

around the same period, and that also assumed market efficiency. In this theory,
emotions seem to be an important element in understanding a financial agent’s
12Bachelier considered, in this case, the classical notion of probability, as defining the un-

derlying theoretical probability.
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decisions. This market theory was formulated by Charles Dow, who was the
first editor of the Wall Street Journal. The theory itself was the result of the
Wall Street Journal’s editorials written by Dow.
A main divergence point between Dow’s theory and Bachelier’s theory is

that, in Dow’s theory, the market trends signify an economic meaning. There
is a sense to be made of the presence of positive trends, negative trends and
correction movements. In Bachelier’s theory, and in the geometric Brownian
motion any trends are without a variational sense other than the product of
randomness, trends are the result of a purely random process, they do not
signify anything other than the action of aleatorial forces.
In Dow’s theory, trends in prices are linked to trends in value. The market

is thought of more as a valuation game, than as a speculators’ game. The
main difference between the two is that although a valuation may stem from a
speculators’ game, the object of strategic intentionality in a speculators’ game
is not the companies’ value. A valuation game is played by value investors,
that is, investors that are interested in benefiting from the companies’ ability to
generate future cash flows, they also trade in order to take advantages from over-
valuation and under-valuation, which means that they also act as arbitrageurs,
guaranteeing, through their buying and selling actions that the market price
reflects the companies’ fundamental value.
In a valuation game the trends must signify a fundamental economic mean-

ing, in order for the market to be efficient, that is, in order for that market’s
fluctuations to reflect fundamental economic information, so that a price rise
must reflect a rise in value and a price fall, must reflect a fall in value, a trend
in price implies a trend in value, and there is a structure in the trend linked to
the companies’ strategy and the general economic evolution.
If the market’s valuation is reflected in prices, then, for instance, sequences

of rises should reflect a trend in value which means that the companies’ ability
to generate future free cash flows has been increasing, this carries a significance
beyond the pure noise theory.
In Dow’s market theory trends are consistent with market efficiency, indeed,

the market is assumed to quickly reflect the new information, as soon as it
becomes available to potential investors. Once the news are released, stock
prices will change in order to reflect this new information.
The consistency of meaningful trends with the type of predictability ex-

pressed by (4) or (5) is a major fact unrecognized in the mathematical formu-
lation of the geometric Brownian motion and the geometric random walk, the
same being true for the multifractal versions of these two processes.
The fact that prices change on information implies, necessarily, that a se-

quence of price rises must signify an economic meaning, the market valuation
process reflects expectations about the future value in the current price, there-
fore, a sequence of price rises must signify an economic meaning as was stated
above. According to the model we build here, the presence of nonlinearities
in the markets is a consequence of the very mechanisms that are responsible
for market efficiency, and trends must signify an economic meaning and be re-
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flected in the trading behavior in order for the market to be efficient, and for
the relations’ (4) or (5) to hold.
Although Dow’s theory does not provide for a formalization of a stochastic

model of market dynamics, it already recognizes basic mechanisms that play a
role in market dynamics, one example is the statement that trends are confirmed
by volume, periods of high volume usually correspond to clear economic signals
and well-formed expectations, while periods of low volume correspond to periods
of wait-and-see, in which there is some uncertainty regarding the direction of
value.
In the model we propose here, this relation between volume and market

dynamics is also present, that is, we have an efficient market where trends, and
nonlinearities, signify an economic meaning and play a role in the individuals’
decision to buy or sell.
The model proposed here deepens the bridge between Dow’s theory and the

EMH, by incorporating some elements present in Dow’s theory and, by doing so,
it is able to reproduce some of the basic unexplained patterns in actual markets.
This fact is significant for financial theory, since it joins together two lines that
have developed separately within finance.
Although Dow’s theory is consistent with EMH, its main elements have been

incorporated mostly in technical analysis’ trading technologies, and these tech-
nologies do not recognize the validity of EMH (Malkiel, 1996). Such trading
technologies do not form a consistent theoretical body. Modern technical analy-
sis is mainly a set of trading rules used by investors to form expectations re-
garding how the market will behave. According to the standard financial theory,
technical analysis should destroy any pockets of predictability present in finan-
cial time series. The bulk of modern technical analysis cannot be considered a
scientific theory, being a part of actual trading behavior.
Technical analysts, try to trade on market inefficiencies linked with mean

price predictability. Some proponents of the mainstream approach to financial
theory, therefore, considered that Dow’s theory explicitly assumed that prices
were predictable on average (Malkiel, 1996), however, Dow himself considered
the markets to be efficient, describing the market as a rational barometer, quickly
reflecting the news in the price movement (Dow, 1906b). As in standard financial
theory, Dow’s theory also assumes, therefore, that the market works as a social
information processing system transforming economic and financial information
into asset prices.
We can, therefore, consider market activity as a financial valuation, where

the price is the output of the valuation process, then the market is being con-
sidered in terms of a computational nature. The market’s computation is a
valuation process since the final output of the market’s computation is a price.
The problem, then, is that of knowing how the market produces a particular

output, that is, a particular price for the asset. Since the price is the result
of the buying and selling of financial agents, it follows that the information is
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processed in a distributed way by the social system of potential investors13.
Instead of a fixed investor set, as in Gonçalves’ and Sornette and Zhou’s

work (Gonçalves, 2003b; Sornette and Zhou, 2005; Zhou and Sornette, 2005),
it is more realistic to consider that society listens to the news that affect the
markets and people form expectations, that make them want to buy or sell.
This includes, as potential buyers, all kinds of investor profiles, ranging from
small investors to professional traders.
The fact that economic and financial information is usually accompanied

by an analysis of its meaning, allows for more people, even without training
in finance, to have, at least, a basic educated opinion as to what the future
prospects, for value, are.
Buying and selling is based on expectations. In Dow’s theory one distin-

guishes two kinds of expectations, the bullish (optimistic) and the bearish (pes-
simistic) (Dow, 1906c). This terminology is used mainly in technical analysis,
in order to identify what is called the market sentiment, if the prices rise then
the dominant sentiment should be bullish, while that, if the prices fall, then the
dominant sentiment should be bearish14 .
The most salient characteristic in the bullish and bearish terminology is

that it implies a recognition of an emotional basis in the markets’ information
processing, and we can identify, in this terminology, the two basic emotional
elements that underlie traders’ expectations.
The actual formation of a market sentiment differs from the solipsistic infor-

mation processing proposed by mainstream finance, that assumes that investors
learn and act independently. In the potential investors’ social system, people
interact with one another, so that potential investors socially interpret the in-
formation. Neurobiology and neuroeconomics become important in providing
for an explanation of how human beings decide on a social context.
The formation of an expectations’ consensus by a group of people involves the

formation of shared feelings regarding the information and the future prospects
for the market. Therefore, we must take into account a process of contagion of
market sentiment.
In the neural activity that is present during social interaction scenarios15

mirror neurons play an important role. The knowledge of the activity of these
neurons is essential for the development of a grounded financial theory, since this
class of neurons processes context-dependency in sensorial stimuli, intentionality
in action, and other people’s emotions (Rizzolatti et al., 2006, p.30). Indeed,
13The market computation, that constitutes the valuation process, takes the form of an

evolutionary game.
The market can be considered in this computational activity, as a computer, whose computa-

tion is the result of the evolutionary game. The social learning process behind the evolutionary
game, defines the nature of the game’s information processing activity.
In our present case, the social learning takes the form of an evolutionary quantum compu-

tation.
14This largely explains the usage of spin glass models.
15Even those that include listening to the financial news or reading a financial paper, or

visiting a site.
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mirror neurons allow people to understand the intentions of others (Rizzolatti
et al., 2006, p.34) and identify intentionality in actions (Rizzolatti et al., 2006,
p.34), they are also responsible for contagion of emotions.
Mirror neurons facilitate the process of emotions’ contagion by creating an

emotional response in our body that mimics the emotional response of others
(Goleman, 2006, p.69). The social contagion of emotions is, in turn, responsible
for organized crowd dynamics, in which the crowd acts as a single entity. How-
ever, in the case of financial markets, the behavior is not as simple as that of a
crowd16. We have to consider a dynamics of strategic thinking in the context
of social cognition.
The development of shared market sentiments, which produce shared expec-

tations, along with the dynamics of strategic thinking, shape the nature of the
social and economic forces that affect market mechanics.
The basic emotions that have been categorized into bullish and bearish, form

the basis for the emergence of shared expectations, since, the basic emotions
that characterize the investors correspond to two kinds of expectations about
value − optimistic and pessimistic. Therefore, we have a process of expectation
formation, on the basis of information that arrives to the market.
However, besides expectation formation, we have to take into account a

strategic deliberation that is made on the basis of these expectations, that is,
the trading does not proceed directly from the expectations in the sense that
optimism implies a buy and pessimism implies a sale.
The experiments developed in London University College, by the group led

by Nathaniel Daw (Buron, 2007, p.48), showed that when a human being is
faced with a decision there seem to be present two phases, that may alternate,
an exploration phase and an exploitation phase (Buron, 2007; Daw, 2006a).
In the exploration phase, individuals collect information in order to be able

to decide (Buron, 2007, p.48). The regions of the brain responsible for logical
thinking become active in the information processing. In the financial markets’
case the exploration phase corresponds to the phase in which potential investors
interpret the meaning of the new information that arrives to the market.
In the exploitation phase, investors implement the decision and ripe the gains

from the decision taken. In this phase the elements of pleasure and reward enter
into play.
Individuals seem to take pleasure in making good decisions. There seems to

exist a feedback loop in the form of dopamine release that signals a good decision
which reinforces the memory of that decision (Buron, 2007, p.49). The memory
of a good or bad decision plays a role when an individual is faced with similar
decision situations. From a game theoretical point of view, this is especially
important when taking into account repeated games.
16The purely mechanical crowd behavior was considered to be the explanation of turbu-

lent periods in the market, by the proponents of the noise trader hypothesis. However, this
hypothesis is still flawed since it uses the same criteria for rationality used in mainstream
finance, which is inconsistent with neurobiological evidence.
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There is also a risk sensitivity present in a decision context. Uncertainty in
information along with bullish or bearish market sentiment, may guide the way
in which an individual decides.
In order to have a behavioral explanation of market dynamics we must take

into account these issues in model building. In the model we propose here, there
is, for each trading round, an exploration phase and an exploitation phase, which
means that these recent neurobiological findings are essential in establishing a
bridge between our proposal and previous theories.
In particular, it should be stressed that the model we propose is not in a

rupture with the EMH, we still assume that investors are rational and that be-
haviors satisfy von Neumann and Morgenstern’s rationality criteria, however,
unlike standard financial theory, we base the model on the behavioral founda-
tions for social psychology that are now laid out by neuroeconomics and the
neurobiology of decision.
The important insight gained into market behavior is that, once one in-

troduces an emotional basis for decision, market turbulence is a by-product of
efficiency. Furthermore, the patterns of transaction volume are produced by
the simultaneous action of information processing and market self-regulation
mechanisms introduced by agent’s behavior.
Thus, for instance, if one can predict an increase in pessimism, there are

agents that take advantage of this pessimism by anticipating the possibility of
an undervaluation, this leads to a spike in market activity, the fall or rise in
price will depend on the amount of investors that buy and the investors that
sell. This is an example of a correction mechanism that prevents undervalua-
tion. Financial theory predicts also the existence of mechanisms that prevent
over-valuation. In our model, both of these mechanisms will be present. The
dynamics of information processing, along with this self-regulation mechanisms,
is what makes a market an efficient information processing system, however, it
is the very information processing and self-regulation mechanisms that will pro-
duce turbulence and multifractality. That is, it seems, that to function properly
a market must be turbulent.
Having reviewed the behavioral foundations of the model we now proceed

to introduce the approach to evolutionary quantum game theory which will be
used in defining the model.
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III. Bosonic approach to evolutionary quantum game the-
ory

Quantum econophysics is a recent field of research17, that has seen an in-
creasing number of applications, examples of several research lines include:

1. Financial markets’ modelling (Schaden, 2002, 2003a; Pakuła et al., 2005;
Piotrowski and Sładkowski, 2002; Singh and Prabakaran, 2006; Choustova,
2006);

2. Quantum game theory (Meyer, 1999; Vaidman, 1999; Eisert et al., 1999;
Iqbal, 1995; Iqbal and Toor, 2001; Piotrowski and Sładkowski, 2002, 2003a,
b, 2005; Flitney and Hollenberg, 2006; Melo de Sousa et al., 2006; Faber
et al., 2006);

3. Evolutionary quantum game theory (Iqbal, 1995; Iqbal and Toor, 2001;
Hidalgo, 2005, 2006a, 2006b, 2006c, 2006d);

4. Asset valuation models (Chen, 2001; Schaden, 2003b; Montagna et al.,
2002a, b; Bormetti et al., 2006).

The pertinence of the development of a quantum econophysics can be evalu-
ated on two levels, a theoretical level and an empirical level. If the models and
economic theories developed within quantum econophysics increase the explana-
tory power of economic theories, then, there is both a theoretical and empirical
pertinence to quantum econophysics.
Problems, still under discussion, within neurobiology, such as the possible

role of quantum mechanics in consciousness18, leaves us with the still open
hypothesis that quantum mechanics and quantum computation may play a role
in neurological processes involved in decision-making, however, the models that
are under development within quantum econophysics do not necessarily depend
upon quantum neuroscience.
An example of this is Khrennikov’s work (Khrennikov, 2003, 2006, 2007).

Khrenikov argues that quantum mechanics’ formalism can be applied to so-
cial systems and to cognitive science. However, in Khrenikov’s formalization
the quantum nature of these systems is of the same kind as that of quantum
mechanics, but these systems are not reduced to an underlying quantum me-
chanical substractum. Khrenikov proposes a quantum-like mental model in
which cognitive processes are not reduced to quantum mechanical processes in
the microworld, even though they show a quantum-like nature.
17The beginning of the field can be dated back to Wiesner’s notion of quantum money

(Weisner, 1983), which corresponds to one of the first examples of a game against a quantum
nature. Although Weisner’s work was not directly aimed at economic applications but rather
at the discussion of the foundations of quantum mechanics.
Well-known thought experiments, such as Schrödinger’s cat, albeit not being econophysical,

can still be considered, in light of game theory’s terminology, as games against nature (nature
being quantum mechanical, in this case, rather than classical).
18 See, for instance, Penrose and Hameroff (1996) and Eccles (1995).
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Schaden (2003a) has successfully shown that, within a quantum theoretical
description of a financial market, one is able to account for several empirical
features of the markets’ probabilistic behavior, which provides for some initial
assurance as to the empirical value of such an approach, from a purely economic
point of view.
However, the general arguments for quantum econophysics largely depend

upon the interpretation of quantum theory followed by the authors.
Khrenikov’s modelling of quantum-likeness, for instance, is based on a pure

mathematical argument such that, whenever one is unable to know the condi-
tions which determine the systems’ behavior, a (mathematical) manipulation
of the total probability formula leads to the quantum formula of total probabil-
ity (Khrenikov, 2003). The result is, in this case, independent of the system’s
size and nature. The argument entails an equivalence between systems (physi-
cal or not) that are described by quantum mathematical formalism. However,
the argument is based upon a specific interpretation of quantum probabilities,
which denies the collapse postulate, and assumes that we do not have the whole
knowledge of the variables affecting the system, making the interpretation close
to the hidden-variables interpretation (Khrenikov, 2006, 2007).
Choustova’s work (Choustova, 2006) is an example of another work in which

the hidden variables’ interpretation is applied within quantum econophysics.
It is also possible, on the other hand, to follow a many-worlds interpretation

(Piotrowski and Sładkowski, 2003c). Within the relative state interpretation
(Everett, 1957) and its development, the many-worlds interpretation (DeWitt,
1973), quantum theory applies to the entire universe, classicality emerging as a
consequence of the absence of interference effects between worlds due to deco-
herence19 (Zeh, 2003, 2006; Paz and Zurek, 2002; Blume-Kouhout and Zurek,
2006) or within coarse-grained descriptions20 (Griffiths, 1984, 1993, 1994; Om-
nès, 1988, 1992, Gell-Mann and Hartle, 1993, 1994, 1996, 1998).
It is noticeable that, under this interpretation, even if social games follow a

quantum-like behavior, Everett’s branching of perceptions (Everett, 1973), or, in
DeWitt’s interpretation, of worlds (DeWitt, 1973), must occur in the same way
that it is assumed to occur for quantum physical systems21. At each agent’s
decision juncture, following the many-worlds interpretation, the universe must
split, since different agents’ decisions will actually lead to a different world. For
19 It should be stressed that decoherence, and, more specifically, environmentally-induced

decoherence (Paz and Zurek, 2002) is compatible with any interpretation of quantum theory
as stressed by Zeh (2006).
20Hartle (2005) gives, as an example, the probabilities of different alternative orbits of the

Earth around the Sun.
21The main difference between Everett and DeWitt is that Everett’s theory is single-world

theory of many perceptions. That is, for the same universe, all quantum alternatives occur but
the observer’s consciousness splits in different states of awareness. In each state of awareness
the observer sees a different outcome.
The observer’s partial memory is, by assumption, unable to know that another branch

possesses a different memory of the outcome.
DeWitt follows an ontological theory. In which the universe splits into different branch-

worlds, which constitute separate, parallel realities, one for each alternative outcome.
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instance, a world in which a financial crash or the death of a person due to a
combat situation occurs is a different world than that in which the crash did
not occur and the person did not die. The decision has physical effects, due
to the fact that decisions made by actual physical game players have actual
physical effects, therefore, the branching universes are physically different, and,
so, according to Everett and DeWitt’s theory, there should be a branching at
each decision juncture.
For the proponents of the relative state and the many-worlds interpretations,

the extension of quantum theory, to include quantum-like behavior that occur
in quantum games, is not only valid, it is, in fact, necessary, in order for the
interpretation to hold22 .
However, these two interpretations are not the only ones in which a quantum

description of social and economic systems is valid. Indeed, Stapp (1995) argued
that the Heisenberg and von Neumann’s views were also consistent with such a
description.
In Heisenberg’s interpretation of the quantum state, the quantum formalism

also finds a direct corresponding physical theory for social and economic systems.
Indeed, the main elements of Heisenberg’s interpretation were first advanced by
Aristotle in the Book II of the Organon, Heisenberg recovered some of Aristotle’s
philosophical notions and applied them to quantum systems.
Specifically, Heisenberg held that the probability waves of Born, Kramers

and Slater could be interpreted as a quantitative formulation of the Aristotelian
notion of dynamis, or, in a later Latin version, potentia (Heisenberg, 1961).
For Aristotle, future events are not necessarily pre-determined, the categories
of possibility and contingency can be applied to future events, in the sense that
they may or may not take place.
Therefore, of a future event, according to Aristotle, we cannot say that it will

be realized or not. Contingency does not allow us to talk about the actual reality
of an event until that event takes place. For a contingent event which has not
taken place yet we only have a set of potentialities, ways in which the event may
take place and ways in which the event may not take place, the actualization
corresponds to the moment in which the actual reality takes place, and, in this
taking place, the event either occurs in a certain mode of its occurring or not.
The Aristotelian modal logic of events, is not a binary logic. Before the

event’s actualization, it is neither true, nor false that the event will occur. Only
after the occurrence can we talk about an either true or false occurrence. The
actualization of the potentialities correspond to the collapse of the uncertainty
to certainty, and the period before the actualization/collapse corresponds to the
state of uncertainty described, in quantum mechanics, by the wave function.
Aristotele’s modal logic as it applies to events fits well with the quantum logic

that underlies the Copenhagen interpretation. This relation between quantum
logic and Aristotelian modal logic was recognized by Heisenberg. According to
22A conclusion that is reinforced by the fact that in both these interpretations it is assumed

that everything in the universe, including conscious observers are described by the Hilbert
space formalism and quantum mechanics.
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Heisenberg, the notion of dynamis assumes a new form, in the sense that it is
formulated quantitatively as a probability, and subject to the mathematically
expressed laws of nature (Heisenberg, 1961).
The (quantum) laws of nature no longer determine the phenomena them-

selves, they only determine the potentiality for the occurrence of a given phe-
nomenon − the probability that something will occur (Heisenberg, 1961). The
probability, in Heisenberg’s interpretation, corresponds therefore to the ten-
dency of something to be actualized (to acquire an actuality). This tendency,
can be likened to a force, where by force it is meant the Aristotelian notion of
dynamis. Popper (1992a, [1982]; 1992b, [1982]) expressed this notion of prob-
ability as a propensity of something to be realized with repetition. Since one
may conceive the possibility that some events could occur only once, especially
in social science23, and the notion of repetition could approximate us to the
ensemble interpretation, we prefer the notion that stems from Heisenberg’s in-
terpretation, of a probability as a dynamis, in the form of a physical propensity
for something to be actualized.
In the present work, we follow this interpretation. Thus, for instance if

the quantum strategic state associated with an agent, is in a superposition of
strategic alternatives, this means that the agent tends to follow each of these
alternatives with a given propensity.
Quantum game theory within a purely economic setting is, therefore, jus-

tifiable, when an agent is considered not to have chosen a given strategy with
certainty but to have some propensity to choose each of the several pure alter-
native strategies available.
This economic interpretation can be extended to the evolutionary setting,

in which the propensities are physical propensities in the social system, and the
forces that affect the unitary evolution of the game correspond to social and
economic forces that are formalized by the unitary operator.
Evolutionary game theory is a natural stage for dealing with social systems

where there is a great number of agents, since agents may freely enter and leave
the game, or change strategy. The evolution takes place at the social level, and
there is a process of strategy’s social selection.
Classical evolutionary game theory was developed to deal with biological

systems, where natural selection operates. In this case, the rationality of the
choice is imposed by the (blind) mechanism of Darwinian natural selection. The
origin of this branch of game theory dates back to 1973, when Maynard Smith
and G. R. Price wrote an article in Nature showing how game theory applies to
the behavior of animals. Later on, Maynard Smith (1982) wrote a book on the
subject.
The core of the theory involves an evolutionary perspective on the following

notions of classical game theory (Gintis, 2000, p.178):

1. The notion of strategy − in traditional game theory players have strategy
23The probability is there, as a physical propensity present in the social and economic

system, even if the event happens only once.
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sets from which they choose particular strategies, in biology, species have
strategy sets (genotypic variants), of which individuals inherit one or other
variant (perhaps mutated);

2. Equilibrium − in place of the notion of equilibrium of non-cooperative
game theory (the Nash equilibrium), Maynard Smith and Price introduced
the notion of evolutionarily stable strategy. A strategy is evolutionarily
stable if a whole population using that strategy cannot be invaded by a
small group with a mutant genotype;

3. Player interactions− in evolutionary game theory we always have repeated
games, where agents are randomly paired.

Evolutionary stability is usually implemented through the notion of a repli-
cator, which allows the definition of a set of differential equations24 − the repli-
cator equations − that define the replicator dynamics. The replicator dynamics
is an important tool that allows the extension of evolutionary game theory to
social and economic problems.
A replicator is an entity that has some means of making approximate copies

of itself. In evolutionary game theory applied to social sciences, a replicator
can be a strategy, a technique, a convention, a cultural trait, or a more general
institutional or cultural form, it takes the form of what Dawkins (1989) calls
a meme. The stable fixed points of the replicator equations correspond to the
evolutionarily stable strategies.
There is an advantage in using these equations, in that they allow the fitness

landscape25 to incorporate the distribution of the population types rather than
setting constant the fitness of a particular type.
Hidalgo (2005, 2006a,b,c,d) has shown that there is a close relation between

the differential equations that define the replicator dynamics and von Neumann’s
equation for the evolution of the quantum density operator. Quantum evolu-
tionary stability has also been researched by Iqbal (1995) and by Iqbal and Toor
(2002), along with frameworks for quantum repeated games.
We consider here that the language of second quantization provides for a

natural quantum theoretical framework for quantum evolutionary game theory
(QEGT), since it simultaneously allows for a quantum framework for classical
evolutionary game theory, and an evolutionary framework for quantum game
theory.
In standard quantum game theory one may consider a set of player types,

Π = {p1, ..., pn}, for each player type there is a set of alternative pure strategies
24 It is also possible to introduce difference equations for the replicator dynamics.
25 In evolutionary biology, fitness landscapes or adaptive landscapes are used to visualize

the relationship between genotypes (or phenotypes) and reproductive success.
The fitness of a genetic trait is proportional to the frequency of individuals in a species

that possess that trait.
The set of all possible genotypes, their degree of similarity, and their related fitness values

is called a fitness landscape.
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that are represented as basis vectors in a basis26 for the player type’s Hilbert
space, that is, if S (pj) is the set of pure strategies, then we take27 S (pj) =
{|si (pj)i : i = 1, ...,mj}, where mj is the number of alternative strategies for
the player type pj , and |si (pj)i corresponds to the pure strategy si for the
player type pj .
To each player there corresponds a quantum state that can be pure or mixed.

Apart from the basis states, any other pure state is a state in which there is
uncertainty regarding which pure strategy the player chooses. For instance, if
we have the following state, for a player corresponding of the type pj :

|pji =
X
i

ci |si (pj)i (6)

then, hsi (pj) |pji = ci is the probability amplitude that the player plays the
strategy |sii. We call |pji the player’s quantum strategic state.
We can describe the evolution in the quantum strategic state in terms of a

unitary operator, therefore, between an initial time, ti, and a final time, tf ,
where the play must take place, we have:

|pj , tf i = U (tf , ti) |pj, tii (7)

The use of unitary operators and pure quantum states is a distinctive feature
of quantum game theory28, because it allows for interference effects (Piotrowski
and Sładkowksi, 2003a).
Since, in our present case, we wish to deal with a dynamics of social learning

and with a population of players, it is useful to shift the attention from the
individual player to the sets of players that find themselves in a game situation
against other players playing some strategy.
For a population of n-player types, the set of alternative pure strategy con-

figurations, which gives the game’s strategic basis states, is given by the tensor
product of the pure strategy basis states for each player, this defines a basis
26Usually, this basis is defined as the basis for some game payoff observable.
27We use Dirac’s bra -ket notation (Dirac, 2004, [1958]). In this case, if H is a Hilbert space,

then a vector in that space is denoted by |vi, which corresponds to what Dirac called a ket
vector. The conjugate imaginary of |vi is the bra vector hv| (Dirac, 2004, [1958], p.21)) so that
the inner product in H is given by (|ui , |vi) = hu|vi, and the outer product |ui hv|, finally, the
tensor product |ui⊗ |vi with |ui ∈ H and |vi ∈ H0, leads to a ket vector in the space H⊗H0.
28 In classical game theory the only probabilistic notions were expressed in terms of the

mixed strategies that corresponded to mixed states of the form:X
i

wi |pj ; sii hpj ; si| (8)

where
P
i wi = 1. That is, classical game theory worked either with pure quantum states

in the strategic basis (the notion of pure strategy), or with mixed quantum states that are
diagonal in that basis (the notion of mixed strategy).
The definition of the values for the weights wi was defined, in classical game theory, in

terms of mixed strategy Nash equilibria.
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{|si1 ...sini = |si1 (p1)i⊗ |si2 (p2)i⊗ ...⊗ |sin (pn)i} for the game’s Hilbert space
HG. The game’s general pure state is, then, defined by:

|Gi =
X
i1...in

ci1...in |si1 ...sini (9)

The connection with evolutionary game theory, comes from considering, a
population of N games, that is, N sets of n players playing the game. Assuming
that no entanglement occurs between games, the quantum state for such a game
population, can be given by:

|G1...GNi = |G1i⊗ |G2i⊗ ...⊗ |GNi (10)

where |Gki is the k-th game’s quantum state.
The problem, that we now face, is that of deciding whether the state should

be symmetrical or antisymmetrical, which would lead to either a bosonic or a
fermionic theory. If we worked with an antysimmetrical state (a fermionic game
theory), then, no more than one set of n players can choose the same strategy
combination, that is, no more than one game can be in the same configuration
(the same quantum state). Since in social game theory, for different sets of n
players, playing independent versions of the same game, more than one player,
can play the same strategy, the quantum state for the population must be taken
as symmetrical (a bosonic game theory).
It should be stressed that we are dealing with the population of players

only from the point of view of the strategy they play, that is, for all practical
purposes, all the relevant information for the game theoretic description of each
player is contained in the quantum strategic state. The quantum strategic state
is all there is to be known, it completely identifies each player.
This is an important restriction to the application of this theory within social

contexts. The quantum strategic state must contain all the relevant information,
in such a way that, individual players become indistinguishable if they have
the same state. This extends to the games themselves, which means that two
independent games with the same quantum state in HG are indiscernible29.
Thus, we are dealing with the population of N games as if they were an

assembly of bosons30 (Dirac, 2004, [1958]). Letting m =
Q
jmj be the number

of alternative game configurations31, then the dimensionality of the space HG is
equal to m and we can introduce the numbers n1, n2, ..., nm as the numbers of
games in the game population in which each alternative strategy combination is
chosen. We can, therefore, deal with the general state of a population of games
in terms of occupation number states, thus |n1, ..., nmi corresponds to a state
in which nk games are played with the k-th strategy combination, that is, nk
games are in the k-th quantum state, with k = 1, ...,m.
29Particle indescernibility, therefore, carries over directly to the quantum theoretic descrip-

tion of a game.
30This results, as stated above, from the fact that we work with a symmetrical quantum

state for the population of games.
31That is, the number of pure strategies’ combinations for the n-players.
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We can introduce the bosonic creation and annihilation operators:

a†k
¯̄
..., nk, ..., nmj

®
=
√
nk + 1

¯̄
..., nk + 1, ..., nmj

®
(11)

ak
¯̄
..., nk, ..., nmj

®
=
√
nk
¯̄
..., nk − 1, ..., nmj

®
(12)

[ak, al] =
h
a†k, a

†
l

i
= 0 (13)h

ak, a
†
l

i
= δkl (14)

Although we shall work here with a finite set of configurations, it is possible to
consider an infinite number of configurations, letting m −→∞.
We can now define |φi as the quantum state for a population of games, that

belongs to the Hilbert space with basis given by {|n1, ..., nmi : nk = 0, 1, ...}.
The evolutionary quantum game is, therefore, completely defined by:

1. A set of player types Π = {p1, ..., pn};
2. The strategy set for each player type S (pj) =

©|s1 (pj)i , ..., ¯̄smj

®ª
;

3. An initial configuration for the occupation number states |φ (ti)i;
4. A unitary evolution operator U (tf , ti) for the occupation numbers that
represents an adaptive dynamics;

Given |φ (ti)i and U (tf , ti) we can determine the probability amplitudes for
each final occupation numbers as follows:

hn1, ..., nm |U (tf , ti)|φ (ti)i (15)

the above result gives us the probability amplitude for the transition from the
initial state |φ (ti)i to the final state |n1, ..., nmi.
The key element here is the evolution operator, since it is this element that

incorporates the evolutionary dynamics. In the case of human social games, its
form is determined by the underlying theories that define the social learning and
strategic choice. The evolution U (tf , ti) |φ (ti)i corresponds, in this formalism,
to a quantum replicator dynamics, however, the type of replicator dynamics
need not be a quantum generalization of the classical form of evolutionary game
theory’s replicator dynamics.
The action of U (tf , ti) on the initial game configuration |φ (ti)i, may incor-

porate social, economic and cognitive mechanisms. Drawing upon the evidence
regarding the two phases of decision (the exploration phase and the exploita-
tion phase), we have that, for social systems, the unitary evolution operator
expresses an exploration phase in which the agents learn about the alternatives,
while the exploitation phase corresponds to the final moment in which agents
distribute themselves between the different strategies32 . Therefore, the form
32Corresponds to the moment of collapse of the state into one of the basis states in the

occupation number basis.
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of U (tf , ti) will depend upon the social, economic and cognitive mechanisms
involved in learning.
This framework is substantially different from classical evolutionary game

theory, since in the phase of unitary evolution, we do not have generations
of players being born and dying, or entering and leaving the game, the uni-
tary evolution expresses a transition between two occupation number states,
the (probabilistic) strategic choice occurs only at the end of the period, with
the transition amplitudes given by (15). This matter begs, however, a deeper
inspection.
An important issue, when faced with a quantum game is the problem of

knowing when one can consistently assign probabilities that obey Kolmogorov’s
axiomatic. In our case, this issue is raised, in particular, for the final state¯̄
φj (tf )

®
, where the decision takes place. Since we are dealing with closed game

models, we are assuming that all the relevant elements for the game’s quantum
dynamics are already accounted for in the game’s description, therefore, we need
a criterion for consistently assigning probabilities in a closed game model33.
We may notice that, for a general quantum system with initial state |ψii, that

can be expanded in the basis {|Oni} of some observable O, we can introduce
the complete set of projection operators

n
P̂n

o
, where P̂n = |Oni hOn|, then,

under the unitary evolution U (tf , ti):¯̄
ψf
®
= U (tf , ti) |ψii (16)

Given an operator B̂ on the system’s Hilbert space H, we can define A such
that:

A
³
B̂;n,m

´
=

D
ψi

¯̄̄
Ĉ†mB̂Ĉn

¯̄̄
ψi

E
=

ψf |Om

® 
On|ψf

®D
Om

¯̄̄
B̂
¯̄̄
On
E
(17)

Ĉj = P̂jU (tf , ti) (18)

we, then, have, at the end of the unitary evolution period:D
B̂
E
=
X
n,m

A
³
B̂;n,m

´
(19)

33 Such a closed-game model only holds if the game is not affected by other factors un-
nacounted for in U

¡
tf , ti

¢
, such as interactions with other systems that change the game’s

strategic quantum state.
As we argue in the conclusion to this work, such an assumption only holds as an approxi-

mation, in which the game’s strategic quantum state becomes sufficiently separable from the
universe’s quantum state, that allows us to assign a quantum state for the game without
reference to the universe’s quantum state.
Following Hartle (2005), we may consider this as a coarse-grained description of the actual

system, and work with the isolated system formalism. This simplifies the game dynamics to
its bare essencials without significantly changing it, which proves useful in the market model
we propose here.
Furthermore, game theory usually works with closed-games, therefore, it is useful to have

a link with classical closed-games.
However, as we stressed, by choosing the closed-game formalism, a consistency criterion for

assigning probabilities must be provided.
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If the operator B̂ has a diagonal matrix representation in the basis {|Oni},
then, the terms

D
Om

¯̄̄
B̂
¯̄̄
On

E
, with m 6= n are all equal to zero, the matrix AM ,

with entries A
³
B̂;n,m

´
, reduces to a diagonal matrix. When the matrix AM

is diagonal the interference effects in the pure state do not affect the average of
B̂, so that, B̂ cannot distinguish between a pure state and the mixed state with
a diagonal density matrix. We, then, state that

¯̄
ψf
®
is decoherent relative to

B̂. This criterion for relative decoherence is similar to Gell-Mann and Hartle’s
notion of medium decoherence (Gell-Mann and Hartle, 1998), where A plays a
role similar to the decoherence functional34.
If we define the chain for the logical disjunction between alternatives Ĉn∨m =

Ĉn + Ĉm we have:

A
³
B̂;n ∨m,n ∨m

´
=
D
ψi

¯̄̄³
Ĉ†n + Ĉ

†
m

´
B̂
³
Ĉn + Ĉm

´¯̄̄
ψi

E
=

= p (Om)
D
Om

¯̄̄
B̂
¯̄̄
Om

E
+ p (On)

D
On

¯̄̄
B̂
¯̄̄
On
E
+

+

ψf |Om

® 
On|ψf

®D
Om

¯̄̄
B̂
¯̄̄
On

E
+

ψf |On

® 
Om|ψf

®D
On

¯̄̄
B̂
¯̄̄
Om

E
If
¯̄
ψf
®
is decoherent relative to B̂, the last two interference terms vanish, and

A reduces to the sum
A
³
B̂;n ∨m,n ∨m

´
= p (Om)

D
Om

¯̄̄
B̂
¯̄̄
Om

E
+ p (On)

D
On

¯̄̄
B̂
¯̄̄
On

E
(20)

This result, in classical game theoretical analysis, corresponds to a player’s
anticipation35 regarding the alternative results |Oni and |Omi.
In this case, we have a classical probabilistic behavior, since the alternatives

for B̂ have the representation of a classical mixture of alternatives (the classical
anticipation).
For a quantum evolutionary game, if B̂ is an operator on the Hilbert space

of the occupation number states, then, interference only affects the course of
the game if |φ (tf )i is not decoherent relative to B̂. When |φ (tf )i is decoherent
relative to B̂, the entries in the matrix representation of B̂ only assign values to
each branch defined by the projection operators P̂n1...nm and the probabilities
34The notion of relative decoherence, addressed above, should not be confused with the

notion of relative decoherence proposed by Herbut (2001), although it is shares some aspects
in common with Herbut’s notion.
Indeed, Herbut (2001) considered the possibility of the same quantum system being simulta-

neously decoherent and coherent, depending on the observer. According to Herbut’s approach
an observer may not ‘see’ the coherences, while another observer may.
Although, in our case, the same state may be ‘seen’ as decoherent or as coherent depending

on the observable, we do not assume the existence of a classically behaving hidden-variable
like Herbut (2001) does.
Our notion is not new, it is a straightforward result of the fact that if a quantum state is

expanded in the basis of an observable, then, the relative phases are unobservable for every
operator with a diagonal representation in the observable’s basis.
35This term is used by Nash (1950) when discussing an individual’s utility theory. We keep

the term here.
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for each alternative satisfy Kolmogorov’s axiomatic, which means that we can
consistently assign probabilities to the different alternative values of the matrix
entries of B̂.
The Hermitian operators for which |φ (tf )i satisfies the condition for relative

decoherence, correspond to the game population’s observables. In the case of
financial markets there will be some important observables − the logarithmic
returns and the market activity. Since in social games, the game’s observables
form the relevant quantities, it follows that, at the final decision time, no in-
terference effects are detected with respect to these observables’ averages. The
averages and the probability rules satisfy the classical rules.
The probabilities, in the context of a social game, can be interpreted as

physical propensities in society for different strategic choices and, thus, different
social distributions of the quantities represented by the game observables. these
propensities are determined by economic, social and cognitive mechanisms.
Having introduced the general physical and mathematical formalism we are

now ready to discuss the model itself.

IV. The model

The model we propose, in this section, is a single-asset model that combines
Sornette and Zhou’s work with the previous section’s formalism. The model
introduces a single player type, known as a value investor. Value investors
reflect, in their bids, the information regarding the prospects for the value of
the financial asset. This is in a direct continuity with standard financial theory,
since, in order for markets to be efficient, value investors must be the dominant
force behind market activity, transforming information about an asset’s intrinsic
value into a market price.
Information is the basic polarizing field for market sentiment. In standard

finance, the simplest model for randomness in information is the binomial model
(Cox et al., 1979). Towards a continuity of discourse with standard financial
theory, we also consider a binomial process for information. Therefore, we model
the information flow in terms of classical stochastic process where a news signal
N (t) arrives at discrete times and such that N (t) = eσ(t) where σ (t) =W with
a probability p, or σ (t) = −W with probability 1 − p, for a time-independent
positive real W . In the first case, the news are good, while in the second case
the news are bad36 .
We can go further on, with this continuity with standard financial theory,

and assume that the information signal is a reflection of a stochastic behavior
in the intrinsic value of the asset under market valuation.
Now, there are two strategies for each investor, a buying strategy and a

selling strategy, which leads to the occupation number states |n0, n1i where
n0 corresponds to the number of investors that are selling and n1 corresponds
36This combines standard financial theory with Gonçalves (2003b) and Sornette and Zhou’s

(2005) modelling of the external information signal.

30



to the number of investors that are buying. In this case, each value investor
plays a game with information as her partner, in which, she tries, either to
sell or buy in accordance with her expectations regarding future value. Each
game, is therefore played by a single person, it corresponds to what is called,
in game theory, a game against nature, in these cases each game’s quantum
strategic state coincides with each player’s quantum strategic state, so that the
occupation number state for the games’ population is also an occupation number
state for the players’ population.
We assume that trading is temporally synchronous and occurs at the end

of each trading round. Each trading round corresponds to an evolutionary
game, in which the trading strategies are defined in accordance with the social
information processing of the news signal, for the round.
Since, before evaluating the new information that has arrived, the traders’

sentiment for that round is neutral, the initial state for each game is the vacuum
state |0, 0i, which means that, at the beginning of each game no sentiment
regarding the new information, and therefore no intention as to the strategy to
follow, has yet been formed. This is consistent with the EMH, otherwise the
market would not be efficient.
The occupation numbers for each trading strategies will depend on the in-

formation processing that occurs during the trading round. Each round has a
duration of τP which defines a time horizon for the game. The temporal scale,
for which τP is defined, will be determined empirically37. We also assume τP
to be constant38 .
Since each game lasts for a time interval of τP , if tk is the time of the k-th

trading round, the next trading round will end at tk+τP that is tk+1 = tk+τP ,
letting t0 = 0 we have that tk = kτP .
At the end of each round there is a game that ends, with the trading occur-

ring, and new information arrives, which initiates a new game.
As information is processed, physical propensities in the social system form

themselves, making the system tend to buy or sell, these physical propensities
are expressed mathematically by the probability amplitudes. At the end of each
game, the strategic choices take place, with the probability amplitudes taken
from the general rule (15). Letting tk be the beginning of the k-th game we,
37As we shall see in the following section, if we take τP = 0.1 then, the data shows that 100

trading rounds are approximately equal to one trading day. This result is based on the fact
that the volatility autocorrelation function’s decay approximates that of the actual markets,
for a sampling scale of 100 trading rounds.
If τP = 0.1 is equivalent to 1/100 trading days, and taking into account, for instance, that

a trading day in the US stock exchange opens at 9:30 a.m. and closes at 4:00 p.m., then, τP
corresponds to 3.9 minutes.
38 It would be possible to adapt the model to include effects from economic cycles, and

changing trading horizons by allowing for a trading round-dependent τP , this would, however,
introduce an artificial temporal distortion, or could even produce a multifractal pattern.
Since we want to model an emergent multifractality, it follows that we should make τP

constant, for a first approach.
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then, have the transition amplitudes for that game:

Ψ (n0, n1; 0, 0) = hn0, n1 |Uk (tk+1, tk)| 0, 0i (21)

where Uk (tk+1, tk) is the unitary operator for the k-th round (which corresponds
to the k-th game).
The market behavioral theory determines the evolution operator. We let Uk

vary from game to game, in order to adapt to changing market conditions. This
means that each trading round can be thought analogously to a repeated quan-
tum experiment, where the experiment’s parameters are changed in accordance
with the previous experiment’s results.
Although Uk is assumed to be of some general form, it must change from

game (trading round) to game (trading round), in accordance with some para-
meter that is defined in terms of some process of social cognition. Since we must
consider a process of social cognition, we must also consider that the market
is influenced by the new information that arrives at each round and the way
in which this information is interpreted by potential investors. We leave Uk
undefined, for now, and address the other assumptions made.
In terms of the total number of agents, we do not impose a fixed number of

potential investors, since it would unnecessarily restrict the results to a bounded
population number. Instead, we use the same simplifying assumptions that are
made in queue management theory, in which one does not impose a bound on
the queue.
It would be possible to extend the model to include societies with a maximum

number of potential investors and to allow this number to fluctuate with time,
but this would unnecessarily increase the complexity of the game setup, and for
societies in which the number of individuals is very large, the assumption of an
unbounded number of potential investors provides for a good approximation.
The price formation is implemented by a market maker, which enters in our

model, in the same way as in the previous ones by Gonçalves (2003b) and by
Sornette and Zhou (Sornette and Zhou, 2005; Zhou and Sornette, 2005; Zhou
and Sornette, 2007), that is, solely through the price formation rule. Thus, the
market maker is treated solely in terms of the market clearing mechanism that
she induces and is not considered in terms of any strategies.
The market maker guarantees that the market clears by taking up the excess

demand or supply. Therefore, the orders are filled by the market maker at a
price that depends upon the net market order.
In terms of the quantum model the market maker enters, not as an agent,

but as an automated mechanism that is formalized in terms of an observable,
the logarithmic returns’ observable, introduced in the model.
One might be inclined to assign the market maker the role of a measurement

device, becoming entangled with the agents’ decision, however, this is not the
case, indeed, the market maker already receives the trading orders after the
decisions take place, which correspond to the collapsed state at τP . The order
placed is a collapsed orders at τP .
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The market maker can be defined in terms of the market impact function
fM , which is the mechanism that the market maker uses to set the prices, and
that leads to a market clearing mechanism that can be expressed in terms of a
price formation rule relating the net order to the new price.
At each trading round, we take the price to be a function of the net order

S (k) for the k-th trading round. The net order is defined a difference between
the demand and the supply, therefore, the market maker can be introduced
solely in terms of the following algorithm to compute the price:

P (k) = f [P (k) , S (k)] (22)

Following Farmer (2000), we assume that f is of the form

f [P (k) , S (k)] = P (k) fM [S (k)] (23)

where the market impact function fM is taken to be an increasing function with
fM (0) = 1, leads to the log-linear market impact function (Farmer, 2000). In
this case, following Farmer’s rule, the logarithmic returns R (k) are given by:

R (k) = lnP (k)− lnP (k − 1) ≈ S (k)
λ

(24)

where λ is a normalizing liquidity parameter.
If, following Gonçalves (2003b), Sornette and Zhou (2005), we take S (k) to

be the difference between the number of buyers and sellers, then the parameter
λ translates S (k) into units of price logarithm.
The market order can be determined in terms of the market order observable

Ŝ:
Ŝ = a†1a1 − a†0a0 (25)

therefore:
Ŝ |n0, n1i = (n1 − n0) |n0, n1i (26)

Defining the two number operators N̂0 = a
†
0a0 and N̂1 = a

†
1a, the logarithmic

returns’ observable is, then:

R̂ =
1

λ

³
N̂1 − N̂0

´
(27)

R̂ |n0, n1i =
1

λ
(n1 − n0) |n0, n1i (28)

the market maker therefore, enters in our model only in terms of the observable
R̂ and the price logarithm lnP (k) defined by lnP (k − 1) + 1

λ (n1 − n0).
Another important observable is the total number of investors N̂ = a†0a0 +

a†1a1, which corresponds to a measure of market activity, that, in this case,
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coincides with transaction volume39.
In order to have the market game completely specified, we must now define

the unitary operators Uk (tk+1, tk). We begin by formalizing these operators
and, afterwards, address their behavioral contents and their economic and fi-
nancial significance.
We define Uk (tk+1, tk) as follows:

Uk (tk+1, tk) = exp

⎛⎝−i (tk+1 − tk) 1X
j=0

³
µj (k)a

†
j − µj (k)aj

´⎞⎠ (29)

where µj (k) is a game-dependent real number that will incorporate the cognitive
dynamics. Since tk+1 − tk = τP , if we define ξj (k, τP ) = −iτPµj (k) then we
can re-write Uk as:

Uk (tk+1, tk) = exp

⎛⎝ 1X
j=0

³
ξj (k, τP ) a

†
j − ξ∗j (k, τP )aj

´⎞⎠ (30)

therefore, Uk can be expressed as a product of displacement operators D for the
annihilation operators aj :

D
¡
ξj (k, τP )

¢
= exp

³
ξj (k, τP ) a

†
j − ξ∗j (k, τP )aj

´
(31)

Under the action of Uk, the vacuum state, for the beginning of each trading
round, is transformed into the coherent state |ξ0 (k, τP ) , ξ1 (k, τP )i:

Uk (tk+1, tk) |0, 0i = D (ξ0 (k, τP ))D (ξ1 (k, τP )) |0, 0i
= |ξ0 (k, τP ) , ξ1 (k, τP )i (32)

where |ξ0 (k, τP ) , ξ1 (k, τP )i is given by:

|ξ0 (k, τP ) , ξ1 (k, τP )i = e−
|ξ0(k,τP )|2+|ξ1(k,τP )|2

2

X
n0,n1

ξn00 (k, τP ) ξ
n1
1 (k, τP )√

n0!n1!
|n0, n1i

(33)
39This coincidence of the number of investors trading and the transaction volume is an ap-

proximation, already present in Gonçalves’ model and in Sornette and Zhou’s model (Sornette
and Zhou, 2005; Zhou and Sornette, 2005; 2007).
The approximation is that each investor buys or sells the same (fixed) integer number of

units of the financial asset.
Although this is a simplifying assumption, it provides an advantage with respect to standard

financial theory, in which it was assumed that investors could buy parts of shares.
The assumption of share divisibility led to problems with respect to possible deviations

from the standard financial theory, and it has been a subject of research within the field of
study known as market microstructure (O’Hara, 1998).
In markets with a large number of agents, where no given agent can influence the overall

market behavior the assumption that each investor buys a fixed amount of shares is not a
simplification as severe as the one that assumes a share divisibility.
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the transition amplitudes are, thus, given by:

Ψk,τP (n0, n1; 0, 0) = e
− |ξ0(k,τP )|

2+|ξ1(k,τP )|2
2

ξn00 (k, τP ) ξ
n1
1 (k, τP )√

n0!n1!
(34)

which leads to the bivariate Poissonian distribution for the occupation number
states:

Pξ0,ξ1 (n0, n1) = |Ψk,τP (n0, n1; 0, 0)|2 =

=
exp

³
− |ξ0 (k, τP )|2 − |ξ1 (k, τP )|2

´
|ξ0|2n0 |ξ1|2n1

n0!n1!
(35)

The expected value for a market observable O at the end of each round is,
then, given by:

hOik,τP = hξ0 (k, τP ) , ξ1 (k, τP ) |O| ξ0 (k, τP ) , ξ1 (k, τP )i (36)

therefore, we have, for the logarithmic returns and the market activity observ-
ables40: D

R̂
E
k,τP

=
1

λ

³
|ξ1 (k, τP )|2 − |ξ0 (k, τP )|2

´
(37)D

N̂
E
k,τP

= |ξ1 (k, τP )|2 + |ξ0 (k, τP )|2 (38)

The market’s average dynamics depends upon the dynamics of the para-
meters ξ1 (k, τP ) and ξ0 (k, τP ). It is at this stage that we must consider the
behavioral issues. We begin by noticing that, from the definition of ξj (k, τP ),
we can write: ¯̄

ξj (k, τP )
¯̄2
=
¯̄−iµj (k) τP ¯̄2 = µj (k)2 τ2P (39)

Since τP is a constant, it follows that the real number µj (k) is the trading
round’s varying parameter that introduces the behavioral elements. The µj (k)
are the relevant parameters that change from game to game in accordance with
the market conditions. For each trading round the two parameters µ0 (k) and
µ1 (k) are updated in accordance with the following rules:

µ0 (k) = µ0 (k − 1)− ωM (k)S (k − 1)− ωNσ (k) (40)

µ1 (k) = µ1 (k − 1) + ωM (k)S (k − 1) + ωNσ (k) (41)

where S (k − 1) is the final net order for the trading round k − 1, ωN is a
fixed news sensitive parameter, and ωM (k) is an adaptive market contagion
parameter specified, later on, in this section.
The basic reasoning behind the rule is that µ0 (k) represents the perspective

from the point of view of a negative market sentiment, therefore it is increased
by negative values of σ (k), and by negative values of market order S (k − 1)
40 See appendix A.1 for proofs.

35



and decreased by positive values of these two quantities. On the other hand,
µ1 (k) represents the perspective from the point of view of a positive market
sentiment, therefore it increases for positive values of S (k − 1) and σ (k) and
decreases for negative values of σ (k) and S (k − 1).
We can interpret, in light of the financial practice, S (k − 1) as a technical

indicator on the previous market sentiment, and σ (k) as an element of informa-
tion on the asset’s fundamental value. Therefore, the overall market sentiment
for the k-th trading round depends upon technical factors and market funda-
mentals41. The market valuation, in the form of a social sentiment V (k), can
then be taken as:

V (k) = ωM (k)S (k − 1) + ωNσ (k) (42)

then, µ0 (k) varies in accordance with the negative of V (k), while µ1 (k) varies
in accordance with V (k).
The parameters µ0 (k) and µ1 (k) reflect the economic and financial infor-

mation available to investors, and correspond to two perspectives of looking at
that information. For µ0 (k) we have the perspective of the investor who wishes
to sell, while that, for µ1 (k) we have the perspective of the investor who wishes
to buy.
If we let µ0 (0) = µ1 (0) = 0, then, we have that, for each trading round

k = 1, 2, ..., µ0 (k) = −µ1 (k). The matter that we must, now, address is that
of understanding the strategic aspects implied by the dynamics of these two
parameters. To that end, we work with the two number operators N̂0 and N̂1.
The average values for each of these operators are, for the k-th round:D

N̂0

E
k,τP

= µ0 (k)
2
τ2P (43)D

N̂1

E
k,τP

= µ1 (k)
2 τ2P (44)

Since µ0 (k) = −µ1 (k) it follows that:D
N̂0

E
k,τP

=
D
N̂1

E
k,τP

(45)

therefore, we have: D
R̂
E
k,τP

= 0 (46)

this is the first important result, in what regards the connection with standard
financial theory, indeed this result coincides with the condition expressed by
(15). In accordance with standard financial theory, a criterion of market ef-
ficiency, as we saw, when we discussed Bachelier’s theory, is the fact that we
cannot use the information available at the beginning of each trading round to
41The financial term, market fundamentals refers to the non-technical indicators, that is all

those indicators that do not refer to past market behavior and that refer only to financial and
economic information that is important in order to assess an asset’s fundamental value.
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predict the returns at the end of that trading round, more properly, the ex-
pected value of the returns, given the information available at the beginning of
the trading round, must be equal to zero.
Otherwise, not all of the information would be reflected in the returns, and

the market would fail to be efficient. Therefore, we have that (46) means that
our model satisfies this criterion for market efficiency.
In order to understand how information is reflected in the returns, we must

consider the behavioral interpretations of the variations of
D
N̂0

E
k,τP

and
D
N̂1

E
k,τP

between trading rounds.
We can introduce the following table:

V (k) < 0 V (k) > 0

µ0 (k − 1) < 0
D
N̂0
E
k,τP

<
D
N̂0
E
k−1,τP

D
N̂0
E
k,τP

>
D
N̂0
E
k−1,τP

µ0 (k − 1) > 0
D
N̂0
E
k,τP

>
D
N̂0
E
k−1,τP

D
N̂0
E
k,τP

<
D
N̂0
E
k−1,τP

Taking into account the relation between µ0 and µ1, it follows that the above
table contains all the information regarding alternative combinations of values.
When V (k) < 0 the social sentiment regarding the intrinsic value is negative,
which means that the social system of potential investors foresees a value loss.
In this case, from the point of view of an agent playing a selling strategy,

if µ0 (k − 1) < 0, then the past pessimism has a negative sign, which means
that there was a past optimism, therefore the negative prospects signalled by
V (k) < 0 are counterweighted by a past optimism, this means that there is an
ambiguous signal, there is not yet a clear signal whether one should buy or sell,
this uncertainty leads to an average decrease in sales because those who hold
stock will tend to wait and see whether new information will confirm a trend
reversal, and those who do not hold stock will not risk a buy or a sale42.
On the other hand, from the point of view of a buying strategy, if µ0 (k − 1) <

0 then µ1 (k − 1) > 0, the past optimism expressed by µ1 (k − 1) is positive,
therefore, once more, the negative prospects are counterweighted by a past
optimism, the ambiguous signal also leads to a risk sensible strategy in which
individuals prefer to wait, in order to see whether or not a trend reversal is
present. The wait and see strategy is followed by all investors, which means
that, on average, both buys and sales diminish, and, therefore, we have an
average decrease in market activity.
If, for V (k) < 0, µ0 (k − 1) > 0, then, the past pessimism is confirmed by the

present social sentiment regarding the intrinsic value, which means that, from
the point of view of a selling strategy, this, clearly negative, signal prompts an
average increase in selling.
If this was the only force on the market, then the sales could accumulate

and lead to large jumps and to an undervaluation due to the market following
42A sale without holding the asset is called a short sale. In standard financial theory one

usually assumes no limits to short selling, we also make this simplifying assumption here.
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a synchronous selling dynamics, which would introduce market inefficiencies43.
However, as predicted by standard financial theory, there should, in principle,
exist market regulation mechanisms, in the form of investors who would be
able to anticipate an overshoot in pessimism, and therefore enter the market
anticipating a decrease in price below the asset’s fair price.
This strategic reasoning is present in the above formulation. Indeed, from

the point of view of a buying strategy, when V (k) < 0 and µ1 (k − 1) < 0 there
is an accumulated pessimism, potential investors anticipate that an increase in
sales, may lead to an undervaluation in the absence of a compensating demand,
which makes this a good time to buy. This leads to an average increase in both
the number of buyers and sellers, and, therefore, there is an average increase in
market activity.
Let us, now, consider that V (k) > 0, and that µ1 (k − 1) > 0, in this

case, there is a past optimism that is confirmed by the present social sentiment
regarding value, therefore, there are good prospects for value which means that
there is an average increase in buys. On the other hand, since µ0 (k − 1) < 0,
there is also an average increase in sales, because there will be investors that
anticipate the possibility of a contagion of optimism leading to an overvaluation
of the asset.
Finally, if V (k) > 0, µ0 (k − 1) > 0 and µ1 (k − 1) < 0, there is an ambigu-

ous signal, and potential investors will wait and see whether or not there is a
trend reversal.
Taking into account this behavioral interpretation of the rules (40) and (41),

we can see that the operator for each trading round Uk is modelling an efficient
market in which a strategic thinking is present, where individuals not only
follow strategies based on an emotional response associated with information
processing, where pessimism leads to a sale and optimism to a buy, but they
also anticipate the other agents’ behavior and implement trading strategies to
take advantage of opportunities presented by market behavior that could lead to
overvaluation or undervaluation. There is also a responsiveness to uncertainty
present in ambiguous stimuli, which leads the agents to wait and see.
We can see that we have a market that is efficient with respect to the ex-

pected value of returns, so that the EMH holds in our model, albeit with different
microscopic behavioral assumptions than those of the standard financial theory.
Furthermore, our model incorporates basic dynamical elements already ad-

dressed by Dow. Indeed, the increase in transaction volume occurs only when
there is a clear cognitive signal, that allows the investors to have a well defined
sense of the direction in value, otherwise, volume decreases. This is in direct
43 Indeed, in the models proposed by Gonçalves (2003b) and by Sornette and Zhou (Sornette

and Zhou, 2005; Zhou and Sornette, 2005, 2007) it is this inneficient dynamics that produces
jumps in prices and crashes. In the case of Gonçalves’ model the coherent dynamics of sales
and buys occurred too often leading to unrealistically bimodal distributions in logarithmic
returns, and to predictable patterns in these returns, this led Sornette and Zhou to propose
an alternative model in which social inertia prevented the market to explore the coherent
dynamics too often.
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agreement with Dow’s findings for the actual markets. Therefore, our model
expresses mathematically Dow’s notion of the market as a rational barometer.
In order to have the model fully specified, we must, however, provide for the

dynamics of ωM (k). The two parameters ωM (k) and ωN control, respectively,
for the importance given to the technical information and to the news signal.
Since we take ωN as fixed, the dynamics of the parameter ωM (k) will determine
the relative importance that each information source will have on the social
sentiment regarding value.
The dynamics for ωM (k) is similar the one proposed by Sornette and Zhou

for the sentiment contagion. In this case, since σ (k) = ±M , where M is a
positive real, the extension of Sornette and Zhou’s rule becomes:

ωM (k) = ω̄ + γωM (k − 1) + βr (k − 1) σ (k)
M

(47)

where ω̄ is a base propensity for sentiment contagion.

The normalization of the news signal provided by σ(k)
M is necessary in order

to keep the basic rationale of the original rule, basically we are multiplying
r (k − 1) by the sign of the news signal, so that if the news and the returns
have the same sign, then there is a contribution of +β |r (k − 1)| to ωM (k). On
the other hand, if the news and the returns have opposite signs, then there is a
contribution of −β |r (k − 1)| to ωM (k).
The main reasoning behind this rule, for β > 0, is that, if the market and the

news have the same sign, then, the previous market state has anticipated the
news, which means that the technical indicator was a good predictor of the new
information’s sense (optimistic or pessimistic), this means that the sensitivity
of the social system to the sentiment associated with the technical indicator is
increased by a factor proportional to the absolute value of the returns44. On
the other hand, if the returns and the news have opposite signs the technical
indicator loses importance in µj . The term γωM (k − 1) provides for a social
inertia effect.
Despite the similarity between the above rule and Sornette and Zhou’s rule,

there is a fundamental difference that has behavioral consequences in the way in
which the parameter β is interpreted. The main difference lies in the fact that
Sornette and Zhou worked with the product r (k − 1)σ (k − 1) and considered
that β < 0 is rational and β > 0 is irrational, in our case, β > 0 is not only
rational, but necessary for market efficiency.
This difference in the sign of β is due to the fact that Sornette and Zhou

considered a market whose main object of strategic intention is the market
itself, therefore, investors use the news signal’s information to predict market
behavior. In our model investors are not trying to predict market behavior,
instead, their object of strategic intention is the asset’s fundamental value. The
game of value investors is not an n-person game where each player plays against
the collective of other agents, instead, it is what is called, in game theory, as we
stressed before, a game against nature.
44 It does not matter the pessimistic or optimistic sense, only if returns predicted the news.
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Agents buy shares, because these shares give them a right over the compa-
nies’ value, what interests a value investor is the companies’ shareholder value,
not the market behavior itself. The two sources of information about value,
technical information (in the form of the market’s past performance) and fun-
damental information (in the form of the news signal), are the two main in-
formation sources that allow potential investors to form expectations regarding
value.
Since the product r (k − 1)σ (k) is positive, only when the previous period’s

returns were able to predict the present information, and is negative when the
previous period’s returns were unable to predict present information, then, the
term βr (k − 1) σ(k)M , that gives the strength of the technical information, should
increase when the past returns predict the current news and decrease when the
past returns fail to predict the current news, which means that β must be made
positive. It is rational to give more weight to the technical indicator if this
indicator was able to provide with a better estimate of value.
In the rule proposed by Gonçalves (2003b), where γ = 0 and β = 1, one also

worked with r (k − 1)σ (k − 1), but the interpretation was closer to the one we
follow here. The product with r (k − 1)σ (k − 1) is open to two interpretations:
either one considers that the market is the object of strategic intention and,
in that case, investors are behaving like speculators that are trying to use the
news to predict the market, in which case it is rational for β < 0; or value is
considered as the object of intention, and investors are trying to predict the
news signal and, thus, become more sensitive to the returns, if these returns
were able to predict the news signal, therefore, in this second case, β > 0 is the
rational behavior.
It is important to notice that, in the context of investors whose object of

strategic intention is the value itself, if the weight given to the news becomes
too high, the market may actually become less efficient, since it may become
too sensitive to the immediate news, being unable to put into context the recent
past. Furthermore, not all the information regarding value is reflected in the
news signal. In accordance to standard financial theory, both technical infor-
mation and external news should be taken into account, in order for the full
information set to be reflected in the valuation.
In the model we propose here, if the past technical information is a good

predictor of the current news, then, investors pay more attention to the techni-
cal indicator in (42) (the market sentiment S (k − 1)). The technical indicator
provides for a context for the news, if the news σ (k) are consistent with the
previous returns r (k − 1), then, this reinforces the previous market valuation,
while an inconsistency, leads to a greater attention to the new external infor-
mation and to a strategy of waiting to see whether there is a trend reversal in
value or not.
We could consider the yet more general rule:

ωM (k) = ω̄ + γωM (k − 1) +
X
j

βjr (j − 1)
σ (j)

M
(48)
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Although this rule is more general with respect to the one we present here, we
study here only the simpler version of (48).
As we show here, the simpler rule (47), is already able to produce irregular-

ities that contain multifractal signatures close to the ones found in the actual
markets. Further studies should be made for the extension expressed by (48),
and other extensions including other kinds of investors such as speculators play-
ing a minority game with the market.
The simpler model provided by rule (47), allows us, however, to establish our

main point which is that multifractality is compatible with a version of EMH
based on more realistic behavioral assumptions.
This completes the model’s formalization. We are now ready to address the

main findings that result from simulations for different parameter ranges.

V. Main results

The main parameters that determine the market’s behavior are γ, β, τP
and ω̄. For the purpose of comparison with the work developed by Sornette
and Zhou, we study the case of β = 1. The larger the value of τP is, the
larger will be the oscillations, the smaller the value of τP is, the smaller will
be the oscillations. The normal size of the oscillations is controlled by the two
parameters τP and λ.
In order to set the oscillations close to actual markets we found out that

τP = 0.1 and λ = 2000 provides for a good approximation.
Regarding the combination of the parameters γ and ω̄ we found out that, if

we take ω̄ = 0, the market tends to produce larger fluctuations than if ω̄ 6= 0.
For ω̄ 6= 0, the parameter γ may have stabilizing effects if it is small, but if
it becomes too large it may produce larger fluctuations than those of actual
markets. In these cases we must take λ > 2000, in order for the maximum
fluctuation size to match that of the markets.
For parameters in the range ω̄ ∈ (0, 0.1] and γ ∈ (0, 0.1], with τP = 0.1

and λ = 2000, we found a good agreement with market dynamics, as long as
the amount M ≥ 1. The restriction that M ≥ 1 is necessary in general, since
for values of M smaller than 1, the market will take some time to converge to
the actual dynamics, since it tends to produce long periods with zero market
activity followed by some jump. The smaller is M the more this behavior will
hold.
We also assume that the probabilities for the Bernoulli process for σ (k) =

±M , p = 1 − p = 0.5, this provides for a driftless information signal. The
presence of a drift corresponds to the market expression of a long-term average
growth in the economy. We regard the signal σ (k) to be an extra information
beyond the drift, this justifies the definition of a single value for M and p = 0.5,
which makes the signal symmetric in regard to the drift.
The inclusion of a drift follows from the condition expressed by equation (4),

in order for there to exist a consistency with (4), that is, for the market to obey
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a macroscopic condition of rational expectations, we should have:D
R̂
E
k,τP

= µ̄τP (49)

where µ̄ corresponds to the average return for a long-term investor who holds
the stock without selling. In that case, ξ1 (k) would have to be changed to:

ξ1 (k) = −i
h³p

1 + µ̄τP
´
µ1 (k) τP

i
(50)

The presence of the term
√
1 + µ̄τP accounts for a natural tendency of investors

to buy just because on average the companies’ value increases, that is, the
companies’ ability to generate future free cash flows increases.
Since Sornette and Zhou did not work with an intrinsic drift, we take µ̄ = 0,

for the sake of comparison. Nonetheless, we have added an extra simulation
with µ̄ = 0.1. We verified that, when we add a drift, the parameter λ has to
be increased in order for the returns to match the real markets’ data. In the
simulation with µ̄ = 0.1, we set λ = 2500, ω̄ = 0.05, γ = 0.1, β = 1, τP = 0.1,
M = 1 and the number of simulation steps was taken as 218.
In all the other simulations, analyzed here, we have set ω̄ = 0.1, γ ∈

{0, 0.05, 0.1}, β = 1, τP = 0.1, λ = 2000, the number of simulation steps was
always taken as 1010. All the simulations were performed in Netlogo, and the
fractal analysis was implemented with the Matlab toolbox’s Fraclab, developed
by the INRIA group.

A. Multifractal properties

As stated in the introduction, there are three main multifractal patterns that
we address here:

• Logarithmic price series’ multifractality;
• Absolute returns’ multifractality;
• Transaction volume’s multifractality.

The identification of the presence of multifractal patterns in financial loga-
rithmic price series, led Mandelbrot, Fisher and Calvet (1997) to the proposal of
the MMAR. Their main proposal was to consider the price logarithm in terms
of a continuous time stochastic process, such that it has stationary increments
and (Calvet and Fisher, 2002, p.17):

|lnP (t+ dt)− lnP (t)| ∼ Ct (dt)α(t) (51)

where α (t) and Ct are, respectively, the local Hölder exponent and the prefactor
at t.
The local Hölder exponent quantifies the structure of the local singularities

and the local scaling. In continuous unifractal processes, the Hölder exponent
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takes on a unique value H. In standard finance, H = 1
2 , and it was assumed

that any variations in market volatility were due to changes in the prefactor Ct.
In a multifractal process, the exponents α (t) change with time, in such a way
that the market may become more regular or less regular in accordance with
the values of α (t).
The local exponent’s relative frequency can be represented by a renormalized

density called the multifractal spectrum, which provides for statistical informa-
tion on the distribution of Hölder exponents. Applying the large deviation
formalism (Calvet and Fisher, 2002), we may begin by noticing that the Hölder
exponents can be expressed by:

a (t) = lim
l→0

sup
ln |Y (t, l)|

ln l
(52)

Y (t, l) = lnP (t+ l)− lnP (t) (53)

We may, now, partition the time interval [0, T ] into bk subintervals of size£
ti, ti + b

−kT
¤
and determine, for each subinterval the coarse-grained Hölder

exponent:

αk (ti) ≡ ln |Y (t, l)|
ln l

(54)

This operation generates a set {αk (ti)} of bk observations. The range of expo-
nents can, then, be divided into small intervals of length 4α. If we denote the
number of coarse-grained exponents contained in (α,α+ ε] by Nε

k (α), then, the
following limit represents a renormalized probability distribution of local Hölder
exponents, and is called the large deviation multifractal spectrum (Mandelbrot,
1989):

f (α) = lim
ε→0

lim
k→∞

½
Nε
k (α)

ln bk

¾
(55)

The classical method for computing this spectrum is based upon a histogram
computation and leads to numerous problems such as the choice of the par-
tition. Fraclab’s estimator is based upon a kernel method used in densities’
estimation45 .
In figures 27 and 28 we provide for the estimated spectra for the simulated

price series. The convex structure of the spectra and the wide range of exponents
with high values of f (α) is evidence favorable to the hypothesis that the price
logaritm’s series possesses multifractal patterns.
The ranges of Hölder exponents span from 0.3 to values larger than 0.9, with

maximum of f (α) in values close to α0 = 0.6. This type of scaling profile has
been observed in the actual markets46. In the case of the series with drift, with
218 data points, we also find the same profile of exponents.
45Fraclab’s algorithm provides for smooth kernels and seems to produce more accurate

results than alternative multifractal spectra implemented in the same program, such as the
Legendre spectrum, which is a concave approximation to the large deviation spectrum.
46Mandelbrot et al. (1997) observed a maximum exponent of 0.6 for the foreign exchange

markets and Ohashi et al. (2003) observed maxima close to 0.6 for the indexes S&P500 and
Nikkei. The range of the spectra are also close to the findings by Ohashi et al. (2003), with
αmin between 0.3 and 0.4, and αmax around 0.9.
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We also divided the simulated series with µ̄ = 0.1 into eight intervals of
equal length, and estimated the spectra for each subseries (see figures 29 to
36). Although the spectra change, there is an overall consistency in regards to
the smallest exponents which are usually between 0.3 and 0.4, and in regards to
the maximum exponents which are usually close to 0.9, furthermore the most
probable Hölder exponent α0 is usually in a range close to 0.6.
The finding of maxima for f (α) larger than 0.5, in actual financial price

series by Mandelbrot et al. (1997) and by Ohashi et al. (2003), means that
financial markets show higher persistence than predicted by standard financial
theory’s Wiener Brownian motion. This greater regularity is unaccounted for in
models based on the multifractal random walk and in the MMAR, since, in these
models, multifractality is introduced a priori and the multifractal spectrum is
adjusted in the cascade mechanism to fit the data.
In our case, the most probable local Hölder exponent emerges from the

market behavior, it is not adjusted to fit the data. The existence of an α0 greater
than 0.5, in our model, may be a consequence of the long range dependency of
the µj (k) on the past realizations of the returns.
Another factor noticed by Calvet and Fisher (2002) was that the concavity

of the spectrum, for the exchange rates series, also implied the existence of
lower Hölder exponents that corresponded to more irregular instants of the
price process, contributing disproportionately to volatility.
Regarding volatility, Calvet and Fisher also added that sets of instants with

a particular value of α tend to be clumped together, simultaneously generating
more risk and long memory in volatility.
The existence of volatility clusters can be confirmed in the returns’ graphs

(see figures 3, 4, 9 and 10). Each of these graphs exhibits a visual evidence
of turbulence, where there are periods of low volatility (laminarity) followed by
periods of strong volatility (turbulence).
If, following Sornette and Zhou (2005), we use the absolute returns as a

surrogate for volatility, then the type of temporal dependence of volatility is
exhibited in the autocorrelation functions. A signature of multifractality, as
shown by Muzy et al. (2000, 2001), is an autocorrelation function that decays
linearly with the logarithm of the time lag. This type of memory structure
in the risk, associated with volatility, can be seen in figures 13 and 15, in
both these plots we see that the autocorrelation functions follow a nonlinear
approximation to the linear decay reported by Muzy et al. (2001), the same
profile occuring for market activity (figures 14 and 16). This is due to the
fact that our market is a short trading-period model. If we provide for a regular
sampling of the simulation results we obtain an approximation to a linear decay
in the lag logarithm as the sampling period is increased.
As an example, in figures 17 to 19, we provide for the autocorrelations

for the absolute returns with sampling scales equal to 10, 20 and 100 trading
rounds, for γ = 0.1. We can see that as the sampling scale is increased the
nonlinear approximation becomes smaller and the linear decay sets in more
quickly. Figures 19 to 22, we provide for the absolute returns’ correlations for
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each simulated series, with a sampling scale of 100 trading rounds. We can see
that all the series possess a linear decay for 100 trading rounds.
For comparison purposes, we provide for similar plots, for actual market

data. Figures 23 to 26 show the results for daily market data for the financial
indexes S&P 500, Nasdaq, Nikkei and Hang Seng. The results closely match
those of the actual data, in the general form of the linear decay. However, there
are differences. For instance, the Nasdaq has a slower decay for 102 lags. For
the simulations with µ̄ = 0, there are negative values in the autocorrelations for
lags close, in the logarithmic scale, to 102.
The case of µ̄ = 0.1 best approximates the type of decay seen in the actual

markets, since the linear decay does not reach negative values. Nonetheless,
the linear decay seen in all simulations, seems to yield a good approximation
of daily market sessions’ data for sampling periods of 100 data points, which
means that 100 rounds of our game approximate a single trading day.
Although the previous artificial financial market studied by Sornette and

Zhou, showed such evidence, in our model there is the added advantage that we
can see the direct connection between volatility and volume statistics. Indeed,
using market activity measured by the number of buying and selling orders, we
can see for the market activity’s observable, a similar nonlinear approximation
to a linear decay profile in the autocorrelation function plotted against the
logarithm of the time lag.
Furthermore, increases in market activity seem to be accompanied by in-

creases in volatility. This can be seen by comparing the returns graphs of fig-
ures 3, 4, 9 and 10, with the corresponding market activity graphs of figures
5, 6, 11 and 12. We can see, from these figures, that when market activity in-
creases there is also an increase in market volatility, furthermore, the volatility
clusters (the turbulent periods) correspond to increased market activity clusters.
The intertwining between price logarithms, returns, and volatility risk, is not

present in the MMAR nor in the MRW. In these models, the cascade process,
that produces the multifractal patterns, is an independent, exogenous, process.
In our model, on the contrary, there is a theoretical argument, based on market
behavioral theory, that justifies the existence of a dependence of the price process
on volatility and returns. There is a feedback mechanism from the volatility to
the market’s evaluation of the fundamental value, indeed replacing (47) in (42)
and with some manipulation of the expression we obtain:

V (k) =

µ
ω̄ + γωM (k − 1) + β

S (k − 1)
λ

σ (k)

M

¶
Sk−1 + ωNσ (k)

= λ [ω̄ + γω (k − 1)] rk−1 +
µ
λβ

M
r2k−1 + ωN

¶
σ (k) (56)

where, in this last expression, the volatility is measured by the squared logarith-
mic returns r2k−1. Equation (56), determines the µj (k) and therefore strategies’
occupation number probability distribution, which, in turn will determine the
probability of each rk−1, we can clearly see here the dependence of V (k) and of
the basic market observables’ dynamics upon both the returns and the volatility.
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The market returns’ process participates actively in the dynamics that pro-
duces the returns themselves, and, by that means, also produces the multifractal
patterns. This is a major difference with respect to the models that introduce
independent exogenous cascade process, of which the MMAR and the MRW are
examples.
As such there may be a direct connection between the irregularities at each

point in the series with both market activity and volatility. A simple method of
analysis, that is sensitive to changes in local irregularities consists in computing
a generalized iterated function system (GIFS) that provides for a best approxi-
mation to the signal47. The difference between an iterated function system (IFS)
and a GIFS is that, for a GIFS, the number of maps and the various parameters
are allowed to change at each scale, this makes a GIFS more appropriate to
capture multifractal patterns in data.
Once we have the GIFS that best approximates a signal48 , we can obtain,

analytically, a Hölder exponent at each point, of the GIFS. In this way the
signal can be approximated in terms of a GIFS with a given pointwise Hölder
function. The pointwise Hölder function of the GIFS that best approximates
the signal provides with an analysis of the original signal’s regularities.
In appendix B.4.1, we provide for the Hölder functions for a sample of

65536 price logarithms49 (B.4.1), taken from the simulated series analyzed in
appendix B.1, with µ̄ = 0, and also provide for the Hölder function for the
entire simulated series with µ̄ = 0.01. We can see that in all the cases there is
a good agreement between the pointwise Hölder exponents and the multifractal
spectra obtained for each price logarithm50. In appendix B.4.2 we provide for
the same analysis, for actual market data, for the indexes: S&P500, Nasdaq,
Nikkei and Hang Seng.
In both the simulated price series and the actual market data, there are three

salient features in the Hölder functions for the GIFS that best approximate the
simulated price logarithms:

• The pointwise Hölder function is not smooth exhibiting strong fluctua-
tions, this is a well documented feature of financial systems (Ayache and

47We shall be analyzing three signals: the price logarithm, the absolute returns and the
market activity.
48Fraclab implements this procedure by computing a discrete wavelet transform of the signal

(using, in this case, Daubechies 4 discrete wavelet transform). The parameters of the GIFS
are then obtained as ratios of the wavelet coefficients.
Once the GIFS is known, the estimation of the exponent follows immediately, because there

is an analytical formula which gives the exponent at each point of a GIFS as a function of its
parameters. Because the formula is only valid in the limit of infinite resolution, the obtained
result is a finite size approximation.
49The method only works for samples that are in powers of 2, therefore, we use the largest

power of 2 that is smaller than 100000.
50There is one outlier in each of the cases with γ = 0, γ = 0.05 and µ̄ = 0.01, this outlier

corresponds to values of the Hölder exponents smaller than those predicted by the spectra,
but this is an isolated case, in all the three simulations.
For all the simulated price series there is an overall good agreement between the large

deviation spectra and the Hölder functions.
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Lévy Véhel, 2004) and it is a feature in common with other systems with
multifractal signatures (Ayache and Lévy Véhel, 2004);

• The function fluctuates around mean values close to the maxima of the
estimated large deviation spectrum, which accounts for a consistency be-
tween the two analysis and reinforces the evidence of multifractal patterns
in the logarithmic price series;

• There is a slowly varying component in the Hölder functions that accounts
for slowly varying irregularities in the markets51.

In order to see how the Hölder regularities present in the price logarithm are
related to the Hölder regularities in the absolute returns and market activity we
applied the same analysis to the absolute returns and the market activity. We
can see that in all the cases, the pointwise Hölder function is not smooth and has
slowly varying components, which is consistent with the presence of multifractal
signatures in both the absolute returns and transaction volume (measured in
terms of market activity).
The slowly varying components are relevant because they indicate medium

to long-term variations in persistence patterns. If we determine the cross-
correlations of the price’s slowly-varying component with the absolute returns’
and market activity’s slowly varying components52, we can see that there is a
correlation with a slow oscillatory decay to zero in all the simulations. This gen-
eral pattern is also present in the actual markets, as can be seen in appendix
B.4.2.
The existence of slow oscillatory decay in the cross correlations reveals a

nontrivial dependence between the slowly-varying components. The fact that
the decay is slow means that the long term persistence in the price logarithm
is related to the past long term persistence in the absolute returns and market
activity and vice-versa, on the other hand, the presence of an oscillatory decay
means that there is a nontrivial relation between the past persistence in one
market observable and the present persistence in the other observable.
For instance, in the case of the market with γ = 0 we can see that there

are negative correlations between the slowly-varying component of the price
logarithm’s Hölder function and that same component for the absolute returns
for lags up to 104, which shows that as the persistence increases in the absolute
returns, the price logarithm tends to become less persistent.
51 In order to analyze the relation between the slow component of the pointwise Hölder

functions, we have implemented a denoising technique known as wavelet pumping, available
in Fraclab.
This technique consists in obtaining a wavelet transform of the original signal (the estimated

Hölder functions) and multiplying the coefficients at scale j by 2−dj . The wavelet we used
was Daubechies 10.
As can be seen in the graphs of figures 37 to 48, the smoothed signal approximates well

the slowly varying component in the Hölder functions.
The same smoothing procedure was also applied to the real markets’ Hölder functions.
52 Since the cross-correlation function is symmetric we only present one of the two halves of

the function.
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On the other hand, for lags close to 3×104 we find positive correlations with
magnitudes comparable to those of the initial lag differences but with opposite
sign. This means that, in terms of the slow-varying component in the Hölder
functions, an increase in volatility’s regularity tends, in a more recent past, to
make the current price trajectories more irregular, while that, for a more distant
past, we may find that increased past regularity in volatility tends to make the
current price trajectories more regular.
These findings, along with the other analysis provided above, show that the

model proposed is able to produce many of the multifractal patterns present in
actual markets.

VI. Conclusions

The work developed here has two major lines of implications: (1) implica-
tions for financial theory; (2) implications for quantum game theory and for
quantum econophysics.
Regarding the implications for financial theory, we were able to provide for a

microscopic model of an efficient market that reproduces multifractal signatures
similar to the ones present in actual markets. Although the previous models by
Sornette and Zhou (Sornette and Zhou, 2005; Zhou and Sornette, 2005, 2007),
that served as basis for this model, also generated multifractal signatures, this
model differs from the models of Sornette and Zhou in a number of instances.
The agent-level strategic reasoning and behavioral rules are more complex than
the one proposed by Gonçalves (2003b), and by Sornette and Zhou (2005);
both herding effects, and anticipatory correction movements are present and the
model is more dynamic in the sense that it allows for permanent fluctuations in
the transaction volume.
Another important finding of this model is the ability to capture multifractal

patterns in the transaction volume and the relation between transaction volume
and market turbulence. In our model, there is a direct correspondence between
high volume (high market activity) and turbulent periods, and between low
volume (low market activity) and laminar periods.
With respect to the MRW and MMAR, this model has the major advan-

tage of endogeneizing the multifractality. The multifractality emerges from the
microscopic behavior of the social system, and it is not imposed as an exoge-
nously generated multifractal temporal distortion or as an exogenously fluctu-
ating volatility term.
Besides these empirical issues, the model also presents a theoretical novelty

in its foundations. More specifically, we showed that EMH can still hold as
an hypothesis, in more realistic behavioral settings than the ones that came to
dominate the mainstream finance. The EMH seemed to be threatened by the
deviations to the mainstream models, and the microscopic models were usually
developed to explore these deviations to the EMH. Our model, instead, shows
that a macroscopic rational expectations’ equilibrium and an efficient market is
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compatible with the real-life turbulent markets. Turbulence and multifractal-
ity do not necessarily follow from ‘irrational behavior ’ or from deviations from
efficiency, instead, these phenomena may be the result of the very mechanisms
that are responsible for efficiency.
In terms of the underlying financial theory, it should also be stressed that the

model proposed here combines the EMH with Dow’s theory, which constitutes
a novel approach, since Dow’s theory was mostly incorporated in the technical
analysis trading technologies and was largely considered as incompatible with
the EMH and mainstream financial theory. Although Dow’s theory is, indeed,
incompatible with the mainstream theory, it is still compatible with EMH and
provides important insights into market behavior, constituting a useful basis for
theory building, being easier to combine with neuroeconomics and neurobiology
of decision.
Another implication of our model, for financial theory, quantum game theory

and quantum econophysics, is that it is one of the first applications of quantum
game theory to financial economics with an extensive empirical testing. Several
puzzling market features are captured by the same quantum model, which con-
stitutes sufficient reason to pursue further extensions of the model itself and to
pursue further applications of quantum theory to social science and economics.
Regarding quantum game theory, we have provided a framework for evo-

lutionary game theory that may prove useful in other economical applications
with a fluctuating number of agents.
Although the model is able to implement a quantum description of the mar-

ket, it does not contain a full quantum description of the whole process, since
the news process is classically stochastic. Instead, one may assume a quantum
description for the news process itself. In this case, instead of σ (t), we could
define the operator σ̂ such that:

σ̂ = M · σ̂z (57)

σ̂z = |Mi hM |− |−Mi h−M | (58)

where σ̂z is Pauli’s operator in the basis {|Mi , |−Mi}. This leads to the eigen-
states:

σ̂ |Mi = M |Mi (59)

σ̂ |−Mi = −M |−Mi (60)

For each trading round the news state would, then, be given by the unitary
evolution of the resulting signal of the previous trading round, with unitary
operator defined by the Haddamard transform:

UH =
1√
2
(|Mi hM |− |−Mi h−M |) + 1√

2
(|Mi h−M |+ |−Mi hM |) (61)
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we, then, have, the following trading rounds’ transition amplitudes:

hM |UH |Mi =
1√
2
, h−M |UH |−Mi = − 1√

2
(62)

hM |UH |−Mi = h−M |UH |Mi = − 1√
2

(63)

Another issue that should be taken into account is that we have assumed a
collapse at the end of each trading round, which is consistent with the theory
that at the end of the game, the decision is accompanied by an actualization
of an event (the agents’ choice) and, therefore, by the collapse of the strategic
state.
We can see that we may consistently assign probabilities to that collapse,

since the condition for relative decoherence is satisfied, which means that, for
each trading round (each quantum game), the market’s quantum state, at the
end of the social learning, is always decoherent relative to the market’s ob-
servables. The same reasoning applies to the observable σ̂, in the quantum
description we have just provided for the news signal.
As a final note, regarding the nature and status of quantum econophysics,

we stress that if, as our model seems to indicate, quantum econophysics provides
for economic theories with greater explanatory power, then, taking into account
the discussion of section 3, one may consider the more general consequences
of such a field of research. As the name indicates the field itself seems to form a
transdisciplinary whole, made of the fusion of two disciplines: economics (econo)
and quantum physics.
Its place in a discursive network with both economics and physics must

always be taken into account, and the tensional links that make econophysics an
autonomous node in the network, must be relevated in any inquiry, if quantum
econophysics is to grow as a well-formed theoretical body. It is important, in
particular, to consider the fitting between quantum econophysics and quantum
cosmology.
Hartle (2003) addressed this issue, by trying to answer Gell-Mann’s question

“If you know the wave function of the universe, why aren’t you rich?”. Taken in
a generalized sense, every event that takes place in the universe should have a
nonzero probability of occurring, that is, it should be predicted by the quantum
state of the universe. It is in this sense that quantum cosmology, is considered,
by Gell-Mann and Hartle (1996), as predicting the probabilities of alternative
decohering coarse-grained histories of the universe.
Since the universe, in its beginning, was such that, quantum effects played a

relevant role, it follows that the events that, presently, take place in our planet
are taking place within a system (the universe) that began as a quantum system.
Therefore, with a more advanced theory of quantum cosmology53 , along with
the computational power that allowed us to perform the different calculations,
53After unification of general relativity with quantum theory.
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it should, in principle, be possible to provide for a probabilistic description of
the entire universe’s evolution54.
However, Hartle adds that, it is too much to hope that a probability like

that for the FTSE to go up tomorrow by one tick, falls in the category of events
in which there is a significant result using only quantum cosmology, or a theory
like M theory. The argument is that since a rise tomorrow is an event in the
history of the universe, a quantum mechanical probability could, in principle be
calculated for it, but it is likely that, after all the work, the predicted probability
for a one-tick rise would be 50%. In this sense, a quantum theory of the universe
in which every event is associated with a probability, cannot provide for a market
theory, only by itself.
The problem is that a quantum cosmological theory may have to compress

too much information, losing explanatory power, with respect to some phenom-
ena, as was identified by Hartle (2003). The quantum state of the universe, as
it is formulated within quantum cosmology, is able to deal with some general
features of the universe, mostly linked with geometry, but as the universe gains
in complexity, the compressibility of systems implies limits to a fully reduction-
ist approach. We need higher-order theories that deal with emergent relations
and emergent symmetries, so that a theory for the quantum mechanics of a
quantum system that is formed of smaller components, may have to involve
the introduction of new observables and new degrees of freedom linked to the
relations between the subsystems that compose the higher-order system. An
example can be found, for instance, in the hydrogen atom’s wave function.
Higherarchical complexity in the universe is usually accompanied by the need

to introduce new elements in a theory that must account for relations between
the parts that compose a given system.
A market quantum theory may also be considered as a higher-order quantum

theory, that deals with markets. Now, if a market quantum theory predicts
some price rise with a probability equal to p, then, we have several different
possible histories for the universe, and the number p becomes a relevant quantum
cosmological matter. But, then, one must consider the nature and meaning of
that p.
As systems become more complex, new degrees of freedom may be taken into

consideration. Thus, we can only speak of the hydrogen atom’s wave function,
and of observables for the hydrogen atom, after an hydrogen atom forms. This
means that observables may emerge and quantum states for complex systems
may form, upon which the probabilities for those observables may be calculated.
The quantum strategic state and the market quantum state are just other

examples of this phenomenon. The market quantum state, tells us about a sys-
tem composed of several complex bodies that behave with the same dynamical
rules of a quantum system. The strategic observables in a quantum game, corre-
spond to a certain symmetry property with respect to the different strategies55.
54This argument is a quantum analogue of Laplace’s demon (Hawking, 2001).
55Two strategies in a quantum game leads to the SU (2) group for the strategy set, three

strategies lead to the SU (3) and so on.
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In the same way that isospin is a property of a nucleon (that can be a proton or
a neutron), we have, for a game, a strategy property that an agent may exem-
plify, and by which that agent can be described in terms of the corresponding
strategy.
An atomic theory only applies in a universe where an atomic system forms,

while that, a quantum market theory only becomes relevant in a universe where
a market forms. In the same way that atomic theory allows us to calculate the
relevant probabilities for an atomic system, a quantum market theory, calculates
probabilities for a market system, and a quantum game theory, calculates the
probabilities for a quantum game.
In principle, the probability p for a price rise, predicted by a quantum market

theory, should be obtained from the local quantum state of the market. Local,
in this case, with respect to the rest of the universe. If the market’s quantum
state is sufficiently separable we can develop a quantum market theory, with-
out reference to the rest of the universe. This largely depends on the relation
between the relevant information for valuation and other systems’ observables.
The FTSE does not change for particle collisions taking place in a particle ac-
celerator on earth. This statement expresses an example of the deeper approach
that isolates the main information sources for a financial market. In this case,
we can see that the nature of these sources seems to be sufficiently separable
from the rest of the universe, in order for one to work out a quantum market
theory with a model of an isolated market.
On the other hand, such a model can only be considered as an approximation.

Indeed, a more realistic approach, would be to introduce some measurement-
like interactions. The model proposed here should be taken as an isolated game
approximation. Usually, quantum theoretical games, like classical ones, are
addressed on their own, without reference to the rest of the world, while, in
fact, that is not the case. Human decision is such that the individual is aware
of the decision taken, which means that, besides the game’s occupation number
state |n0, n1i, we should also introduce a cognitive awareness state such that
each individual is aware of the strategy chosen. In this case, an extra occupation
number state for the awareness of following a buying or selling strategy could
be introduced, leading to the entangled state for each trading round:

|Cog;Marketi = e− |ξ0(k,τP )|
2+|ξ1(k,τP )|2
2

X
n0,n1

ξn00 (k, τP ) ξ
n1
1 (k, τP )√

n0!n1!
|n0, n1;n0, n1i

(64)
where the first pair of numbers correspond to the agents’ awareness of the deci-
sion, and the second pair, to the agents’ actions themselves.
Also, upon deeper inspection one may argue that the argument of separabil-

ity is not completely accurate. Indeed, although we may argue, as we did above,
that the market is not likely to be affected by quantum events such as the ones
that occur in a particle accelerator on earth (following the above argumentative
illustration), the events that occur in the market carry physical effects to the
universe histories.

52



For instance, whenever the market price is broadcasted in the internet or
through some other media, physical effects take place. The message that passes
on depends on the market’s events that lead to a certain market price, and this
message is carried by some physical media.
The neurological state of a potential investor changes while listening to the

news, electrical impulses in the brain, the areas of the brain that become active,
chemical substances that are released, all these may change with a message
about the current market price.
All this entails physical effects that, as can be seen from the examples above,

are not even limited to the macroscopic. Decisions and events always entail phys-
ical effects. No market fluctuation leaves the universe unchanged. Therefore,
besides the agent’s cognitive state, and the actual action, we may include, in
a very crude approximation, an environment that will be in a different state
for each alternative, which takes into account the physical effects of the agents’
decisions, this leads to the final entangled state:

|Cog;Market;Ei = e− |ξ0(k,τP )|
2+|ξ1(k,τP )|2
2

X
n0,n1

ξn00 (k, τP ) ξ
n1
1 (k, τP )√

n0!n1!
|n0, n1;n0, n1; En0,n1i

(65)
Such entangled states, would, however, imply little change in the analysis,

since, we would still have to take into account these elements as making part
of the game, in the sense that we would be adding game observers. We would
still have to determine probabilities for the game, and we could only do so if a
condition of consistency would be met. Or, alternatively, we could trace over
the environment’s degrees of freedom, and obtain a mixed state for each market
session, in either case, we would obtain the same probability distribution for
each decision.
Such a formalization would have, unnecessarily complicated the model, lead-

ing to the same results. The relative decoherence condition allowed us to con-
sistently assign probabilities to the final occupation number states for the game
observables.
Nonetheless, it turns out, that, in a more general perspective, whatever the

market theory, the probabilities determined from it are always approximations.
In terms of principle, and within a quantum cosmological line of thought, the
market quantum state can also be considered a part of the universe’s quantum
state, which means that past quantum events have some bearing in the market’s
probabilities. Therefore, an actual probability estimate would still have to be
calculated from the probability for the different universe’s histories that are
consistent with the existence of a financial market driven by human agents. It
is, however, debatable whether such an approach would provide further relevant
insights for the financial problem of the modelling of market dynamics.
As it now stands, quantum econophysics needs further research, both theo-

retical and empirical, connecting mathematical physics and mathematical eco-
nomics.
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Appendix A. Logarithmic returns and market activity ob-
servables

Let us consider, first, the returns observable, R̂. Denoting ξ0 (k, τP ) by ξ0
and ξ1 (k, τP ) by ξ1, we have that:D
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on the other hand, for market activity N̂ , we have:D
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Appendix B 
 
B.1 Simulated financial series 
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Fig.1 – Price logarithm, γ = 0. 
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Fig.2 – Price logarithm, γ = 0.05. 
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Fig.3 – Logarithmic returns for γ = 0. 
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Fig.4 – Logarithmic returns for γ = 0.05. 
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Fig.5 – Market activity for γ = 0. 
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Fig.6 – Market activity for γ = 0.05. 
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Fig. 7 – Price logarithm for γ = 0.1. 
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Fig. 8 – Price logarithm for 1.0=µ . 
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Fig. 9 – Logarithmic returns for γ = 0.1. 
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Fig. 10 – Logarithmic returns for 1.0=µ . 
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Fig.11 – Market activity for γ = 0.1. 
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Fig.12 – Market activity for 1.0=µ . 
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B.2 Autocorrelation functions 
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Fig.13 – Autocorrelation functions for absolute returns in the cases with 0=µ . 
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Fig.14 – Autocorrelation functions for market activity in the cases with 0=µ . 
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Fig.15 – Autocorrelation functions for absolute returns in the cases with 1.0=µ . 
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Fig.16 – Autocorrelation functions for market activity in the cases with 1.0=µ . 

 
 
 
 
 

 68



 
 
 

100 101 102 103-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

 
Fig.17 – Autocorrelation functions for absolute returns, γ = 0, 
sampling scale 10. 
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Fig.18 – Autocorrelation functions for absolute returns, γ = 0, 
sampling scale 20. 
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Fig.19 – Autocorrelation functions for absolute 
returns, γ = 0, sampling scale 100. 
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Fig.20 – Autocorrelation functions for absolute 
returns, γ = 0.05, sampling scale 100. 
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Fig.21 – Autocorrelation functions for absolute 
returns, γ = 0.1, sampling scale 100. 
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Fig.22 – Autocorrelation functions for absolute 
returns, 1.0=µ , sampling scale 100. 
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Fig.23 – Autocorrelation functions for daily 
absolute returns, S&P500 (05-02-1971 to 02-01-
2007). 
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Fig.24 – Autocorrelation functions for daily 
absolute returns, Nasdaq (05-02-1971 to 02-01-
2007). 
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Fig.25 – Autocorrelation functions for daily 
absolute returns, Nikkei (02-04-1986 to 02-01-
2007). 
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Fig.26 – Autocorrelation functions for daily 
absolute returns, Hang Seng(02-04-1986 to 02-01-
2007). 
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B.3 Multifractal spectra 
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Fig.27 – Price logaritm’s large deviation spectrum for the cases 
with 0=µ . 
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Fig.28 – Price logaritm’s large deviation spectrum for 1.0=µ . 
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Fig.29 – Price logaritm’s large deviation spectrum for 
1.0=µ , sample rounds 1 to 32768. 
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Fig.30 – Price logaritm’s large deviation spectrum for 

1.0=µ , sample rounds 32769 to 65536. 
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Fig.31 – Price logarithm’s large deviation spectrum for 

1.0=µ , sample rounds 65537 to 98304. 
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Fig.32 – Price logarithm’s large deviation spectrum 
for 1.0=µ , sample rounds 98305 to 131072. 
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Fig.33 – Price logarithm’s large deviation spectrum for 

1.0=µ , sample rounds 131073 to 163840. 
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Fig.34 – Price logarithm’s large deviation spectrum 
for 1.0=µ , sample rounds 163841 to 196608. 
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Fig.35 – Price logarithm’s large deviation spectrum for 

1.0=µ , sample rounds 196609 to 229376. 
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Fig.36 – Price logarithm’s large deviation spectrum 
for 1.0=µ , sample rounds 229377 to 262144. 
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B.4 Hölder functions 
 
B.4.1. Simulations’ results 
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Fig.37 - Price logarithm's Hölder func., γ=0. 
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Fig.38 - Price logarithm's Hölder func., γ=0.05. 
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Fig.39 - Price logarithm's Hölder func., γ=0.1. 
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Fig.40 - Price logarithm's Hölder func., 1.0=µ . 
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Fig.41 - Volatility's Hölder func., γ=0. 
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Fig.42 - Volatility's Hölder func., γ=0.05. 
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Fig.43 - Volatility's Hölder func., γ=0.1. 
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Fig.44 - Volatility's Hölder func., 1.0=µ  
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Fig.45 - Market activity's Hölder func., γ=0. 
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Fig.46 - Market activity's Hölder func., γ=0.05. 

0 1 2 3 4 5 6
x 104

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 
Fig.47 - Market activity's Hölder func., γ=0.1. 
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Fig.48 - Market activity's Hölder func., 1.0=µ . 
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Fig.49 - Cross-correlations between price 
logarithm's Hölder func. and volatility's  
Hölder func., γ=0. 
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Fig.50 - Cross-correlations between price 
logarithm's Hölder func. and volatility's 
Hölder func., γ=0.05. 
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Fig.51-Cross-correlations between price 
logarithm's Hölder func. and volatility's  
Hölder func., γ=0.1. 
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Fig.52 - Cross-correlations between price 
logarithm's Hölder func. and volatility's 
Hölder func., 1.0=µ . 
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Fig.53 - Cross-corr. between price logarithm's 
Hölder func. and market activity's Hölder 
func., γ=0. 
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Fig.54 - Cross-corr. between price logarithm's 
Hölder func. and market activity's Hölder 
func., γ=0.05. 
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Fig.55-Cross-corr. between price logarithm's 
Hölder func. and market activity's Hölder 
func., γ=0.1. 
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Fig.56-Cross-corr. between price logarithm's 
Hölder func. and market activity's Hölder 
func., 1.0=µ . 

 
 
B.4.2. Markets’ results1
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Fig.57 - S&P500's price logarithm's Hölder 
function. 
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Fig.58 - NASDAQ's price logarithm's Hölder 
function. 
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Fig.59 - Nikkei's price logarithm's Hölder 
function. 
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Fig.60 - Hang Seng's price logarithm's Hölder 
function. 

                                                 
1 For this analysis had to take a subsample from the actual data to fit a power of 2, in this case the Nikkei 
and Hang Seng have 4096 data points which corresponds to the interval from 23-04-1991 to 2-01-2007, 
while the S&P500 and the Nasdaq data have 8192 data points, which corresponds to the interval from 11-
08-1975 to 02-01-2007. 
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Fig.61 - S&P500's volatity's Hölder function. 
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Fig.62 - Nasdaq's volatility's Hölder function. 
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Fig.63 - Nikkei's volatility's Hölder function. 
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Fig.64 - Hang Seng's volatility's Hölder 
function. 
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Fig.65 - Cross-corr. between price logarithm's 
Hölder func. and volatility's Hölder func., 
S&P500. 
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Fig.66 - Cross-corr. between price logarithm's 
Hölder func. and volatility's Hölder func., 
Nasdaq. 
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Fig.67 - Cross-corr. between price logarithm's 
Hölder func. and volatility's Hölder func., 
Nikkei. 
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Fig.68 - Cross-corr. between price logarithm's 
Hölder func. and volatility's Hölder func., Hang 
Seng. 
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