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Abstract

The paper focuses on the investigation of time series of paleoclimatic proxy records of Finland’s temperature and the

ratio of oxygen isotope in ice cores of Greenland. Joint study of these records should improve the understanding of the

climatic variability over the entire North Atlantic sector. Paleoclimatic proxy records are analyzed with the help of

multifractal formalism, wavelet analysis and topological dynamics methods to reveal scaling features as well as their

nonlinear dynamics and interrelationship.

r 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Variability of natural processes over the North Atlantic region, including coupled ocean-atmosphere
system, has strong climatic impact from eastern seaboard of the United States to Siberia, from the Arctic to
the subtropical Atlantic [1]. Variations in the climate over Greenland and Northern Europe are likewise
largely dictated by this natural circulation system [2]. Understanding the connections of the climate
perturbations in different regions requires long time series of paleoclimatic proxy records. The term ‘‘proxy
records’’ means that information is embedded in natural carriers, such as isotopes in ice cores in Greenland
and tree-ring chronologies of living and subfossil wood in North-West Europe. These have stored the records
of temperature variability within the North Atlantic sector. Investigation combining these records should
improve the understanding of the climatic variability over the entire North Atlantic region.

To study past climates and associated environmental changes, the analysis of ice-core drilling was carried
out. Ice cores offer great potential for such studies, because each annual layer deposited on polar ice sheets is
assumed to preserve all components that were deposited with the snow in the year the layer was formed [3].
The isotopic composition of the ice yields information about the temperature; the dust informs about
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storminess and source efficiency; the air bubbles reflect the greenhouse gases in the atmosphere; the acidity
contains details related to volcanic eruptions in the northern hemisphere; chemical traces are the products of
various processes on land, in the sea, and in the atmosphere at the time of formation of the ice [3]. Several ice
cores, reaching bedrock, have been drilled through the Greenland ice sheet during the joint European
Greenland Ice Core Project (GRIP) and various isotopic, chemical, and physical properties of the core have
been measured. Ice core based proxy record is also available in the Greenland Ice Sheet Project (GISP 2) d18O
data set, measured at the University of Washington’s Quaternary isotope laboratory.1

To obtain information about the temperature, the stable isotope ratio, 18O/16O, provides the main reference
parameter, since its variability is determined mainly by the cloud temperature at the moment of snow
formation and thus has direct climatic relevance, assuming unchanged temperature and humidity at the
original moisture source areas [3]. On the Greenland ice sheet, the present mean annual d18O of the snow is
related closely to the mean annual surface temperature, T, in 1C, through the formula

d18O ¼ 0:67 � T � 13:7%,

where d18O is the per mil deviation of 18O/16O ratio in a sample from the 18O/16O value in standard mean
ocean water (SMOW). The temporal relationship between the d18O and the surface temperature T can be
inferred by modelling the borehole temperature profile, based on a surface temperature history determined by
a simple relation to the well-dated d18O profile.

While these records extend from the 1980s back 110977 years BP,2 the focus will be on the last seven and a
half millennia, due to particular emphasis on the comparison with the tree-ring data of the same length. The
original time series d18O is not equidistant, and, moreover, it contains gaps. Consequently, we also use
additional time series containing the equidistant GISP2 annual data d18O extended back to 1133 years BP and
compare it with the tree-ring temperature data.

The present tree-ring dataset includes Scots pine (Pinus sylvestris L.) ring-width series from forest-limit
region of northern Fennocandia, Finland and Norway. This regional chronology is a composite ring-width
chronology of living tree and dead wood samples, from 1081 trees. The latter source comes from the logs lying
on the ground as snags, and from the lake sediments where they have been preserved over the years. Collection
and sampling of the trees were described in great detail by Eronen et al. [4,5]. At the moment, the chronology
spans continuously over past 7.5 thousand years. Tree-ring widths were measured under light-microscope to
the nearest 0.01mm and carefully cross-dated using several numerical methods [6] along with visual
comparison of tree-ring characteristics. In dendrochronological cross-dating the variations in ring-widths are
first examined and then synchronized among all available samples from a given region. Covariation among
tree-ring series ensures the absolute dating of each ring to the accuracy of 1 year. This is a synchronization of
tree-ring series called cross-dating and it provides the annual dating control of examined characteristics [7].

Regional curve standardization (RCS) [8] was applied in dendrochronological growth trend removal
process. This is a process called tree-ring standardization, it removes the non-climatic noise (mainly from tree
ageing) from individual time series of ring-widths prior to chronology calculations. In RCS method one first
realigns all available ring-width time series with their biological age to obtain an average tree ageing curve
represented by the trees. As trees are rearranged according to their biological (cambial) age, no other factors
than ageing are expected to be preserved in the averaged regional curve. This curve is then smoothed, and tree-
ring indices are extracted from the curve as ratios. The method of RCS has been shown to reveal greater
centennial-scale variability in resulting tree-ring chronology, compared to the earlier works using the similar
tree-ring material but different tree-ring standardization [9].

Forest-limit Scots pine ring-widths are known to correlate significantly and positively with mid-summer
temperatures in Northern Finland [10–12]. This relationship enabled [9] to reconstruct July temperatures using
the RCS based tree-ring indices back to about 5500 BC. Calibration and verification procedures exhibit a
degree of skill in reconstruction for the examined test periods.
1The data is now downloadable from http://www.ngdc.noaa.gov/paleo
2Before present.

https://portail.saclay.inria.fr/,DanaInfo=www.ngdc.noaa.gov+paleo
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In this paper we investigate long time series of palaeoclimatic proxy records with the help of multifractal
formalism, wavelet analysis and topological dynamics methods to reveal scaling features as well as their
nonlinear dynamics and mutual relationship.

In order to apply the above methodologies, it was necessary to construct a time series with a similar
resolution. Because the Greenland ice-core record is not equidistant, its gaps were filled by means of the
method of fractal interpolation [13], taking into account the discovered fractal characteristics of the time
series. Proxy data are a result of interference of various processes existent in cosmos and on the Earth.
Therefore, ‘‘climatic signals’’ are corrupted by noises of various type of unknown nature. We use data
enhancement for noise reduction [14,15], which is applicable in most common situations. After preprocessing,
we investigate interdependence of two time series of proxy indicators of climate fluctuations on large time
scales. The first time series is the yearly average July temperature in North Lapland from 5510 BP to 1993 AD.
From now on, this time series will be denoted by T. The second time series is the abundance ratio of oxygen
isotope in ice cores of Greenland from 8065 BP to 1987 AD. This series will be denoted as 18O.

2. Multifractal characteristics

Multifractal formalism [16–18] has proved to be a very useful technique in the study of both, measures and
functions, deterministic as well as random. Multifractal analysis connects pointwise regularity of the function
with a ‘‘size’’ of sets where regularity possesses some value. The function regularity may change abruptly from
one point to the next. The pointwise regularity [19] is a positive real number aðxÞ, which describes a certain
smoothness of the graph of a function at point x. In general, let h be a nonnegative real number, x0 2 R, a
function F ðxÞ : R! R is Chðx0Þ if there exists C40; d40 and a polynomial PðxÞ of the order smaller than h

so that

if jx� x0jpd; jF ðxÞ � Pðx� x0ÞjpCjx� x0j
h,

then Hölder exponent of F at x0 is aðx0Þ ¼ supfh : F is Chðx0Þg. Let

Ea ¼ fx 2 R : aðxÞ ¼ ag.

Then fine (Hausdorff) multifractal spectrum [16] is

f H ðaÞ ¼ dimHEa,

where dimHEa is the Hausdorff dimension of the set Ea. Because dimH of the set is never more than
its box dimension, one can estimate it by counting the boxes (or intervals) over F, which increase roughly
with the ‘‘right’’ Hölder exponent. For that, ‘‘grain’’ exponents are applied, which for binary partition looks
like that

aðnÞk ¼ �
1

n
log2 supfjF ðsÞ � F ðtÞj : ðk � 1Þ2�npsptpðk þ 2Þ2�ng.

Then the grain multifractal spectrum defined [20] as

f gðaÞ ¼ lim
�!0

lim
n!1

sup
logN ðnÞða; �Þ

n log 2
,

where N ðnÞða; �Þ ¼ #fk : jaðnÞk � ajo�g, gives ‘‘probabilistic’’ description of singularity structure of the function
and is called the large deviation spectrum [21]. This spectrum can be calculated by the kernel method [22].

It is impossible to obtain numerical estimations of multifractal spectra directly from the mathematical
definition, since they include several intricate limits. Therefore, one uses the definition of the spectrum based
on ‘‘averaged quantities’’ extracted from observed signal. These values are called ‘‘structure functions’’ [19]
and evaluated either by Lp modulus of continuity of F

SqðlÞ ¼

Z
jF ðxþ lÞ � F ðxÞjq dx
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Fig. 1. Legendre f ðaÞ-spectra of decennial 18O, namely, the short fragment (a) and time series with gaps reconstructed by linear

interpolation (b). The curves (c) and (d) are the spectra of annual time series.
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or

Zða; qÞ ¼

Z
jCða; bÞjq db,

where Cða; bÞ is a wavelet transform of F, i.e.,

Cða; bÞ ¼
1

a

Z
F ðtÞc

t� b

a

� �
dt.

Assume that the order of magnitude of SqðlÞ�jlj
zðqÞ, when l! 0 and Zða; qÞ�aZðqÞ in small box of size a, where

S�L means that

limðlog jSjÞ=ðlogðjLjÞÞ ¼ 1.

Then multifractal spectrum is computed using the inverse Legendre transform of zðqÞ or ZðqÞ as

f LðaÞ ¼ inf
q
ðqa� zðqÞÞ or f LðaÞ ¼ inf

q
ðqa� ZðqÞÞ.

In this paper we computed the large deviation spectrum f qðaÞ and the Legendre spectrum f LðaÞ using FracLab
software.3 Additionally, Legendre spectra were estimated by means of the method [18] of partition sum
Zqð�Þ�

P
p

q
i using our own program and the oscillation function F ðxÞ inside an ith �-box as pi.

The multifractal Legendre spectra of the time series 18O are represented in Fig. 1. The multifractal spectrum
of 10-year 18O time series was computed for the fragment corresponding to 630–1990 BC (137 records), which
is the longest one without gaps. Fig. 1 shows also the multifractal spectrum for the whole 18O time series,
where the gaps between available records were reconstructed using linear interpolation technique. Both of
these spectra have a similar form, and their maxima approximately correspond to Hölder exponent equal to
0.5. The multifractal spectra of the annual data 18O (curves ‘‘c’’ and ‘‘d’’ ) are characterized by the narrower
f LðaÞ-curves. Nevertheless, their multifractal properties are confirmed by log–log behavior of partition sums
Zqð�Þ versus scale in Fig. 2. It should be noted, that Finland’s temperature time series also demonstrates
multifractal features. Consequently we apply fractal interpolation technique for recovering missed values in
that data.

3. Fractal interpolation of data

In order to fill the gaps in the 18O time series we used the fractal interpolation technique [13]. Roughly
speaking, fractal interpolation can be considered as rescaling of known fragments of data, based on fractal
properties of statistical self-similarity, and inserting them into intervals where data is absent. The method of
3http://fractales.inria.fr

https://portail.saclay.inria.fr/,DanaInfo=fractales.inria.fr+
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Fig. 2. The log–log behavior of partition sums Zqð�Þ versus scale for the ‘‘d’’ curve of the Fig. 1.
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fractal interpolation is optimal in the case when there is no prior information on data structure corresponding
to the short scales, and the original time series exhibits fractal properties.

We pose the fractal interpolation problem with a set of input points fðxi; yiÞg
N
i¼0 with nodes 0 ¼

x0ox1o � � �oxN ¼ 1 and ordinates yi ¼ FappðxiÞ 2 R assuming some continuous function F app : ½0; 1� ! R.
Classically, if F app is assumed smooth, then the input points are interpolated globally with a single polynomial
of degree N, or piecewise with low-degree polynomials. An alternative assumption is that the interpolation
function Fapp is self-similar, and typically not smooth, but fractal. Such a function is called a Fractal

Interpolating Function (FIF) [16]. Let GrðFappÞ ¼ fðx; yÞ j y ¼ FappðxÞg stands for the graph of Fapp.
We construct an iterated function system (IFS) whose attractor is the graph GrðFappÞ. For i ¼ 1; 2; . . . ;N, let

Ti : ½0; 1� � R! ½0; 1� � R be affine transformations of the form:

Ti :
x

y

" #
7!

ai 0

bi ci

" #
x

y

" #
þ

di

ei

" #
,

where jcijo1 is given as a parameter controlling the roughness of the function, and ai; bi; di and ei are
determined by the constraints

Tið0; y0Þ ¼ ðxi�1; yi�1Þ,

Tið1; yN Þ ¼ ðxi; yiÞ.

Choosing the appropriate metrics it can be easily shown that each Ti is a contractive map in the corresponding metric
space. Hence, by the fixed point theorem, there exists one and only one function F app satisfying the invariance

GrðFappÞ ¼
[

i

T iðGrðFappÞÞ; lim
n!1

TnðAÞ ¼ GrðFappÞ,

where T ¼
S

Ti; Tn ¼ TðTn�1Þ, and A is a compact set from R2. Finally, we obtain the resulting graph GrðFappÞ

having a much better resolution in time.
First, we tested the fractal interpolation technique on the time series tree-rings records. For that we

formed from original data two time series with sampling intervals 5 and 10 years. Then these time series were
used for reconstruction of annual values by means of fractal interpolation technique. The results of
comparison of the reconstructed and actual values demonstrate that mean square error of data interpolation
for 5-year sampled time series equals to 0.31 (maximal deviation is 1.45), and for 10-year sampled it is 0.44
(maximal deviation is 2.48).

Further we applied fractal interpolation to recovering gaps in original 18O time series and obtained
equidistant 5- and 10-year sampled time series of 18O values. For estimation of interrelation between the time
series of tree-ring and ice-core records we used the nonlinear correlation method [23]. All available equidistant
time series were analyzed, in particular, the 5- and 10-year sampled time series on interval from 5510 BP to
1990 AD and annual data covering the years 818–1987.
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4. Denoising of the paleodata time series

While we use the methods of topological dynamics [24], for the estimation of time series interrelation, the
task of paleodata time series enhancement becomes very important. This is because the methods give the best
results when data has a low level of noise. We used a comprehensive approach to the problem, which is based
on the enhancement of Hölder regularity structure of time series. One needs to make no a priori assumption,
neither on the nature and parameters of noise nor on the functional relationship between original signal and
noise [14,15].

Formally, let Y ¼ F ðX ;BÞ be an observed time series, where X is an unknown original signal and B is a
noise component, while F corresponds to the functional interrelation between original signal and noise. The
primary task is to estimate a local Hölder exponent at each point of Y. Then one can associate Y with its
uniquely defined Hölder regularity function aY . Afterwards, the next procedure is implemented [15]:
aY ! aY þ d � a ~X , where d40. Appropriateness of this procedure is confirmed by the fact that for a signal
corrupted by noise, its local Hölder exponent is nearly everywhere lower than it is in the case of the original
signal. Obtained in such a way, regularity function a ~X will be used for reconstruction of time series ~X , that is
an enhanced copy of the observed time series Y. The next step is the reconstruction of the function ~X with a
given prescribed Hölder regularity a ~X [25]. This task can be implemented with the help of wavelet analysis [26].
Let yj;k are discrete wavelet coefficients of Y in some orthonormal wavelet basis fjj;kg, where jj;kðtÞ ¼

2j=2jð2j t� kÞ and j is regular enough and has sufficiently many vanishing moments. Then, one can estimate
the coarse wavelet Hölder exponent of Y at each point with the help of the next relation [14]

jyj;kjpC2�jðaY ðkÞþ1=2Þ, (1)

where C is a constant and a point k belongs to the support of jj;k. The use of orthonormal wavelet basis allows
performing the reconstruction in a single way. Starting from the coefficients yj;k of the observations, we
modify them to obtain coefficients ~xj;k that verify the above given relation with the prescribed a ~X and then
reconstruct ~X using the same basis. In general two conditions must hold true, in particular, (1) enhanced time
series X and the observed one Y must be close in the space L2 [15], i.e.,

k ~X � Yk2! min (2)

and (2) the regression of the log j ~xj;kj of ~X above any point k with reference to scale is �ðaðkÞ þ 1
2
Þ. Global

solution of the bX reconstruction task is difficult and demands the evolution algorithm application [15,27].
However, FracLab software allows using simpler variants of the solution with weaker restrictions.

We used the values of d ¼ 1C2 for all enhanced time series. One can see in Fig. 3 the result of so-called
multifractal denoising of the annual 18O data. The effect of time series enhancement is shown in Fig. 4 as a
shift of multifractal spectrum f gðaÞ towards larger values a, while the form of the spectrum curve remains the
Fig. 3. The original and denoised 18O annual time series.
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Fig. 4. Large deviation multifractal spectra of original and denoised 18O annual time series.

Fig. 5. The phase portraits of original and denoised 18O annual time series.
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same. The data enhancement allows extracting the features typical for nonlinear dynamics. This is apparent
from phase portraits of time series in Fig. 5 and results in a possibility to estimate, in particular, the correlation
dimension of the phase model [24], which is equal to dc ¼ 1:8 for 18O data.

5. Interrelation between the Greenland and Fennoscandian paleoclimatic records

For a proper reconstruction of the paleoclimate it is very important to estimate the interrelation between
different proxy data. We investigate proxy data with the help of topological dynamic methods to reveal their
interrelationship[24].

Linear relation between nonlinear time series can be absent or very weak. So we used the nonlinear
correlation estimation method [28], the idea of which is as follows. Let us construct topological embedding of
both time series fxig and fyig in Rm by methods of delay [24] which simply takes m consecutive elements of the
time series directly as coordinates xi in the phase space Rm:

xi ¼ ðxi; xiþ1; . . . ;xiþm�1Þ
T; i ¼ 0; 1; 2; . . . ,

where embedding dimension m can be estimated, for example, with the help of correlation integral method [29].
Such a procedure according to the Takens theorem [30] is ‘‘generically’’ embedding M ! Rm of the genuine
attractor of dynamical system gn : M !M, which produces time series fxig as scalar projection M ! R of its
phase trajectory gnðx0Þ; n ¼ 0; 1; . . .. Thus, there is a diffeomorphism, which maps the genuine attractor of M

onto its copy in Rm, if mX2d, where d is dimension of attractor of dynamical system gn.
Then, let us denote such reconstructions for the time series as rec X and rec Y . Then, for rec X the number

of vector pairs, having distances equal to or less than some positive value �, is calculated. Next, the number of
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�-close vectors of model rec Y is estimated, based on the condition that their synchronous analogs in rec X are
also �-close. If the statistical relation between fxig and fyig does exist, then it will take place for models rec X

and rec Y also. In this case, the statistics will depend on parameter �. On the contrary, such a dependence is
absent, if the models (and the time series) are statistically independent. Formally, in order to estimate a power
of interrelations, the cross correlation ratio is used [23]

Kxyð�Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
iajkyðiÞ � yðjÞk2Yð�� kxðiÞ � xðjÞkÞP

iajYð�� kxðiÞ � xðjÞkÞ

vuut ,

where xðiÞ ¼ fxi;xiþt; . . . ; xiþðdx�1Þtg and yðjÞ ¼ fyj ; yjþt; . . . ; yjþðdy�1Þtg are delay vectors of rec X and rec Y

systems, t is a lag and Y is the Heaviside function. If systems X and Y are related then one can expect that
kxðiÞ � xðjÞko�) kyðiÞ � yðjÞk � �. If it is not so, Kxy does not depend on �. As a rule, a graph of Kxy versus
log � is used and rough estimation may be found by means of a slope s ¼ Kxy= logð�Þ.

The interdependence of two time series that are proxy indicators of climate fluctuations on large time scales
has been studied. The first time series contains the yearly average July temperatures in North Lapland from
5510 BP to 1993 AD [5]. The second time series contains the abundance ratio of oxygen isotope in ice cores of
Greenland from 8065 BP to 1987 AD [31]. A topological reconstruction of temperature time series obtained
from tree-ring data is taken as the system X. The Y system is a topological reconstruction from oxygen isotope
time series. To obtain useful results, denoising procedure has been applied. In order to estimate interrelation
on different time scales, the 5- and 10-years sampled time series are also used. Evaluated dependencies of K

versus lnð�Þ are demonstrated in Fig. 6. The slope of the graph’s linear intervals enclosed between two vertical
lines confirms the presence of the interdependence between X and Y time series. The largest interdependence
between X and Y has been found for the annual time series and results in s ¼ 0:34. The next values s ¼ 0:23
and s ¼ 0:13 were estimated for the 5- and 10-year time series, respectively.

As a second approach for examining relationships between two time series we have applied the method of
the cross wavelet transform (XWT) [32]. It can be considered to be a natural generalization of bi-spectra or
mutual spectra of classic method of the measuring of power spectra. A MatLab software package by the
authors [32] for performing XWT can be found at: http://www.pol.ac.uk/home/research/waveletcoherence/.
Let

W X
c ðs; nÞ½X � ¼

ffiffiffiffiffi
8t

s

r XN

n0¼1

xn0c0 ðn
0 � nÞ

dt

s

� �
be the continuous wavelet transform of a time series xn; n ¼ 1; 2; . . . ;N with uniform time steps dt and c0 - is
the Morlet wavelet, defined as

c0ðuÞ ¼ p�1=4eio0ue�ð1=2Þu
2

,

Fig. 6. Estimations of nonlinear interrelation between temperature and oxygen isotope ratio time series for different time scales.

https://portail.saclay.inria.fr/home/research/waveletcoherence/,DanaInfo=www.pol.ac.uk+
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Fig. 7. The cross wavelet transform (XWT) of oxygen isotope ratio and temperature denoised time series.
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where o0 is a dimensionless frequency and u is dimensionless time. For o0 ¼ 6 the Fourier period for the scale
s is represented as lot ¼ 1:03� s. The wavelet power is defined as jW X

n ðsÞj
2. The complex argument can be

interpreted as the local phase.
The XWT of two time series xn and yn is defined as W XY ¼W X W Y�, where � denotes complex conjugation.

The theoretical distribution of the cross wavelet power of two time series with background power spectra PX
k

and PY
k is given as

D
jW X

c ðs; nÞW
Y�
c ðs; nÞj

sXsY

op

 !
¼

ZnðpÞ

n

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PX

k PY
k

q
, (3)

where ZnðpÞ is the confidence level associated with the probability p for a pdf defined by the square root of the
product of two w2 distributions.

The XWT shown in Fig. 7 has been constructed for denoised time series of 18O and Finland’s temperature T

with d ¼ 2 and d ¼ 1:5, respectively. The 5% significance level marked in Fig. 7 is calculated using
Z2ð95%Þ ¼ 3:999. The XWT finds regions in time frequency space where the time series show high common
power. These regions have been marked by black contours for periods 24–190 years.
6. Conclusion

We have applied the methods of fractal geometry and nonlinear dynamics to analyze the paleoclimatic time
series of Finland’s temperature and Greenland’s ratio of oxygen isotope d18O records. The results of
multifractal formalism have pointed out that paleoclimatic data are characterized by multifractal spectra. This
has allowed us to apply fractal interpolation technique to recover missing values in the data by means of
iterated function system (IFS). Then, denoising of the data with the help of enhancement of the Holder
regularity of the records has provided us with a possibility to preserve nonlinear correlations of the data. This
has made them suitable for effective application of nonlinear dynamics methods, especially, to estimate
correlation dimension and to reveal interrelation between these climatic indications on the time series of about
8000 years. Since paleoclimatic time series possess well-marked multifractal characteristics, future
investigations are likely to be connected with constructions of empirical measures of time series applying
the methods of symbolic dynamics. On the other hand, simple models of the multifractal measure based on
random iterative function systems (RIFS) can be constructed [16] and a model of the empirical measure can be
obtained in a frame of IFS inverse problem [33]. We believe that these models improve our understanding of
stochastic dynamics underlying global climatic scenario.
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