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Abstract The objective of this paper is to compare the performance of different
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definitions, properties and statistical studies of fractional Brownian motion (fBm)
and mBm. Secondly, a numerical artifact is observed: when we estimate the time
varying Hurst index H(t) for an mBm, sampling fluctuation gives the impression that
H(t) is itself a stochastic process, even when H(t) is constant. To avoid this artifact,
we introduce sparse modelling for mBm and apply it to Nasdaq time series.
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1 Introduction

The objective of this paper is twofold: on the one hand, this is a case study of Nasdaq
time series from its beginning in 1971 until September 1, 2009; on the other, this is a
problem of selecting the right fractal-like model for financial time series.

Fractal models have for a long time been neglected into mainstream quantitative
finance. One often prefers modelling financial data by diffusion processes, see e.g.
Black, Scholes and Merton model and the Black and Scholes formula. The most
famous example of fractal-like process is the fractional Brownian motion (fBm)
which is characterized by a number H ∈ (0, 1), called Hurst index. Let us recall that
Brownian motion and diffusion processes correspond to Hurst index H = 1/2 and
that statistical studies reject the null assumption (H0) : H = 1/2.

But, in an idealized continuous time market with no transaction cost, modelling
by fBm or the exponential of fBm models allows arbitrage opportunities, meaning
the possibility of producing a positive return from zero investment by clever trading.
This has been the main objection during the last decade to fractal-like models for
financial assets. Recently, Guasoni et al. wish to enhance mathematical modelling
by incorporating some market imperfections like brokerage fees, taxes and liquidity
constraints. They show that if there exists proportional transaction costs at a rate
ε > 0, then there exists no arbitrage opportunities for fractal-like processes. On the
other hand, the credit crisis of fall 2008 has reinforced the search of models that
better approximate reality.

The previous arguments lead us to write this paper on fractal-like model in
finance and its statistical study. However, during the last decade, fractal models have
been widely used in many other scientific fields (internet traffic, turbulence, image
processing, medical and physiological signal processing). As a consequence, a wide
range of new models have been introduced, and their statistical studies and numerical
simulation have been developed. When the Hurst index is time varying, these models
are called multi fractional Brownian motion (mBm). However, the more general
mBm’s result from complicated probabilistic constructions. In this work, we prefer
simple modelling. For this end, we introduce sparse mBm and show its adequacy to
the financial series under consideration.

Our plan will be the following: In Section 2, we present the dataset, i.e. daily
Nasdaq series from 1971 to 2009. Section 3 is a recall on fractional Brownian motion,
multi-fractional Brownian motion and their use for financial modelling. Methods
for estimating the parameters of fBm or mBm are presented in Section 4, and then
applied to Nasdaq time series. In Section 5, we introduce a sparse multi-fractional
model for Nasdaq time series and give some arguments in favour of this modelling.

2 Presentation of the Dataset: Nasdaq Series

We consider the series of daily values of Nasdaq from February 5, 1971 to September
1, 2009. This provides us a time series of 9,666 observations, as shown by Fig. 1.

Considering firstly the low frequency behavior, this time series can be divided
into three parts (see Figs. 1 and 2): an increasing part from the beginning to 1998,
the internet bubble around 2000, a fluctuating part from 2002 to 2009. Note the 2008
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Fig. 1 Daily observation of NASDAQ, from 1971 to 2009

credit crisis at the end of the series. Since prices are always non negative, they are
described as exponential of the sum of a regular process and a stochastic process
(Guasoni et al. 2008; Black and Scholes 1973), that is

X(t) = exp
(

f (t) + Y(t)
)
. (2.1)
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Fig. 2 Logarithmus of daily observation of NASDAQ, low frequency part f (t) = MovingAverage
and high frequency part Y(t) = residue (multiplied by 2)
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The function f (t) correspond to the low frequency behavior of log prices. It can be
estimated as the moving average of log(X(t) on a centered sliding window, then by
subtracting f (t) to log(X(t), series Y(t) can be deduced, see Fig. 2.

In this study, we are more interested by the high frequency behavior of the log
Nasdaq time series and its modelling by a fractal-type process. Then, we adress the
question of the variation of the Hurst index (or roughness) of this series.

3 Fractional Brownian Motion, Multi-fractional Brownian Motion and Finance

In the first subsection, we recall the definition and properties of fBm. In Section 3.1,
we explain the need of generalization of fBm in applications, the definition of the
mBm and some properties. In the last subsection, we presented an actualized point
of the use of fractal models in finance.

3.1 Recall on Fractional Brownian Motion

Fractional Brownian motion was introduced in an abstract way as spiral in Hilbert
spaces (Kolmogorov 1940) and then popularized (Mandelbrot and Van Ness 1968)
by its relevance to model natural phenomena: hydrology, finance...

3.1.1 Representations of fBm

Recall that the standard fBm BH = (BH(t), t ∈ R+) is a Gaussian process with zero
mean and correlation function given by

E(BH(t), BH(s)) = VH

2

(
t2H + s2H − (t − s)2H)

(3.1)

for all pair (s, t) ∈ R+ × R+ where H ∈ (0, 1) and

VH = �(1 − 2H)
cos(π H)

π H
(3.2)

This process is characterized by parameter H called the Hurst index. When the
Hurst index H = 1/2, fBm is a Brownian motion. In this sense, fBm appears as a
generalization of Brownian motion.

The process BH(t) is not a stationary process, but its increments process is sta-
tionary. The fBm was first defined by its harmonizable representation (Kolmogorov
1940):

BH(t) =
∫

R

(
eitξ − 1

)

|ξ |H+1/2
Ŵ(dξ), for all t ∈ R, (3.3)

where W(dx) is a Brownian measure and Ŵ(dξ) its Fourier transform; namely for
any function f ∈ L2(R) one has almost surely,

∫

R

f (x) dW(x) =
∫

R

f̂ (ξ) Ŵ(dξ). (3.4)

with the convention that

f̂ (ξ) =
∫

R

e−iξ t f (t)dt. (3.5)
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when f ∈ L1(R) ∩ L2(R). Let us refer to (Samorodnitsky and Taqqu 1994, Chap. 14)
as the reference book on fBm for all the technical details. The fBm is often known
through its moving average representation (Mandelbrot and Van Ness 1968)

BH(t) = 1

�(H + 1/2)

{∫ 0

−∞
((t − s)H−1/2 − (−s)H−1/2)}dW(s)

+
∫ t

0
(t − s)H−1/2dW(s)

}
. (3.6)

A third representation is the wavelet series expansion (Meyer et al. 1999). In all the
sequel, let us refer for precise definition and properties of wavelet basis to (Lemarié
and Meyer 1986; Daubechies 1988). In what follows we denote by {2 j/2ψ(2 jx − k) :
( j, k) ∈ Z

2} a Lemarié-Meyer wavelet basis of L2(R) and we define � to be the
function, for each (x, θ) ∈ R × R,

�(x, θ) =
∫

R

eixξ ψ̂(ξ)

|ξ |θ+1/2
dξ. (3.7)

With these notations, from the harmonizable representation (3.3), one can derive the
wavelet expansion

BH(t) =
∞∑

j=−∞

∞∑

k=−∞
2− jHε j,k

{
�(2 jt − k, H) − �(−k, H)

}
, (3.8)

where {ε j,k : ( j, k) ∈ Z
2} is a sequence of independent N (0, 1) Gaussian random

variables and where the series is, for every fixed (t, H), convergent in L2(	);
throughout this article 	 denotes the underlying probability space. In fact this series
is also convergent in a much stronger sense, see Appendix. Moreover, it is possible
to prove that the map H �→ BH(t) is a.s. lipchitzian on every compact subset of
R × (0, 1).

3.1.2 Numerical Simulation of fBm

FBm is a Gaussian processes with stationary increments. Thus, in order to simulate a
sample

{
BH(k/n), k = 1, . . . , n

}
of a path of BH , it suffices to simulate its increment

process defined as Y(k) := BH((k + 1)/n) − BH(k/n) for k = 1, . . . , n and then to
sum up. The increment process Y is Gaussian centred with covariance matrix 
.
Therefore the Choleski decomposition 
 = Lt L, where t L denote the transpose of
matrix L, furnishes an exact simulation of a path of BH .

Direct calculation of the Choleski decomposition leads to an algorithm with time
complexity of order n3 and memory complexity of order n2. However, this algorithm
does not exploit the Toeplitz structure of the covariance matrix, that is 
i, j = r(i − j),
then by embedding 
 into a circulant matrix and using FFT (Fast Fourier Transform)
to calculate eigenvalues and eigenvectors of 
, one can deduce a simulation of Y and
after of a sampled path of BH (Chan and Wood 1998). The so-called Chan and Wood
algorithm is exact and has a time complexity of order n log n and memory complexity
of order n.
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3.1.3 Probabilistic Properties of fBm

For fBm, the Hurst parameter H drives the three following properties:

1. Self similarity: for all λ > 0

(BH(λt))t∈R

(d)= (
λH BH(t)

)
t∈R

.

where equality holds in the sense of finite distributions.
2. Roughness of the path: for all t ∈ R, α∗

BH
(t) = H a.s. where the pointwise rough-

ness is defined by

α∗
X(t) = sup

{
α, limsuph→0

|X(t + ε) − X(t)|
εα

= 0

}
(3.9)

3. Correlation of the increments: let Y( j) = BH( j + 1) − BH( j) denote the incre-
ment of fBm and r( j) = E

(
Y( j)Y(0)

)
its correlation, we have the following

landscape:

• if H = 1/2, the increments are independent;
• if H > 1/2, then

∑+∞
k=−∞ |r(k)| = +∞, thus we have long memory of the

increments;
• if H < 1/2, then

∑+∞
k=−∞ |r(k)| < +∞, thus we have short memory of the

increments.

In a certain sense, fBm is a too rich model to fit the applications. This point will be
partly developed in the following subsection.

3.2 Recall on Multi-fractional Brownian Motion

During the decades 1970’s and 1980’s, the statistical study of fBm was developed.
As a consequence, modelling by a fBm became more and more widespread (internet
traffic, turbulence, image processing...). Nevertheless, in many applications the real
data does not fit exactly fBm. More precisely, statistical tests reject null assumption
H = 1/2 as it should be for Brownian motion or diffusion processes, but alternative
assumption could also be rejected when the Hurst index is time varying.

In order to gain more flexibility for modeling, multifractional Brownian motion
has been introduced (Peltier and Lévy Véhel 1995; Benassi et al. 1997). MBm is a
continuous Gaussian process whose pointwise Hölder exponent can be prescribed
and evolves with time t. Recall that for fBm, pointwise Hölder exponent and Hurst
index are equal. Therefore, a natural idea is to replace the Hurst index H by a
function of time t �→ H(t) in one of the representations of fBm, i.e. (3.3) or (3.6).
Accually, for fBm both constructions correspond to the same process.

More formally, one can introduce the Gaussian field (t, H) �−→ B(t, H). For
almost all ω and every H ∈ (0, 1), this field has a regularity H with respect to the
time t, and for almost all ω and all t in a compact subset of R, this field is lipchitzian
with respect to H, uniformly for H in any compact subset [a, b ] ⊂ (0, 1) (Ayache
and Taqqu 2005; Ayache and Bertrand 2010) or Appendix for a sketch of the proof.
Then, for every function t �→ H(t), the mBm is defined by

X(t) = B(t, H(t)). (3.10)
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The same construction remains valid for a random Hurst index H(t, ω). Moreover, if
the function t �→ H(t) is regular enough, then for all t ∈ I the roughness of the mBm
is H(t), i.e. α∗

X(t) = H(t) a.s. where α∗
X(t) is defined by (3.9) (Ayache and Taqqu

2005). Formally speaking, regular enough means that for every compact subinterval
I of R condition

(C) : sup
t∈I

H(t, ω) ≤ β(H, I, ω),

is almost surely satistied, where for any process X its uniform roughness β(X, I, ω)

is defined as

β(X, I, ω) = sup

{

β ∈ (0, 1), sup
s,t∈I

|X(t, ω) − X(s, ω)|
|t − s|β < +∞

}

.

3.2.1 Numerical Simulation of mBm

A simple and efficient method consists to simulate a small number of fBm with
different Hurst indices, then to interpolate by a krigeage method (Chan and Wood
1998). This algorithm is not exact but provides good results.

3.2.2 Probabilistic Properties of mBm

When the Hurst index is depending on time, mBm is no more a process with
stationary increments, therefore long memory property is meaningless. Obviously,
the increments are not independent. When the Hurst index is deterministic, mBm
is still a centered Gaussian process, however when H(t) is stochastic, the mBm can
be a non-Gaussian process (Ayache and Taqqu 2005). Provided that Condition (C) is
statisfied, the function H(t) is regular enough, thus on a small interval the Hurst index
H(t) is almost constant and mBm shares local properties of fBm. This heuristical
argument has been made rigorous (Falconer 2002, 2003). At every time t, the mBm
admits as a tangent process the fBm BH(t), and as a consequence mBm is locally
self-similar of order H(t) and has roughness H(t).

On the contrary, difficulties come when Condition (C) is not statisfied. Recently,
Ayache et al. (2007b) have proposed a construction of fractal process with very
irregular roughness function H(t), another process called Step Fractional Brownian
Motion (SFBM) has also been proposed and statistically studied for a piecewise
constant Hurst function (Benassi et al. 2000; Ayache et al. 2007a). But both these
processes are out of the scope of this paper.

3.2.3 Our Model

In all the following, we will consider sparse-mBm defined by

X(t) = B(H(t), t)

where t �→ H(t) is a piecewise affine function of time t and the field B is defined by
(A.2) or equivalently by (3.8).

Remark 3.1 Since H(t) is piecewise affine then it is lipchitzian. Next, thanks to
H(t) ∈ (0, 1) and t �→ H(t) lipchitzian for almost all ω ∈ 	, Condition (C) is always
satisfied for sparse-mBm.
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3.3 Fractional Modelling in Finance

Using fBm for modelling financial data in continuous time is a controversial point
for many decades. First of all, Mandelbrot (1963) claims that the price of cotton
and NYSE dataset can be modeled by fBm with Hurst index H between 0.55 and
0.60. Many statistical studies have confirmed this point (Lo 1991; Cutland et al. 1995;
Willinger et al. 1999).

Despite statistical evidence, the mainstream school in quantitative finance has
rejected models with a Hurst index different from 1/2. The main argument was that
fBm leads to arbitrage opportunities and after that there cannot exist a coherent price
system. To put in a nutshell, the fundamental theorem of asset pricing asserts that
the absence of arbitrage opportunities implies that the price process should be a
semi-martingale (Delbaen and Schachermayer 1994). But it has been proved that
if H 
= 1/2, fBm is not a semi-martingale (Rogers 1997; Shiryaev 1998; Salopek 1998;
Cheridito 2003). Moreover, one can build arbitrage opportunity for a price process
which has been modeled as fBm with a known Hurst index as soon as H 
= 1/2
(Rogers 1997; Cheridito 2003). Let us remark that one uses the knowledge of the
Hurst index H and self-similarity to build an arbitrage. Another drawback of this
strategy is that one has to change the portfolio a number of times converging to
infinity on a finite interval of time (Cheridito 2003).

In our opinion, the two following points argue for “rehabilitating Fractal Models
in Finance” (Rásonyi 2009)

• A statistical argument: if the Hurst index is time varying or approximatively
estimated, then the portfolio built following Rogers (1997) and Cheridito (2003)
failed to be an arbitrage opportunity. An example of such a process is mBm with
a stochastic and time varying Hurst index (Ayache and Taqqu 2005), but also our
model called sparse-mBm.

• A probabilistic argument: previous arguments rely on subtle properties of sto-
chastic processes. A simpler argument in favour of fBm in finance has been
proposed by Guasoni (2006) and Guasoni et al. (2008): under arbitrarily small
(proportional) transaction costs, there exist coherent price sytems for geometric
fBm with Hurst parameter H 
= 1/2, which implies the absence of arbitrage
opportunities.

To conclude this section, statistical estimation of the Hurst parameter for fractal-like
processes is an actual question in financial modelling.

4 Statistical Study of fBm and mBm

Section 4.2 is concerned by estimation of Hurst index for fBm by quadratic or
generalized quadratic variation and Section 4.2 by the corresponding estimators
for mBm, that is for time varying Hurst index. In Section 4.3, we describe wavelet
estimator. Eventually, in Section 4.4, both estimators are applied to Nasdaq time
series.
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4.1 Estimating Hurst Index of fBm by Generalized Quadratic Variation

To begin with, let us precise the statistical model. We observe one path of the
process X at N regularly spaced times k/N for k = 0, . . . , N − 1. For convenience,
we assume that N is even.

4.1.1 Naive Estimator

Since the Hurst index corresponds to the roughness of the path, a first idea is to
measure it through quadratic variation

V(1)

N =
N∑

k=1

∣∣∣
∣X

(
k + 1

N

)
− X

(
k
N

)∣∣∣
∣

2

.

Indeed, harmonizable representation (3.3) implies that

E

∣∣∣
∣X

(
k + 1

N

)
− X

(
k
N

)∣∣∣
∣

2

= C × (1/N)2H .

To sum up, the mean quadratic variation corresponds to the empirical variance of
the increments and by using stationarity of the increments, one can deduce that V(1)

N
is equivalent to C × (1/N)2H−1 when N goes to infinity. And after that the estimator
ĤN defined by

ĤN := 1

2

(

1 + log2

V(1)

N/2

V(1)

N

)

(4.1)

converges a.s. to H (Benassi et al. 1997, 1998). Moreover when H ∈ (0, 3/4), the
quadratic variation satisfies a Central Limit Theorem (CLT) with rate of conver-
gence N−1/2 (Guyon and Leon 1989) and after ĤN with the same rate of convergence
(Coeurjolly 2005).

4.1.2 A First Improvement

When H ∈ (3/4, 1) the quadratic variation does no more satisfy CLT (Guyon and
Leon 1989). For this reason, it has been replaced by the generalized quadratic
variations (GQV)

V(2)

N =
N∑

k=1

∣
∣∣∣X

(
k + 1

N

)
− 2X

(
k
N

)
+ X

(
k − 1

N

)∣
∣∣∣

2

which satisfies CLT with rate N−1/2 (Istas and Lang 1997) like the estimator ĤN

given by (4.1) after having replaced quadratic variation by generalized quadratic
variation.

4.1.3 A Second Improvement

Let us stress that in (4.1), the quantity (2ĤN − 1) corresponds to the slope of the
log empirical variance computed with the two meshes 1/N and 2/N. Actually, the
variance of the Hurst estimator can be reduced by using linear regression of the log
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empirical variance onto log of a family of p meshes
(

j/N
)

j=1,...,p (Coeurjolly 2005).
Precise formula for this estimator is given below, in Section 4.2.

4.1.4 Some Other Estimators

In the sake of completeness, let us mention that one can also define generalized
quadratic variation of any order q ∈ N

∗ which satisfies CLT for H ∈ (0, 1) as soon
as q ≥ 2 (Bardet 2002). But to our best knowledge, only quadratic variation of order
1 or 2 have a practical interest.

Another estimator can be derived from q-variation where q is an interger greater
than 2. This estimator satisfies CLT for H ∈ (1/2q, 1 − 1/2q) with a limit being
conditionally Gaussian; it converges in mean square to a limit which depends on the
fBm for H < 1/2q and to a stochastic integral with respect to the Hermite process of
order q for H > 1 − 1/2q (Nourdin 2008 or Nourdin et al. 2010).

4.2 Estimating Time Varying Hurst Index of mBm

In this subsection, the process X is assumed to be a mBm which satisfies Condition
(C). Our aim is estimation of the Hurst function t �→ H(t). As pointed out in
Section 3.2, mBm behaves locally as a fBm with Hurst parameter H(t), for this
reason, when the number of points n converges to infinity, one can estimate H(t)
as the Hurst parameter of BH(t) on a window around t.

4.2.1 Localization of the Estimator

Let us give some ideas of the localization procedure. The key argument is the
following remark: For (θ, t) ∈ (0, 1) × R+, the field (θ, t) �→ B(θ, t) has a regularity
θ w.r.t. t and thus is less than 1 regular. But it is infinitely derivable w.r.t. θ , therefore
we can use a Taylor expansion of order 2 around any fixed value of θ0. By doing so,
let X be a mBm, fix a time t0, we have

X(t) = B(H(t), t) = B(H0, t) + {B(H(t), t) − B(H0, t)}
where H0 = H(t0) and (θ, t) �→ B(θ, t) is the field defined by (3.8), see Appendix.
Since the field B is C2 w.r.t. θ , we can apply Taylor Formula and obtain

X(t) = B(H0, t) + ∂θ B(H0, t) {H(t) − H0} + O
{[

H(t) − H0
]2

}
(4.2)

Next, when H has a regularity of order η > 0, on a vicinity of t0 of size ε, one
has |H(t) − H0| ≤ M(ω) εη a.s. Then, one can deduce from (4.2) the convergence
of the different estimators of Hurst index to H0, where the different estimators are
calculated on mBm as if it was a fBm.

Stress that this discussion is not a mathematical proof, but can be made rigorous.

4.2.2 Linear Regression of Log GQV onto Log Mesh

For α ∈ (0, 1), define a neighborhood of t and its cardinal by:

VN,α(t) := {
k ∈ N, |k/N − t| ≤ N−α

}
and vN,α(t) := #VN,α(t)
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(obviously vN,α(t) = [2N1−α] or [2N1−α] + 1). Then for all t ∈ (0, 1), the estimators
Ĥ(QV)

N (t) is defined from a log-regression of generalized quadratic variations as
below:

Ĥ(QV)

N,α (t) := 1

2

tA
tAA

⎛

⎝log

⎛

⎝ 1

vN,α(t)

∑

k∈VN,α(t)

∣∣Y(k/N)
∣∣2

⎞

⎠

⎞

⎠

1≤i≤p

(4.3)

with Y(k/N) = X
(

k + 1

N

)
− 2X

(
k
N

)
+ X

(
k − 1

N

)

and A =
⎛

⎝log i − 1

p

p∑

j=1

log j

⎞

⎠

1≤i≤p

.

where tA denotes the transpose of the matrix A. If X is a mBm with a time varying
Hurst index satisfying Condition (C), then we have the following CLT:

n(1−α)/2
(
Ĥ(QV)

n,α (t0) − H(t0)
) −→

n→∞ N
(

0,
tA �(H(t0))A

4(tA A)2

)
(4.4)

with

�(H) := 2

⎛

⎝
∑

j∈Z

(∑2
k1,k2=0 ak1 ak2 |i1k1 − i2k2 + j|2H

∑2
k1,k2=0 ak1 ak2 |i1k1 − i2k2|2H

)2
⎞

⎠

1≤i1,i2≤p

,

a0 = 1, a1 = −2 and a2 = 1.
Moreover, CLT (4.4) is a functional CLT, that is n(1−α)/2(Ĥ(QV)

n,α (t0) − H(t0)
)

converges in distribution to a stochastic process G(t) with a known covariance
structure (Coeurjolly 2005).

4.3 Wavelet Analysis

This approach was introduced for fBm by Flandrin (1992), and popularized by many
authors, see for e.g. Abry et al. (2003). For every couple of integers ( j, k) ∈ Z

2 so-
called octave and shift, the discrete wavelet transform (DWT) coefficients of X are
defined as

dX( j, k) := 2− j/2
∫

R

ψ
(
2− jt − k

)
X(t) dt. (4.5)

The mother wavelet ψ consists of an oscillating pattern, chosen such that the
collection {2 j/2ψ(2 jt − k) : ( j, k) ∈ Z

2} forms an orthonormal basis of L2(R). Also,
it is characterized by its number of vanishing moments, that is an integer m ≥ 1 such

that for all n ≤ m + 1,
∫

R

∣
∣tnψ(t)

∣
∣ dt < ∞, and

∫

R

tnψ(t) dt = 0 for all n ≤ m.

This integer m controls the behavior of the Fourier transform of the wavelet ψ at
origin, i.e. ψ̂(x) ∼ |x|m as x → 0.
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4.3.1 Wavelet Analysis of fBm

By using Fubini stochastic Theorem and harmonizable representation (3.3), one can
deduce the following harmonizable representation of wavelet coefficients (Bardet
and Bertrand 2007)

dX( j, k) = 2 j/2
∫

R

eikx ψ̂(2− jx) |x|−(2H+1) dŴ(x) (4.6)
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Fig. 3 Estimation by GQV, wavelet estimator and linear regression GQV on a sliding window
centred in t of length 700, resp. 1,400
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and after E|dX( j, k)|2 = 2 j(2H+1) for all k ∈ Z. Moreover one has

cov
(|dX( j, k1)|2, |dX( j, k2)|2

) ≤ C × (1 ∧ |k2 − k1|−2m).

This means that as soon as m ≥ 2, for every fixed octave j, the family of wavelet
coefficients are weakly dependent (Flandrin 1992; Abry et al. 2003; Gloter and
Hoffmann 2007; Bardet and Bertrand 2007). As a by product, for all t ∈ (0, 1), their
empirical mean

DN( j) =
∑

k∈VN,α(t)

|dX( j, k)|2

computed on VN,α(t), converges following a CLT as soon as α < 1, which implies

ln2 DN( j, t) = (2H + 1) j − ln2 σ 2 + N(1−α)/2 �( j)Un( j, t)

where Un( j, t)
D−→

n→∞N
(
0 , 1

)
, σ 2 denote the variance of X, and �( j)2 = 4π C2

H

22 j(H+1)

∫

R

∣∣ψ̂(u)
∣∣4

u−(2H+1) du. Eventually, one can use linear regression of ln2 DN( j)

onto j and we obtain the wavelet estimator of the Hurst index.
Wavelet coefficient at the different octave can be computed through the pyramidal

algorithm of Mallat (1998). This method is sensible to the discretization error of
the wavelet coefficient at low frequencies. But it can be improved by an iterative
procedure (Veitch and Abry 1999)

4.3.2 Wavelet Analysis of mBm

Condition α < 1 means that the length of VN,α(t) does not converge to 0 (Gloter and
Hoffmann 2007). Thus, the localization argument of previous subsection cannot be
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GQV Estimator Y+f

Fig. 4 Estimation by GQV of Hurst index for a Y(t), b log X(t) = Y(t) + f (t), c X(t) on a sliding
window centred in t of length 1,400
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used. In other words, finding a wavelet estimator of Hurst index for mBm remains
a question under investigation from a theoretical point of view. However, wavelet
estimator provides numerical results close to the ones furnished by GQV, see next
subsection and Figs. 3, 4, and 5.

4.4 Estimating Hurst Index of Nasdaq Time Series

Price processes are always non negative and are better fitted by a log normal process
given by (2.1) (Guasoni et al. 2008). Then, we have computed the Hurst index of
Y(t) = log X(t) − f (t) by using estimator of Section 3. We have used the function
wfbmesti implemented in Matlab which corresponds respectively to GQV estimator
(4.1) (Istas and Lang 1997), wavelet estimator (Abry et al. 2003) and the pointwise
Holder exponent estimator given by Fraclab. The last one corresponds to Linear
regression of log GQV onto p = 5 levels of log-meshes (Coeurjolly 2005). Recall that
FracLab is a signal and image processing toolbox based on fractal and multifractal
methods which as been developed at INRIA by Lévy Véhel and his former students.

Two choices of vicinity size #VN,α(t) � 2 ∗ N1−α have been proposed, the first
one with N1−α = 350, and the second one with N1−α = 700. Recall that, up to
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Fig. 5 Estimation of time varying Hurst index by GQV and wavelet, for H = 0.7, N = 215 = 32768
and M = 210 = 1024
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a multiplicative constant, the optimal choice is N2/3 = 406 (Benassi et al. 1998;
Coeurjolly 2005). The corresponding results are plotted in Fig. 3.

Despite of differences between the estimators, in the following we prefer to use
the more accessible ones, that is estimators given by wfbmesti (Matlab).

Next, we try to simplify the calculations. Firstly, we can remark that subtracting
the regular part f (t) has no effect on the value of Hurst index, see Fig. 4. This
numerical fact is easy to explain since Hurst index corresponds to roughness of the
path, and roughness is not affected by adding or subtracting a regular function.

Secondly, we calculate Hurst index directly on the Nasdaq time series. In this case,
we denote small difference with the Hurst index of log prices, see Fig. 4. This can be
explained by the non linearity of the function exp. Simulation on Wavelet estimator
or Linear Regression GQV provide the same kind of numerical results.

5 Selection of a Sparse mBm for Nasdaq Time Series and Economical Interpretation

Figures 3 and 4 may give the impression that Hurst index is itself a stochastic
process. This impression is misleading and only due to sampling fluctuations. This
is numerically confirmed by Fig. 5 and theoretically by functional CLT which asserts
that the difference n(1−α)/2

(
Ĥ(QV)

n,α (t0) − H(t0)
)

converges to a stochastic process G
(Coeurjolly 2005). For simplicity of the presentation, we just give an example with a
huge dataset and large vicinity size, but all the simulations we have done provide the
same kind of result.

Therefore, we prefer to select a simple model with a piecewise affine Hurst index.
In Fig. 6, we give the selected affine Hurst index obtained from Fig. 3.
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Hurst index for Sparse mBm

Fig. 6 A simple model with an piecewise affine Hurst index deduced from time varying Hurst index
computed on sliding window of size A = 1,400
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5.1 Economic Interpretation

The Hurst index is linked to the dependence structure of the increments of the
process. If H = 1/2, then the increments are independent. Otherwise, when H > 1/2
the increments are strongly correlated, which is called long memory.

In Fig. 6, we can see that the Hurst index decreases from 0.82 to 0.75 between 1975
and 1987, then it decreases from 0.75 to 0.46 between 1987 and 1998 and it remains
almost constant from 1998. Firstly, remark that internet bubble (around 2000) does
not impact the Hurst index. Secondly, in 1975 the Nasdaq market was almost illiquid
and the increments were strongly correlated. Then, during the 1980’s the Nasdaq
market becomes more and more liquid and the Hurst index decreases to reach a
value close to 1/2.

Appendix: Wavelet Series Expansion

In all the following, it is convenient to introduce the Gaussian field (t, θ) �→ B(t, θ).
Then, from the harmonizable representation (3.3), we derive the wavelet expan-
sion. In what follows we denote by {2 j/2ψ(2 jx − k) : ( j, k) ∈ Z

2} a Lemarié-Meyer
wavelet basis of L2(R) and we define � to be the function, for each (x, θ) ∈ R × R,

�(x, θ) =
∫

R

eixξ ψ̂(ξ)

|ξ |θ+1/2
dξ. (A.1)

By expanding for every fixed (t, θ), the kernel function x �→ eitx − 1

|x|θ+1/2
in the ortho-

normal basis of L2(R), {2− j/2(2π)1/2ei2− jkξ ψ̂(−2− jξ) : ( j, k) ∈ Z
2} and by using the

isometry property of the stochastic integral in (3.3), it follows that

B(t, θ) =
∞∑

j=−∞

∞∑

k=−∞
2− jθ ε j,k

{
�(2 jt − k, θ) − �(−k, θ)

}
, (A.2)

where {ε j,k : ( j, k) ∈ Z
2} is a sequence of independent N (0, 1) Gaussian random

variables and where the series is, for every fixed (t, θ), convergent in L2(	); through-
out this article 	 denotes the underlying probability space. In fact this series is also
convergent in a much stronger sense. This results from the two following properties.

Firstly we need to state the following lemma which allows to conveniently bound
the random variables ε j,k (Meyer et al. 1999 or Ayache and Taqqu 2005).

Lemma 1 There exists an event 	∗ of probability 1 and a nonnegative random variable
C2 of f inite moment of every order such the inequality

|ε j,k(ω)| ≤ C2(ω)
√

log(3 + | j| + |k|), (A.3)

holds for all ω ∈ 	∗ and j, k ∈ Z.

Next, by using the fact that ψ̂ is a compactly supported C∞ function vanishing on a
neighborhood of the origin, it follows that � is a well-defined C∞ function satisfying
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for any (�, m, n) ∈ N
3 with � ≥ 2, the following localization property (Ayache and

Taqqu 2005),

c2 = sup
θ∈[a,b ], x∈R

(2 + |x|)�|(∂m
x ∂n

θ �)(x, θ)| < ∞, (A.4)

where ∂m
x ∂n

θ � denotes the function obtained by differentiating the function �, n
times with respect to the variable θ and m times with respect to the variable x.

By combining the two previous technical results, one can deduce that for all ω ∈
	∗ the series in (A.2) is uniformly convergent in (t, θ) on each compact subset of
R × (0, 1), so B is a continuous Gaussian field (Ayache and Taqqu 2005).

Moreover, the right hand side of (A.2) can be formally differentiated with respect
to the second variable θ . The corresponding series is still uniformly convergent for
for all ω ∈ 	∗ and defines ∂k

θ B(t, θ) for all k ∈ N.
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