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Gradient Structures

Aggregation-Diffusion F'(p)(x) = V(x) + JW(X — ) p(dy)
Cont. Eqn. atp +div/ =0

Kin. Rel. J=—eVp—pVF(p)=—pVE&.p)

oring @ (p) = ¢ qu(p(x» dx + F(p)



Gradient Structures
Aggregation-Diffusion & (p) = ngb(p(x)) dx + F(p)

Cont. Eqn. atp +div/ =0

Kin. Rel. J=—eVp—pVF(p)=—pVE&.p)
Force-Flux = 62%*('0 ’ -V %‘;(’0 )) 2-Wasserstein Action
1 2
(dual) Diss.Pot. ~ R*(p,E) = — J | & |2dp R(p,J) = lj ﬂ dp
2 2 ) | dp

Legendre Duality

R(p,J) + R*(p, =V & (p) ={J,—VE&Lp))

d
J |-V &.(p) |2dp = — E%E('D) Chain rule



Gradient Structures
Aggregation-Diffusion & (p) = SJd)(p(x)) dx + F(p)

Cont. Eqn. 0tp +div/ =0

Kin. Rel. J=—eVp—pVF(p)=—pVE&.p)
Force-Flux = 62(%*('0 ’ -V %‘;(’0 )) 2-Wasserstein Action
1 2
(dual) Diss.Pot. ~ R*(p,E) = — J | & |2dp R(p,J) = lj ﬂ dp
2 2 ) | dp

Legendre Duality
>
R(p,J) + R*(p, =V EUp)) = (J, —VELp))

d
J|_vfgé(p) |2dp — — E%g(p) Chain rule



Gradient Structures
Aggregation-Diffusion & (p) = 8qu(p(x)) dx + F(p)

Cont. Eqn. 0tp +div/ =0

Kin. Rel. J=—eVp—pVF(p)=—pVE&.p)
Force-Flux = 62(%*('0 ’ -V %‘;(’0 )) 2-Wasserstein Action
1 2
(dual) Diss.Pot. ~ R *(p, &) = —J|f |2dp R(p,J) = lj ﬂ dp
2 2 ) | dp

Energy-dissipation balance
Fisher information

0< J R(p,J)+ R*(p, =V E(p))dr + & (p) — E(p,) =0

L([s, 11 (0, )



Gradient Structures
Aggregation-Diffusion & (p) = ngb(p(x)) dx + F(p)

Cont. Eqn. 0tp +div/ =0

Kin. Rel. J=—eVp—pVF(p)=—pVE&.p)
Force-Flux = 62(%*('0 ’ -V %‘;(’0 )) 2-Wasserstein Action
1, 1 (|dJ 2d
(dual) Diss.Pot. ~ R*(p, &) = EJMI dp R(p,J) = 2@ p

Gradient Flow A density-flux pair (p,J) is an (£*, &)-gradient flow if

» (p,J) satisfies Cont. Eqn. and

Otto-Wasserstein Gradient Flow
Energy-dissipation balance

Z(s.t;(p,J)) =0 V[s,7] C[0,T]



Finite Volume Methods

0,p+div =0
Discrete continuity equation
Settingppy = p(K), K € T
Cont.Egn.  O,p +div) = 0, div J(K) = Z Jer
L~K

Discrete structures

Vertex function

Edge function

Discrete Gradient

Discrete Divergence

@ € B(T)
JEB(I X9)
V:B(J)-> BT xT), VeKL)=¢plL) —eK)

VO:B(I xT)—>B(T), VOj= Z(jKL_jLK)
L

Y VoK. Djg=- Y oK)VOjK) == (p.div]), J=]—s]

K,L

K



Finite Volume Methods 0.p+div] =0

Discrete continuity equation

Settingppy = p(K), K € T

Cont.Egn.  O,p +div) = 0, divi(K)= ) Jy
L~K
Examples:
. + — _ Pk
Upwind Jkr = TKL(fKL Ug — Sk1. UL) Ug = m

s¢ b(ry=r/(e"—=1)

SQRA b(r) = ¢ "7

B'SChemeS JKL — 8TKL<B(€KL/8) UK - B(_gKL/g) UL)

Question: Is there a (generalized) gradient structure (R*, E) such that

Foree-Flux ~ J = 0,R*(p, —VE'(p)) ? Yes!  Many!



Good(?) Gradient Structures ) = ,R¥*(p, —VE(p))

Driving Eg(p) = € Z | K| ¢(UK) + F(p)

Energy

(dual) Diss. Pot. Rj(p, E) = Z QP ‘P;k(fla) m(pg, pr)

Examples:  Maas-Mielke W¥(&) =¢%, m=my, R, metric

Cosh  W#(&) = 4e*(cosh(£/(2e)) — 1), m=m,, R, non-metric

(Qf — Qk)/e

SG-Cosh 198 P = = 21 ;
K exp(Qh/e) — exp(QR/e)

Q. = F(p)(K)

Force-Flux  0,R*(p, —VEL(p))(K, L) = €7 B((QY — QP)/e)ug = Ji;

Question: Are they good?



Good(?) Gradient Structures J = 0,R¥(p,

Driving Eg(p) = € Z | K| ¢(UK) + F(p)

Energy

(dual) Diss. Pot. Rj(p, E) = Z QP ‘Pf(fKL) m(pg, pr)

Question: Are they good? No

Desirable properties of R*

» Tilt invariant, i.e., independent of F Properties of continuous

> Stable under ¢ — 0 limit. dissipation potentials

—VE'(p))



Good(?) Gradient Structures ) = ,R¥*(p, —VE(p))

s Edp)=e ; | K| p(ug) + F(p)

(dual) Diss. Pot. R¥*(p, &) = Z Trr aj(ug, Uy, fKL)
KL

Question: Are they good? No

Desirable properties of R*

» Tilt invariant, i.e., independent of F Properties of continuous

» Stable under € — 0O limit. dissipation potentials

Idea: Use Kin. Rel. to derive o



Good(?) Gradient Structures ) = ,R¥*(p, —VE(p))

e B =e ; | K| p(ug) + F(p)

(dual) Diss.Pot. ~ R*(p, &) = Z TxL af(uK, ur, fgL)
KL

Idea: Use Kin. Rel. to derive a*
_ u
Force  ¢x, = — VE'(P)(K, L) = — ¢elog U—L — (QE — Q?{)a Q?( = F'(p)(K)
K

Kin.Rel.  Jg; = e7g, (B(QP — QP)/e) ux — B(— (Q° — Q%)/e) uy )

= ETky sinh(éKL/(Ze))mHL ( Uge _5KL/(28), uye fKL/(Ze))

= TKL ag o (Ug, Up, Skp)
El(2¢)
aX(a,b,&) = 282[ sinh(r) my; (ae™, be") dr
0



Good Gradient Structure J = 0,R*(p, —VE/(p))

(dual) Diss. Pot. R¥*(p, &) = Z Try OF (UIO us, éKL) Independent of F!

K,L
El(2¢)
a* (a,b, &) = 282[ sinh(r) m; (ae™", be") dr

: 0
Properties of o

» Superlinear at infinity and convex in &,
positively 1-homogeneous and jointly concave in (a, b)

~ Dynamical-Variational Transport Cost
1 + 12 —12
P aj(a,b,f)—>z<a|§ "+ b|E7] ) as € > 0 Stable under ¢ — 0
=: a{)k (a,b,&) Upwind

Fisher information

> oaf(a,b, —elog(al/b) — q) — a* (a, b, —_
> o ( glalb) — q) 5 (a,b,q) R¥(p. ~VE'(p)

» and more...



Good Gradient Structure J = 0,R*(p, —VE/(p))
biving  Ep)=e EK‘, | K | p(ug) + F(p)

(dual) Diss. Pot. Rj(p, f) — Z Trr aj (UK, Uy, 5KL>
KL
S6  Jgp = Tk O (Ug, Up, Skp)
J
Legendre Duality a8<uK, u;, —KL) + o (Ug, Up, Epp) = “XL Exr
Tkl KL

Gradient Flow A density-flux pair (p,J) is an (R*, E_)-gradient flow if
> (p,J) satisfies Cont. Eqn. d,p + divJ = 0, and

p Energy-dissipation balance

0< J R.(p,J) + R¥(p, —=VEL(p)) dr + E.(p) — E.(p,) = 0



Good Gradient Structure J = 0,R*(p, —VE/(p))

g Edp)=e ZK: |K|$(ug) +F(p) — F(p)

(dual) Diss. Pot. R¥(p, &) = Z Tep QX (U[o Uz, 5[{1) — Z TKIL a(;k (UKa Ur, fKL)
K.,L K,L

Gradient Flow A density-flux pair (p,J) is an (R*, E,)-gradient flow if
> (p,J) satisfies Cont. Eqn. d,p + div) = 0, and

p Energy-dissipation balance

0< J R.(p,J) + R¥(p, —VE (p))dr + E.(p) —E.(p,) =0

Result: For each € > 0, (R*, E_)-gradient flow density-flux pair (p®, J¢) exist

Question: Gradient structurefore =07?



From SG to Upwind dp+div] =0
Let (p%, J°) be an (R*, E,)-gradient flow

t
0 < J R (p°, J%) + RE(pF, —VEL(p®)) dr + E.(p%) — E.(p) = O

Result: There exists (p, J) satisfying Cont. Eqn. such that

> Compactness: p? —~*p in A7(J) forevery t>0
V@dt—*J) &dt in M([0,TI1XT XT)

rl

1 4
> Liminf inequality: EJ Ro(p, 2)) dr < lim int | R.(p%,J%) dr
S e—0 Jg
1 ! L rl .
EJ R¥(p, —VF(p)) dr < lim inf | R*(pf, ~VEL(p?))dr
S e—0

vs

> Energy convergence: limE_(p;) = F(p,) forevery >0
e—0



From SG to Upwind dp+div] =0
Let (p%, J°) be an (R*, E,)-gradient flow

[ Ro(p, 2J) + R¥(p, = VF'(p)) dr + 2F(p,) — 2F(p,) < 0

Result: There exists (p, J) satisfying Cont. Eqn. such that

> Compactness: p? —~*p in A/7(J) forevery t>0
V@dt—*J) &dt in M([0,TI1XT XT)

rl

1 !
> Liminf inequality: EJ Ro(p,2))dr < liminf | R_(p%, J°) dr
S e=>0 S
1 t . rf .
EJ R*(p, —VF(p)) dr < lim inf | R¥(p?, —VEL(p®)) dr
g e—0

vs

> Energy convergence: limE_(p;) = F(p,) forevery >0
e—0



From SG to Upwind dp+div] =0
Let (p%, J°) be an (R*, E,)-gradient flow

A
Chainrule ( < J Ro(p, 2J) + R¥(p, = VF'(p)) dr + 2F(p,) — 2F(p,) < 0

Result: There exists (p, J) satisfying Cont. Eqn. such that

> Compactness: p? —~*p in A/7(J) forevery t>0
V@dt—*J) &dt in M([0,TI1XT XT)

rl

1 5
> Liminf inequality: EJ Ro(p, 2))dr < Iiminf [ R.(p", J%) dr
S e—0 Jg
1 ! L rl .
EJ R¥(p, —VF(p)) dr < lim inf | R*(pf, ~VEL(p?))dr
S e—0

vs

- Energy convergence: limE_(p;) = F(p,) forevery 1> 0
e—0



Summary

» Good (generalized) Gradient Structure for SG and Upwind

» SG to Upwind limit via Evolutionary I -convergence

h—0
SG Scheme > Aggregation-Diffusion
e—>0
4 L4
Upwind Scheme > Aggregation

let the real show begin...



