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Abstract

The characterization of irregular objects with fractal methods often leads to the estimation of the slope of a function
which is plotted versus a scale parameter. The slope is usually obtained with a linear regression. The problem is that the
fit is usually not acceptable from the statistical standpoint. We propose a new approach in which we use two straight
lines to bound the data from above and from below. We call these lines the upper and lower linear bounds. We propose
to define these bounds as the solution of an optimization problem. We discuss the solution of this problem and we give
an algorithm to obtain its solution. We use the difference between the upper and lower linear bounds to define a mea-
sure of the degree of linearity in the scaling range. We illustrate our method by analyzing the fluctuations of the vari-
ogram in a microresistivity well log from an oil reservoir in the North Sea.
� 2005 Elsevier Ltd. All rights reserved.
1. Introduction

The characterization of irregular objects with fractal methods often leads to the estimation of the slope of a function
plotted as a function of a scale parameter d. Most fractal methods assume that a function F, e.g. a variogram or a par-
tition function, satisfies a power law behavior, i.e. F(d) / da, where a is an exponent that can have different interpreta-
tions, e.g. a fractal dimension. In such cases, a is usually estimated with a linear regression of log(F(d)) versus log(d)
using the model log(F(d)) = a log(d) + b.

The function F is typically calculated from signals or images. It is well known that the function F(d) typically fails to
be perfectly linear on a log–log plot [2]. In many cases, this departure from linearity is real, i.e. it cannot be explained by
measurement errors [5,6]. In other words, the linear model is usually not acceptable from a statistical standpoint. The
practical implementation of fractal methods has always been confronted with this difficulty.

In spite of its roughness, the linear model can be useful. Indeed, if the departure from linearity is not too large, then
the linear regression slope a is an index which measures roughly the rate of variation of F(d) in a given range of scales
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dmin 6 d 6 dmax, often called the scaling range. If the index a is used to analyze images for which the span2 of a is much
larger than the uncertainty on a, then a can be used to distinguish and classify the images. This shows that an index that
characterizes roughly the rate of variation of F(d) in the scaling range can be useful. For example, fractal methods with
approximate linear fits have been used successfully to characterize DNA sequences [1], well logs [4] and signals in gen-
eral [3].

In this paper, we examine the problem of estimating fractal exponents in cases for which the log–log linearity of F(d)
is questionable. The idea of measuring a slope by fitting a straight line to a curve with a statistically unacceptable fit is
not satisfactory. Indeed, a statistically unacceptable fit indicates that the straight line is not the appropriate model to
use. A conceptually clearer standpoint can be obtained if one avoids the linear regression. Instead of fitting a straight
line to the data, which is typically doomed to fail, we can search for two straight lines which are upper and lower linear
bounds for the data. These two lines should be defined in such a way that they are unique and as close as possible to the
data, in some sense. In other words, we use two straight lines to sandwich the data as tightly as possible. In the follow-
ing, the two straight lines that bound the data from above and from below will be called the upper linear bound and the
lower linear bound respectively.

This approach has several advantages. Firstly, statistically unacceptable fits are avoided. Secondly, the exponents
(i.e. slopes) have a clear geometrical meaning: they are the slopes of the two straight lines that sandwich the data from
above and from below. Thirdly, if the slopes aupper and alower of the upper and lower linear bounds differ significantly,
then our approach provides a more precise description of F(d). Fourthly, if the data actually forms a straight line, then
aupper = alower = a, where a is the slope obtained by linear regression. Hence our approach reduces to the usual ap-
proach in this case. Finally, the difference between the upper and lower linear bounds provides a measure of the degree
of linearity of the curve. Indeed, if the curve is straight, then the upper and lower linear bounds merge. However, if the
curve is not straight, then the upper and lower linear bounds differ.
2. Upper and lower linear bounds

2.1. Definition

The data is defined by the coordinates of each point:
2 Th
ðxi; yiÞ; i ¼ 1; 2; . . . ;N . ð1Þ
We assume that the xis are equidistant and arranged in increasing order, i.e. x1 < x2 < � � � < xN. We define the upper
linear bound to be the straight line of equation y(x) = ax + b which is the solution of the following constrained opti-
mization problem:
min
ða;bÞ

PN
i¼1

axi þ b� yið Þ2;

axi þ b P yi; i ¼ 1; 2; . . . ;N .

8<
: ð2Þ
Similarly, the lower linear bound is the straight line of equation y(x) = ax + b which satisfies
min
ða;bÞ

PN
i¼1

axi þ b� yið Þ2;

axi þ b 6 yi; i ¼ 1; 2; . . . ;N .

8<
: ð3Þ
The problems (3) and (2) are optimization problems with linear inequality constraints. In the following, we focus on the
upper linear bound problem (2). The solution of the problem (3) can be obtained from the solution method of problem
(2). Indeed, it can be shown easily that using the substitutions yi !�yi, i = 1,2, . . . ,N, a !�a and b! �b on (2) leads
to (3). This implies that the solution of (3) is obtained by solving (2) after the substitutions yi ! �yi, i = 1,2, . . . ,N, and
then by changing the signs of the resulting a and b.

2.2. Measuring the degree of linearity

The upper and lower linear bounds, which are defined by yi = aupperxi + bupper and yi = alowerxi + blower respectively,
can be used to measure the degree of linearity. The data, together with the upper and lower linear bounds, form a
e span is the difference between the maximum and minimum values of a for the various images.
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sandwich that has a varying width. The widths of this sandwich at x = x1 and x = xN are W(x1) � aupperx1 + bupper �
(alowerx1 + blower) and W(xN) � aupperxN + bupper � (alowerxN + blower) respectively. A possible measure of the distance
between the upper and lower linear bounds is b* � max(W(x1),W(xN)). b* could be a good measure of the degree of
linearity because b* = 0 if and only if the curve is perfectly straight.
3. Solution of the optimization problem

It is intuitively easy to accept that the solution of the optimization problem (2) is a line that touches at least one of
the N points. This can be shown as follows. If we assume that the solution of (2) is a straight line y = ax + b that does
not touch any of the points (xi,yi), then it is always possible to decrease the value of b so that all the inequalities (2)b are
respected. Indeed, the substitution b! b � a, where a 2 [0,mini(axi + b � yi)], yields a solution (a,b) that satisfies the
inequalities (2)b, but which has a lower value of the sum of squares

PN
i¼1 axi þ b� yið Þ2. Hence the initial solution is not

the global minimum of the sum of squares, which is a contradiction. Hence the solution touches at least one point.
This result leads us to consider the set of all straight lines that have at least one contact point with the data while

being above all the other points. In this set, the contact points play the role of pivots, i.e. a line can be rotated around a
pivot as long as it remains above all the other points.

The pivots are represented in Fig. 1 as empty circles. The lines that intersect the point (x1,y1) and which are above all
the other points can be obtained as follows. Starting from a vertical line passing through (x1,y1), we rotate the line
clockwise around the pivot (x1,y1) until it touches another point, which leads to the straight line denoted by L1. The
next pivot happens here to be the third point (x3,y3). L1 can be rotated clockwise around (x3,y3) until it reaches the
line denoted by L2. This contouring process can be continued until the last pivot is reached, which corresponds to
the line L4 in Fig. 1. This contouring process allows to scan all the lines which have at least one contact point with
the data while being above it. The solution of the optimization problem (2) is one of these lines.

If the solution touches the kth point of coordinates (xk,yk), then its parameters a and bmust be related by axk + b =
yk, which implies that b = yk � axk. Hence the parameter b can be eliminated if we know that the solution touches the
kth point. Substituting b by yk � axk into (2) leads to the following equivalent optimization problem:
Fig. 1.
ak den
min
ða;kÞ

PN
i¼1

aðxi � xkÞ � ðyi � ykÞð Þ2;

aðxi � xkÞ � ðyi � ykÞ P 0; i ¼ 1; 2; . . . ;N ;

8<
: ð4Þ
where we have included k into the minimization variables because the point (xk,yk) leading to the best solution is not
known a priori. The formulation (4) shows that only the slope parameter a plays a role in this problem, and reveals
explicitly the role of the pivots. It is emphasized that only the pivots satisfy the constraints (4)b.
 i 

 y  L 1  L 2

 L 3

 L 4

 x1  xj(1)  x j(2)  x j(3)  x j(4)

ak0

ak0-1

ak0+1
pivot k0

pivot k0+1
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The circles, black or empty, represent the data points. The empty circles are the pivots, which form a subset of the data points.
otes the slope of the straight line Lk.
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For the kth pivot, the inequality constraints imply that the slope parameter amust be in a range defined by the slopes
ak�1 and ak of two lines Lk�1 and Lk respectively, i.e. a 2 [ak,ak�1]. In this range, the regression sum of squares takes the
form
UkðaÞ �
XN
i¼1

ðaðxi � xjðkÞÞ � ðyi � yjðkÞÞÞ
2, ð5Þ
where j(k) is the coordinate index of the kth pivot. The left-to-right contouring process allows to scan all the values of a,
from large to small values. This leads us to define a function U(a) by
UðaÞ ¼

U 1ðaÞ if a P a1;

U 2ðaÞ if a2 6 a 6 a1;

U 3ðaÞ if a3 6 a 6 a2;

. . .

UkðaÞ if akþ1 6 a 6 ak ;

. . .

UN ðaÞ if a 6 akmax ;

8>>>>>>>>>>><
>>>>>>>>>>>:

ð6Þ
where kmax is the total number of pivots. The slope of the solution is the global minimum of U. By construction, U is
continuous across the intervals ak+1 < a < ak since Uk(ak) = Uk+1(ak) for all ks. More importantly, U is also strictly con-

vex. Indeed, using (5), we find that
o2

oa2
UkðaÞ ¼ 2

XN
i¼1

ðxi � xjðkÞÞ2 > 0 ð7Þ
for a 2 ]ak,ak�1 [ and for all ks. The strict convexity of U implies that the minimum of U is unique, and therefore the
solution of the optimization problem (2) is also unique. Finally, it is stressed that the derivative U 0(a) is piecewise con-
tinuous. The discontinuities of U 0(a) occur if one changes the pivot, i.e. U 0

kðakÞ and U 0
kþ1ðakÞ are typically different.
4. Algorithms

The solution is a line that touches at least one of the N points. In general, it might touch several points simulta-
neously. The first step of the solution is to locate the optimal pivot, i.e. the pivot around which the global minimum
of U is reached. One way to proceed is to start by locating all the pivots.

4.1. Locating the pivots

4.1.1. First pivot (k = 1)

Initially, we use the point (x1,y1) as the first pivot, which has the coordinate index j(1) = 1.

4.1.2. Finding the second pivot (k = 2)

A vertical line which passes through the first pivot (x1,y1) (Fig. 1) is pivoted clockwise around (x1,y1) until it touches
one of the other points. The resulting line is denoted by L1 in Fig. 1. It might happen that several points are touched
simultaneously if they are aligned. For instance, in Fig. 1 the line L1 touches two points simultaneously, i.e. the second
and third points. The rightmost of these two points will be the second pivot, which has the coordinate index j(2) = 3. In
general, j(2) is found with
jð2Þ ¼ argmax
k>1

yk � y1
xk � x1

. ð8Þ
If (8) gives several solutions, then one chooses the one having the largest xk, i.e. the rightmost solution. We compute the
value of the regression sum of squares U(a1) for the line L1 using
Uða1Þ ¼
PN

i¼1 a1 xi þ b1 � yið Þ2;
where

a1 ¼ ðyjð2Þ � y1Þ=ðxjð2Þ � x1Þ;
b1 ¼ y1 � a1 x1.

8>>><
>>>:

ð9Þ
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4.1.3. Finding the (k + 1)th pivot

Having found the kth pivot, which has the coordinate index j(k), we can search for the (k + 1)th pivot. As previously,
j(k + 1) is found with
jðk þ 1Þ ¼ arg max
k>jðkÞ

yk � yjðkÞ
xk � xjðkÞ

. ð10Þ
In Fig. 1, the third pivot is obtained by rotating L1 clockwise around the second pivot until it touches a point, which
happens to be the 7th point in this case, i.e. j(3) = 7. The resulting line is L2. Next, we compute the regression sum of
squares U(ak) of Lk, which is given by
UðakÞ ¼
PN

i¼1 ak xi þ bk � yið Þ2;
where

ak ¼ ðyjðkþ1Þ � yjðkÞÞ=ðxjðkþ1Þ � xjðkÞÞ;
bk ¼ yjðkÞ � akxjðkÞ.

8>>>><
>>>>:

ð11Þ
This process can be continued until the last pivot is obtained, which is always the last point, i.e. j(kmax) = N.

4.2. Locating the optimal pivot

The notations used in the following argument are illustrated in Fig. 1. The function U is convex and consequently
the sampled values U(ak) also form a convex series. Let k* = argminkU(ak). The optimal line is close to Lk

*
. The con-

vexity of U implies that (U 0(a)) 0 P 0, i.e. U 0(a) increases if a increases. If follows that the values
U 0
kðak�1Þ; k ¼ 2; 3; . . . ; kmax ð12Þ
form an decreasing series as k increases, because ak decreases as k increases. The U 0
kðak�1Þs can be obtained by differ-

entiating (5), which yields
U 0
kðaÞ ¼ 2

XN
i¼1

ðaðxi � xjðkÞÞ � ðyi � yjðkÞÞÞðxi � xjðkÞÞ. ð13Þ
Two main cases must be distinguished: either the series U 0
kðak�1Þ changes sign in the range 2 6 k 6 kmax, or it does not.

4.2.1. Finding the optimal parameters if the derivative changes sign

If the series U 0
kðak�1Þ changes sign, then there exists k0 2 [2,kmax � 1] such that U 0

kðak�1Þ P 0 for k 6 k0 and
U 0

kðak�1Þ < 0 for k > k0. k0 is the optimal pivot. It follows that the minimum is located in the range a 2 ½ak0 ; ak0�1�.
If U 0

k0
ðak0�1Þ ¼ 0, then the minimum occurs for a ¼ ak0�1. If U 0

k0
ðak0�1Þ > 0, then the minimum occurs for

a 2 ½ak0 ; ak0�1½. We compute the linear regression slope for all straight lines passing through the pivot k0, without taking
into account the inequality constraints. The zero derivative condition U 0

k0
ðâ0Þ ¼ 0, used with (13), leads to the estimate
â0 ¼
PN

i¼1ðxi � xjðk0ÞÞðyi � yjðk0ÞÞPN
i¼1ðxi � xjðk0ÞÞ

2
. ð14Þ
The estimate (14) may not satisfy the inequality constraints. Indeed, the function U may not have a critical point in the
range a 2 ½ak0 ; ak0�1½, in which case U is strictly decreasing in this range. Hence two cases must be considered:

(i) if a 2 ½ak0 ; ak0�1½, then U is minimum for a ¼ â � â0;
(ii) if a 62 ½ak0 ; ak0�1½, then U is minimum for a ¼ â � ak0 .

Once the estimate â has been determined, the estimate b̂ of b is obtained with b̂ ¼ yjðk0Þ � â xjðk0Þ.

4.2.2. Finding the optimal parameters if the derivative does not change sign

If all the U 0
kðak�1Þs are strictly negative, then the minimum occurs for a = a1, i.e. for the first line L1, and k0 = 2. If all

the U 0
kðak�1Þs are strictly positive, then the minimum occurs for a ¼ ajðkmaxÞ, i.e. for the last line Lkmax , and k0 = kmax � 1.

The final estimate b̂ of b is again obtained with b̂ ¼ yjðk0Þ � âxjðk0Þ.
We have illustrated in Fig. 2 the upper and lower linear bounds obtained with the above algorithm on three different

data sets.
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4.3. Connection with the simplex algorithm

The algorithm that we presented happens to be a specialization of the simplex algorithm for convex problems. The
problem (2) can be rewritten in standard form with equality constraints
axi þ b ¼ yi þ si; i ¼ 1; 2; . . . ;N ; ð15Þ
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Fig. 2. Illustration of the upper and lower linear bounds for three different data sets.



A. Saucier, F. Soumis / Chaos, Solitons and Fractals 28 (2006) 1337–1346 1343
where si is a non negative slack variable. A basic solution of this problem with N equality constraints and N + 2 vari-
ables contains two non basic slack variables equal to zero. A feasible basic solution passes through two points (xi,yi)
and satisfies the constraints (2)b. It is one of the Lk lines. A pivot of the simplex algorithm moving from a base to an
other corresponds to pivoting the line Lk to reach Lk + 1.

The main advantage of our algorithm is that it allows to solve efficiently our optimization problem without resorting
to a general purpose optimization toolbox.
5. Application to the analysis of variograms derived from microresistivity well logs

The characterization of facies using well logs is a useful aid to the interpretation of the depositional setting of a geo-
logical area. It has been recently recognized that dipmeter microresistivity signals (DMS) bear not only information
about the stratigraphic dip angle in geological formations but may also contain important information regarding the
textural contents of these formations. Indeed, DMS have a high sampling rate (about one measurement every
2.5 mm) and a relatively high vertical resolution (1–2 cm). DMS is one of the only logs that can provide information
about small-scale geological events.

This information can be extracted by a texture analysis of DMS in which texture parameters are calculated locally
(i.e. in an interval) at different depths in the well [4]. Texture parameters characterize the variability of DMS in each
interval. Plotted as a function of depth, these parameters form so-called texture logs that provide a compact represen-
tation of the DMS texture variations as a function of depth. Texture logs can be used in subsequent clustering analyses
that will provide a well zonation based on the DMS.

In the following, we examine the variability of the DMS log of the well 30/9-6 from the Oseberg field in the North
Sea, which is plotted in Fig. 4 (center). More precisely, we examine the variations of the variogram as a function of
depth. For a signal defined by its values S(i), i = 1,2, . . . ,N, the variogram is defined as usual by
Fig. 3.
Top: th
V ðkÞ ¼ Eð Sðiþ kÞ � SðiÞð Þ2Þ; ð16Þ
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p
versus n derived from the well log displayed in Fig. 4 (center), together with the upper and lower linear bounds.

e linear bounds are computed over the whole range. Bottom: the linear bounds are computed in the range 2 6 n 6 7.
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where E(� � �) denotes an expectation value. For a stationary signal containing N points, the estimator bV ðkÞ of V(k) is
given by
Fig. 4.
functio
DMS
measu
bV ðkÞ ¼ 1

N � k

XN�k

i¼1

Sðiþ kÞ � SðiÞð Þ2. ð17Þ
We first computed the variogram for the whole microresistivity well log at the scales k = dn � 2n, n = 0,1, . . . ,M with
M = 12, and we plotted in Fig. 3 the values of vðnÞ �

ffiffiffiffiffiffiffiffiffiffiffiffi
V ð2nÞ

p
as a function of n. It is seen that the points (n,v(n)) are not

aligned particularly well over the whole range. However, they are aligned fairly well in the range n 2 [2,7], as indicated
by the upper and lower linear bounds obtained in this range. This fit corresponds to a logarithmic behavior of the form
v(n) = a log(dn) + b, which happens in this case to give a much better fit than the power law model vðnÞ / dHn .

To examine the local variability of the DMS log, we used a sliding window processing to compute v(n) in consecutive
windows of the form [1 + idLw,1 + idLw + Lw � 1], i = 0,1,2, . . ., where Lw = 512 points is the window size and
dLw = Lw/8 = 64 points is the step size. For each window, v(n) was computed in the range [2,7] and the parameters
(a,b) of the upper and lower linear bounds were obtained. We then plotted the resulting parameters as a function of
the window center in Fig. 4.

We observe in Fig. 4 (top) that the slope parameter a is quite consistent, i.e. the values aupper and alower of the upper
and lower linear bounds respectively are very close to each other. More precisely, the difference jaupper � alowerj is much
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smaller than the amplitude of the variations of aupper over the whole DMS log. This shows that the slope a is a poten-
tially useful characterization parameter for DMS logs.

The parameter b*, which was previously defined in Section 2.2, is a measure of the degree of linearity of the curve
v(n) versus n. We observe in Fig. 4 (bottom) that b* fluctuates in the range [2,90], which indicates that the degree of
linearity of v(n) is quite variable. We also observe that b* and the slope parameter a appear to be correlated. In partic-
ular, it can be seen that low values of b* correspond to low values of a.
6. Conclusions

The characterization of irregular objects with fractal methods often leads to the estimation of the slope of a function
which is plotted versus a scale parameter. The slope is typically obtained with a linear regression. The problem is that
the fit is usually not acceptable from the statistical standpoint. We proposed a new approach in which we use two
straight lines to bound the data from above and from below. We call these lines the upper and lower linear bounds.
We defined these bounds as the solution of an optimization problem. We discussed the solution of this problem and
we gave an algorithm to obtain its solution. We used the difference between the upper and lower linear bounds to define
a measure of the degree of linearity of the scaling range.

Our definition of the upper and lower linear bounds is based on least squares with inequality constraints. Other def-
initions could also be considered. For instance, the distance between the data points and the straight line could be mea-
sured in a direction perpendicular to the line. In our implementation, the distances are measured in the vertical
direction, which is a simple yet special choice.

We have shown that the upper and lower linear bounds are typically defined by only one or two points, the so called
pivots. It follows that the upper and lower linear bounds can be quite sensitive to the modification of a single point,
especially if this point happens to be a pivot. Let us consider for instance the points (xk,yk) defined by
xk ¼ k; k ¼ 0; 1; . . . ; 106;

y0 ¼ 106;

yk ¼ 0; 1 6 k 6 106.

8><
>: ð18Þ
In this case, it is easy to see that a� = 0 and a+ = �1. The point (0,106), which behaves like an outlier, is responsible for
a large perturbation of a+ because (0,106) happens to be a pivot. a+ and a� can therefore be sensitive to outliers. This
lack of robustness would be problematic if the function F(d) actually contained outliers. However, F(d) is often contin-
uous and smooth, by construction. Consequently, the occurrence of extreme outliers, as in the above example, may not
be a problem. Nevertheless, this sensitivity issue would deserve a closer study.

The definitions of a fractal exponent are typically given in terms of limits (inf or sup) as d ! 0. For instance, the
upper box dimension of a set S is given by dB(S) = �limsupd!0log(NB(d))/log(d), where NB(d) is the number of boxes
of diameter d needed to cover S. In practical data analysis, e.g. in the analysis of DMS logs, the limit d! 0 is not nec-
essarily important. If our goal is to characterize the signal variability, then what matters most is the determination of a
range of scales as wide as possible in which the function F(d) is approximately linear. This range does not necessarily
have to extend to the smallest scales. From this standpoint, our approach is legitimate.
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