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OUTLINE

© THE HEAT EQUATION WITH MULTIPLICATIVE LIPSCHITZ NOISE
o The continuous equation
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THE HEAT EQUATION WITH MULTIPLICATIVE LIPSCHITZ NOISE

THE CONTINUOUS PROBLEM

du — Audt = g(u)dW(t), inQx(0,T)x A;
Vu-n=0, on Q x (0,T) x OA;
u(0, ) = uo, in Q x A;

where:
o (AP, (Ft)e>0, (Wi)e>0) is a stochastic basis with a real-valued Brownian
motion (Wt);>0;
o W(0) = 0 almost surely;
o W (t) is almost surely continuous in ¢;
o VO < s<t, W(t)—W(s) ~N(0,t—s);
o Vo<t <2< <t W), W) — w(th), -, WEF) — Ww(t* 1) are
independent.
o g: R — R is Lipschitz continuous;

o ug € L?(Q; H'(A)) is a Fo-measurable random variable.
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THE HEAT EQUATION WITH MULTIPLICATIVE LIPSCHITZ NOISE

THE CONTINUOUS PROBLEM
du — Audt = g(u)dW(t), inQx(0,T)x A;
Vu-n=0, on Q x (0,T) x OA;
u(0, ) = uo, in Q x A;
where:
o (AP, (Ft)i>0, Wi)e>0) is a stochastic basis with a real-valued Brownian
motion (Wt);>o;
o g: R — R is Lipschitz continuous;
o up € L%(Q; H(A)) is a Fo-measurable random variable.

DEFINITION

A wariational solution to the heat equation with multiplicative Lipschitz noise is a
(Ft)¢>0-adapted stochastic process

u € L2(;C([0, T1; L2(A)) N L (9 L2(0, T3 H' (A)))
such that, for all t € [0,T], in L?(A), P-a.s. in Q,

ult) — o — /O " Au(s)ds = /O " (u(s)) .

~~ From classical results existence and uniqueness of a variational solution is
well-known. Pardoux(1975), Krylov-Rozovskii(1981), Liu-R&ckner(2015), ...
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THE HEAT EQUATION WITH MULTIPLICATIVE LIPSCHITZ NOISE

THE CONTINUOUS PROBLEM
du — Audt = g(u)dW(t), inQx(0,T)x A;
Vu-n=0, on Q x (0,T) x OA;
u(0, ) = uo, in Q x A;
where:
o (AP, (Ft)i>0, Wi)e>0) is a stochastic basis with a real-valued Brownian
motion (Wt);>0;
@ g: R — R is Lipschitz continuous;
o ug € L2( Hl(A)) is a Fp-measurable random variable.

DEFINITION

A wariational solution to the heat equation with multiplicative Lipschitz noise is a
(Ft)¢>0-adapted stochastic process

we LA(Q;C([0,T]; L*(A))) N L2(Q; L?(0,T; H' (A)))
such that, for all t € [0,T], in L?(A), P-a.s. in Q,

w(t) — o — /O " Au(s)ds = /O * o (u(s)) .

~ From classical results existence and uniqueness of a variational solution is
well-known. Pardoux(1975), Krylov-Rozovskii(1981), Liu-R&ckner(2015), ...

Goar: Convergence of the TPFA scheme towards the variational solution.
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STOCHASTIC PDES WITH ITO NOISE: HEAT EQUATION

TIME DISCRETIZATION

PDE’s FORMULATION:
t
Ot <u(t,x) 7/ g(u(s,m))dWS) — Au(t,z) =0
0

TIME DISCRETIZATION:

T
N € N* = Time step: At = N and Vn € [0, N], t" = nAt.

Unknowns: We are looking for u™ ~ u(t",-)

ImpLICIT EULER METHOD:

n+1 _an 1 ntl
: (I)At e At / g(u(s, 2)dWs — Au"+(z) = 0
t‘n
and
tn+1
/ g(u(s,))dWs ~ g(u" () W (") — W (") = VAtg(u"(z)) ¢!
tn ——
~N(0,At) ~N(0,1)
since

T N-—-1
/ XedWs = lim > Xyn (W) — W (™))
0 At—0

—0 n=0

utl(z) —u"(2)
At

- AumH (@) = =g @)™

VAt
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STOCHASTIC PDES WITH ITO NOISE: HEAT EQUATION

SPACE DISCRETIZATION

UNKNOWNS:
We are looking for uy ~ u(t™,zx)

Notation: u? = ((u)ceT) -

TPFA SCHEME

Let u € R” be a Fin-measurable random vector. We look for a
Fyn+1-measurable random vector u’TH'l € R7 such that for almost every w € Q,
for any KL € T,

n n mg n n n n n
m (Ut —uR) + At 2 i (W —ul ) = g (ul) (W(EmHY) — W (™)),
568}6” B

where
Wty —w @) = VA"t forne€ {0,...,N —1}.

6/31



STOCHASTIC PDES WITH ITO NOISE: HEAT EQUATION

SPACE DISCRETIZATION

UNKNOWNS:
We are looking for uy ~ u(t™,zx)

Notation: u? = ((u)ceT) -

TPFA SCHEME

Let u € R” be a Fin-measurable random vector. We look for a
Fyn+1-measurable random vector u’TH'l € R7 such that for almost every w € Q,
for any KL € T,

n n mo n n n n n
m (Ut —uR) + At 2 i (W —ul ) = g (ul) (W(EmHY) — W (™)),
568}6” B

where
Wt — W (t™) = VA" forn € {0,...,N — 1}.

~ Existence of a discrete solution.
Need of uniqueness to obtain measurability
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ANALYSIS OF THE TPFA SCHEME

CONVERGENCE

Let (Tm)m and (Nm)m be s.t. size(Tm) ——— 0 and Aty = —
m—-+oo Ny, m—+oo

(Bauzet-Nabet-Schmitz-Zimmermann, ’22)

THEOREM (CONVERGENCE)

Let ug € L?(Q2, HY(A)) Fo-measurable, then

ur, N, —— u in LP(Q; L2(0,T; L%(A))) with 1 < p < 2,
m——+oo

where u is the unique variational solution of the heat equation with multiplicative
Lipschitz noise.
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CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF

STEP 1: BOUNDS ON THE DISCRETE SOLUTION

5wt (et — ) AL St -t
KeT aeg}icnt K,L

= micg(ult) (W) = W) )
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CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF

STEP 1: BOUNDS ON THE DISCRETE SOLUTION

3 (1
2

L2(A)> + At ‘ HH‘

=z micg(uu (W) — W (™))

2 1
12y + [0 = ]

L2(n)
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CONVERGENCE OF THE TPFA SCHEME

STEP 1:

SKETCH OF PROOF
BoOUNDS ON THE DISCRETE SOLUTION

3 (1
2

2 1
2y 1T lEey + H”TTLJF _“T‘

L?(A )>+At‘ HH‘ 1,7

K_ZE:T micg(u) [uft + (uEtt —u)] (W) — W)

@ Martingale property:

E [g(uit)uit (W) = W(t™)] = Elg(up)ug]E [(W (") - W(™)] =
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CONVERGENCE OF THE TPFA SCHEME

STEP 1:

SKETCH OF PROOF
BoOUNDS ON THE DISCRETE SOLUTION

3 (1
2

2 1
2y 1T lEey + H”TTLJF _“T‘

L?(A )>+At‘ HH‘ 1,7

K_ZE:T micg(u) [uft + (uEtt —u)] (W) — W)
@ Martingale property:

E [g(up)ug (W) = W(t"))] = E[g(ui)ui]

E[(W@E+h) —w(t)] =
@ Young inequality:
> mieg(ui) (ug™ —u) (W) - w(i™))
KET
1 n+1l n n+1ly _ ny) 2
< gl =], + S melaR) Ve - wen)|
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CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF

STEP 1: BOUNDS ON THE DISCRETE SOLUTION

3 (1
2

Iy o =t [y, ) + e

= 3 mrcg(up)u + (u —u) (W) — W)
reT

L2(A)

@ Martingale property:
E [g(u)ui (W) = W(t™))] = E [g(uiju | E [(W (") - W ()] =0

@ Young inequality:
KZg?Tm;cg(UZ)(uEH —u) (W) —wi)

+ Z m |glug) (WEnth) — t"))|

2}
¢ntl

~E { /. (g(uz»?ds} = A [lg(up)|’]

H n+1

h uT‘ L2(A)

Q It6 isometry:

E[|g(up) (W) = w()[*] =E [

tn+1

/t g(u)AW,

n
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CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF

ProrosITION (BOUNDS ON THE DISCRETE SOLUTIONS)
For anyn € {1,...,N},

n—1
E [l ] +E[ 'S I = g |

n—1 2
+2At S E ngﬂ‘ } <c
i=0 1,7

CONSEQUENCES: WEAK CONVERGENCE

There exists u € L%(Q; L2(0,T; H(A)) such that (up to a subsequence):

U

)

kly in L2(Q; L2(0, T; L%(A
size(T),At—0 U weakly in ( ’ (7 ; ( ))7

g
Viur,

\Y% kly in L2(Q; L2(0,T; L2(A)).
size(T),At—0 Yweasy ( ( ( ))

BUT weak convergence not sufficient for nonlinear term:

3 L2(Q; L2(0,T; L?(M)) s.t. g(ut N
Gu € ( ) ( s Ly ( )) S g(u’T,N) size(T),At—0 g
Ju = g(u)??

= Need of stochastic compactness.
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CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF

STEP 2: STOCHASTIC COMPACTNESS ARGUMENT

THEOREM (SKOROKHOD’S REPRESENTATION THEOREM )

Let (Xm)m be a sequence of random variables on a measurable space s.t.

Xm £ x. Then, there exists a probability space (', A, ') and random
variables Y, (Ym)m s.t.:

L(Xm) =L(Ym), Vm, L(X)=L(Y), and Yy, =Y P-as inQ.
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CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF

STEP 2: STOCHASTIC COMPACTNESS ARGUMENT

THEOREM (SKOROKHOD’S REPRESENTATION THEOREM )

Let (Xm)m be a sequence of random variables on a measurable space s.t.

Xm £ x. Then, there exists a probability space (', A, ') and random
variables Y, (Ym)m s.t.:

L(Xm)=L(Ym), ¥Vm, L(X)=L(Y), and Ym =Y P-as. inQ.

o Prokhorov’s theorem: If (P o (ur n)~1)m on L2(0,T; L%(A)) is tight, then it
is relatively compact.
= Up to a subsequence, (uér, ~)m converges in law to a probability measure

oo € L2(0,T; L2(A)).
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Let (Xm)m be a sequence of random variables on a measurable space s.t.

Xm £ x. Then, there exists a probability space (', A, ') and random
variables Y, (Ym)m s.t.:

L(Xm)=L(Ym), ¥Vm, L(X)=L(Y), and Ym =Y P-as. inQ.

o Prokhorov’s theorem: If (P o (ur n)~1)m on L2(0,T; L%(A)) is tight, then it
is relatively compact.
= Up to a subsequence, (uér ~)m converges in law to a probability measure

oo € L2(0,T; L2(A)).
o The laws of (ur n) are tight if, for any e there exists a compact set K¢ s.t.

Lur n)(Ke) =[Po (urn) '|(Ke) > 1—e.
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CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF

STEP 2: STOCHASTIC COMPACTNESS ARGUMENT

THEOREM (SKOROKHOD’S REPRESENTATION THEOREM )

Let (Xm)m be a sequence of random variables on a measurable space s.t.

Xm £ x. Then, there exists a probability space (', A, ') and random
variables Y, (Ym)m s.t.:

L(Xm)=L(Ym), ¥Vm, L(X)=L(Y), and Ym =Y P-as. inQ.

o Prokhorov’s theorem: If (P o (ur n)~1)m on L2(0,T; L%(A)) is tight, then it
is relatively compact.
= Up to a subsequence, (uér ~)m converges in law to a probability measure

oo € L2(0,T; L2(A)).
o The laws of (ur n) are tight if, for any e there exists a compact set K¢ s.t.
L(ur,N)(Ke) = [Po (ur,n) '(Ke) > 1 —e.

compact

o W=L20,T;W¥2(A) N W*2(0,T; L2(A))  —  L2(0,T;L*(A))
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CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF

STEP 2: STOCHASTIC COMPACTNESS ARGUMENT

THEOREM (SKOROKHOD’S REPRESENTATION THEOREM )

Let (Xm)m be a sequence of random variables on a measurable space s.t.
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o Prokhorov’s theorem: If (P o (ur n)~1)m on L2(0,T; L%(A)) is tight, then it
is relatively compact.
= Up to a subsequence, (uér ~)m converges in law to a probability measure

oo € L2(0,T; L2(A)).
o The laws of (ur n) are tight if, for any e there exists a compact set K¢ s.t.
Llur,n)(Ke) = [Po (ur,n)"!(Ke) 2 1 —e.

o W = L2(0, T; W2(A)) N W2(0,T; L2(A)) ““5" L2(0, T; L2(A))
o Byw(0,R) :={v € W: vl < R} compact in L?(0,T; L?(A))

Po(ur n) " (Bw (0, R)) = 1-[Po(urn)~ (B (0, R)®) = 1‘/{“ >R} Har
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CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF

STEP 2: STOCHASTIC COMPACTNESS ARGUMENT

THEOREM (SKOROKHOD’S REPRESENTATION THEOREM )

Let (Xm)m be a sequence of random variables on a measurable space s.t.

Xm £ x. Then, there exists a probability space (', A, ') and random
variables Y, (Ym)m s.t.:

L(Xm)=L(Ym), ¥Vm, L(X)=L(Y), and Ym =Y P-as. inQ.

o Prokhorov’s theorem: If (P o (ur n)~1)m on L2(0,T; L%(A)) is tight, then it
is relatively compact.
= Up to a subsequence, (uér ~)m converges in law to a probability measure

oo € L2(0,T; L2(A)).
o The laws of (ur n) are tight if, for any e there exists a compact set K¢ s.t.
Llur,n)(Ke) = [Po (ur,n)"!(Ke) 2 1 —e.

compact

o W=L20,T; W2(A) nW>2(0,T; L2(A))  —  L%(0,T; L%(A))
o Byw(0,R) :={v € W: vl < R} compact in L?(0,T; L?(A))
[Po(ur,n) ™ I(Bw(0, R)) = 1=[Po(ur,n) ' 1(Bw(0, R)) = 1—/ LdP
{llur nlw>R}
o Markov inequality

1 1
1dP < — lur N3y dP < —E [lur nll3y]
/{||“T,N||W>R} R2 J{lur nlw>R} R? 10,31



CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF

STEP 2: STOCHASTIC COMPACTNESS ARGUMENT
1
o Bounds on the Gagliardo seminorm for « € (0, 5)
W = L*(0,T; W*?(A)) N W*2(0,T; L*(A))

o L?(0,T; W*?(A)) bound:
// a7, ~ (t, &) — an,n (8 y)|?

o — g2

dx dy

lar, v (t @) = @n, N (t,z +n)]? a7, n (8, ) — an N (82 + )
= 20ta) dx dn + / 2te) dx dn
>R Jr [ nl<R [
s4uah,N(t)ni2(m)/ 20 an + € (lur i, +nuT.NuiQW)/ I ~2C e+ Ly
In>R Inl<R

= Need of space translate estimates.
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CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF

STEP 2: STOCHASTIC COMPACTNESS ARGUMENT

1
o Bounds on the Gagliardo seminorm for « € (0, 5)
W = L*(0,T; W*?(A)) N W*2(0,T; L*(A))

o L?(0,T; W*?(A)) bound:

|UT N(t, @) — an N (ty)]? do d
o —yPTee o
t,x) —a t, 2 i t,z) — t, 2
_ a7, ~n(t ) 2U1h,N( z +n)| do dn + |ar,~n (¢ ) 2u1h,N( z+n)| de dn
Inl>rJr [n[2(+e) Inl<R JR [n|2(+e)
<alanwOlia [ V4 0 (ur o lurvlag) [ im0t
In|>R In|<R

= Need of space translate estimates.

o W*2(0,T; L*(A))-bound:

T |8, N (s) — Gn,n (8)]I2
L2 g g
|t — s|1+2a

—> Need of time translate estimates.
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CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF

STEP 2: STOCHASTIC COMPACTNESS ARGUMENT
(Skorokhod’s theorem:
On a new probability space (€', A’,P):
o there exist random variables vo, (Um)m, woo With L(vg) = L(uo),
L(vm) = L(uT,, ,N,,) for all m € N, L(uoo) = ploo and

Vm ——— Uoo in L2(0,T; L?(A)), P’-as. in Q;
m——4o0o

o there exists a stochastic process W, and a sequence of Brownian motions
(Wm)m such that
Wy ———— W in C([0,T]), P’-as. in Q.

m——+o0
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CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF

STEP 2: STOCHASTIC COMPACTNESS ARGUMENT
(Skorokhod’s theorem:
On a new probability space (€', A’,P):
o there exist random variables vo, (Um)m, woo With L(vg) = L(uo),
L(vm) = L(uT,, ,N,,) for all m € N, L(uoo) = ploo and

Vm ——— Uoo in L2(0,T; L?(A)), P’-as. in Q;

m——+oo

o there exists a stochastic process W, and a sequence of Brownian motions
(Wm)m such that
Wy, ——— Woo in C([0, T]), P’-a.s. in Q'.

m——+o0
(. J

CONSEQUENCES:
o For m € N*, vy, is a step function i.e.

v, N, € R7Tm>XNm gt v, = va,NmIP/—a.SA in Q'
= om(t,r) =0, Vte [t ") vz ek

o For m € N*, any n € {0,..., Ny, — 1} and any K € Ty, the random vector

v?ﬂq is solution to
Y

me
[mK @R = o)+ A T ) — g (u) (Wi (1) = Win(t") = 0']
ceEN ’

12 /31



CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF

STEP 3: IDENTIFICATION OF THE STOCHASTIC INTEGRAL

m.
me (gt —vR) + At 3 t T"E(ug“ — P =meg(ul) (Win (E7FY) = Wi (t7))
065;'6" )

o For any m € N, there exists a filtration (F{");>o such that (vm)m is adapted
to (31" )e>0 and Wi = (Wi (t))¢>0 is a Brownian motion with respect to
(S )ezo0-
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SKETCH OF PROOF

STEP 3: IDENTIFICATION OF THE STOCHASTIC INTEGRAL

¢+l

Mo i
mx (vz‘H —vR)+ At Y —(v}é‘“l - UZ-H') :/ / g(vr N) AW (t) dz
seint di,c K Jin

o For any m € N, there exists a filtration (F{");>o such that (vm)m is adapted
to (31" )ez0 and Wi = (Wi (t))¢>0 is a Brownian motion with respect to
CHISE
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mx (vz‘H —vR)+ At Y —(v}é‘“l - UZ-H') :/ / g(vr N) AW (t) dz
seint di,c K Jin

o For any m € N, there exists a filtration (F{");>o such that (vm)m is adapted
to (31" )ez0 and Wi = (Wi (t))¢>0 is a Brownian motion with respect to
CHISE

o Wy ———— Weo in L2(Q';C((0,T7))

m——+oo

o There exists a filtration (§7°);>0 such that uce has a predictable
dP’ ® dt-representative and Woo = (Woo(t))s>0 is a Brownian motion with
respect to (§¢°)¢>0-
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CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF

STEP 3: IDENTIFICATION OF THE STOCHASTIC INTEGRAL

¢+l

Mo .
cptt —vR) + At Y —(v%*l—vﬁl):// g(v7 N) AW () d
cegint i,z K Jin

o For any m € N, there exists a filtration (§");>o such that (vm)m is adapted
to (§7")e>0 and Wi, = (Wi (t))¢>0 is a Brownian motion with respect to
(Bt")e>o0-

o Wy ———— Weo in LE(Q';C([0,T)))

m——400
o There exists a filtration (F7°)¢>0 such that us has a predictable
dP’ ® dt-representative and Woo = (Woo(t))s>0 is a Brownian motion with
respect to (§5°)¢>0- a

o o W, P W in probability in C([0, T7).
m—+00

° vle’Nm T e in L2(0,T; L?*(A)), P'-a.s. in Q'

= g n,) 7 9(ueo) in probability in L2(0,T; L*(A)).

Debussche,Glatt-Holtz, Temam, ’11
B s B

/0 907 3) Wi (1) d —— [ gfusc) aWoc (1) da

m——+oo

in probability in L2(0,T; L?(A)).
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CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF
STEP 3: IDENTIFICATION OF THE STOCHASTIC INTEGRAL

N—-1 My T
Ym0 =R+ ALY (w T =// g(vr N) AW (t) dz
KeT n=0 Ueg)icnt K,L AJO

T
—>// 9(Uoo) AWeo (t) dx
m—+oo JA Jo

o For any m € N, there exists a filtration (§;"):>0 such that (vm)m is adapted
to (87" )¢>0 and Wi, = (W (t))¢>0 is a Brownian motion with respect to
(S )e=o-

o Wy ——— Weo in L2(Q;C([0,T)))

m——+oo
o There exists a filtration (F7°);>0 such that us has a predictable
dP’ ® dt-representative and Weo = (Woo(t))s>0 is a Brownian motion with
respect to (Fi°)e>0- -
° o Wy ——— Wa in probability in c([o,TY).

m—+4oo
° v%—mme m teo in L2(0,T; L?(A)), P'-a.s. in Q'
= g('uﬁ,—m’Nm) m g(tuoo) in probability in L2(0, T; L*(A)).

Up to a subsequence (Debussche,Glatt-Holtz, Temam, ’11)

"t "t
/ g(vr,N) AW (t) de ——— / 9(Uoo) dWoo (t) dz in L2(0,T; L2(A)), P’-a.s. in Q.
JO m—+oo  Jg
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CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF

ProprosiTioN (WEAK MARTINGALE SOLUTION)

(', P A, (§%°)t>0, W, uco,v0) s a martingale solution for the heat equation
with multiplicative Lipschitz noise.
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CONVERGENCE OF THE TPFA SCHEME

SKETCH OF PROOF

ProprosiTION (WEAK MARTINGALE SOLUTION)

(', P A, (§%°)t>0, W, uco,v0) s a martingale solution for the heat equation
with multiplicative Lipschitz noise.

STEP 4: STRONG CONVERGENCE OF FINITE-VOLUME APPROXIMATIONS
@ Pathwise uniqueness: Let u1,u2 be two solutions w.r.t. the Fp-initial values
1,2 2 2
ug, uy € L7(; L*(A)) on (2, A, P, (Ft)iz0, (W(t))i>0), then

E [l (1) — w2022 | < CE [Jub —l[320)] . v € 0,71,
Q@ (Gydngy-Krylov, '96)

w7, N, ——— u in probability in L?(0,T; L%(A)).
m——4oo

@ Up to a subsequence,
ur,, N, ——u P-as. in L?(0,T; L%(A)).

m——+4oo
@ Uniform bounds in L2(; L2(0,T; L?(A))) @ Vitali’s theorem:
Ut N, —— u in LP(Q; L2(0,T; L?(A))) for 1 < p < 2.

m——4oo

u is the unique variational solution of the heat equation with
multiplicative Lipschitz noise.
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NUMERICAL RESULTS

du — Audt = LudW(t), inQx (0,T)xA;

Vu-n=0, on Q x (0,T) x OA;
u(0, ) = uo, in Q x A.
INITIAL DATA
uo (e, y) = 2 cos(nx) cos(my) = Aug = —2m2ug = —Aaug

BLACK SCHOLES MODEL
u(t, (z,y)) = S(t)uo(z,y) solution iff S(¢) satisfies

dS(t) = —AoS(t) dt + LS(t) dW (t);
S(0)=1.

[S(t) = 5(0)e<—*2—%2>feLW<t> and [lu(t, (z,9)ll,2(5) = S(t)]

COMPARISON BETWEEN S(t™) AND [[u7| 12 4y
o W) =W(0)+ > (W(t) - W) = VALY &'
e T P “pud i=1
=0 =VA!

o Discretization:
T =0.2, Mesh size ~ 1.66.102
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NUMERICAL RESULTS

COMPARISON WITH THE BLACK

ON A GIVEN TRAJECTORY

100
0
005 o1 ois 02
100
10
005 o1 ols 02
L=0

Sit™), +++
S, +++

HU’?HLZ(A)’

HU?'HLQ(A)’

L =
At =103
At =2.10"%
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NUMERICAL RESULTS

ON A GIVEN TRAJECTORY

L=5 L=2n
St"), +++ ”“’?’”LZ(A) ) At =10"%
S@), 4+ lutlzg,,  At=21071
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NUMERICAL RESULTS

COMPARISON WITH THE BLACK SCHOLES MODEL

ON A GIVEN TRAJECTORY

1071
107
- «"\,f.\\'b
-
*':w*"'\
o R
e
o )
oo P o o

L =15

S, A4+ e, At=1073

S@), 4+ lutlzg,,  At=21071
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NUMERICAL RESULTS

COMPARISON WITH THE BLACK SCHOLES

s = lluz||
S

RELATIVE ERROR  size(T) ~ 0.016

At =10"2 = VAt ~ 0.03 At =2.10"%* = VAt ~ 0.014

20/ 31



NUMERICAL RESULTS

COMPARISON WITH THE BLACK SCHOLES

s = lluz||
S(tm)
AT ey

RELATIVE ERROR  size(T) ~ 0.016

L=5 L =27
At =10"2 = VAt ~ 0.03 At =2.10"%* = VAt ~ 0.014
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NUMERICAL RESULTS

COMPARISON WITH THE BLACK SCHOLES

RELATIVE ERROR  size(T) ~ 0.016

L =10
At =1072 = VAt ~ 0.03

S@") = lluzl
S(tn)

o 005 o1 38 02
10°
10
10
107
005 o1 015 02
L =15

At =2.10"%* = VAt ~ 0.014
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NUMERICAL RESULTS

du — Audt = LudW(t), 1inQx (0,T) x A;
Vu-n=0, on 2 x (0,T) x OA;
(0, ) = uo, in Q x A.

BLACK SCHOLES MODEL

u(t, (z,y)) = S(t)uo(z,y) with ||“0||L2(A) =1
2
S(t) = e 2= HEW and Jlu(t, (z,9))] 2 ) = S©)

7%—2t+LW(t)

o€ is a martingale:

1 Cygm
‘ =3 Ml gy ~ B [, o)y =2
J

2 2
o |lu(t, (x,y))HQLz(A) = (72X2=LOE2LW() gpg 2L HH2LW () s o martingale:

! w n 2_ n
‘ 7 > ||uT||iQ(A) ~E [||u(t , (z, y))”iz(A)] — (L2 —220)t
J

J: total number of trajectories
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NUMERICAL RESULTS

COMPARISON WITH THE BLACK ScHOL

—Agt™

1
|4 a2, — e

COMPARISON BETWEEN THE MEAN OF THE NORM oim
e "2

— At=210"%J=2048 ___ AL=10""J=2048 ___ At=10"2,J = 5000
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NUMERICAL RESULTS

COMPARISON WITH THE BLACK ScHO

COMPARISON BETWEEN THE MEAN OF THE SQUARE OF THE NORM

1 n |2 L2 -xp)t"
LY 22y, = e
e(LZ—X2)tn
107 s 107!
1073 4 1073
107°

— At=210"%J=2048 ___ At=10"°J=2048 ___ At=10"2,J = 5000
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STOCHASTIC PDES WITH STRATONOVICH TRANSPORT NOISE

De Bouard - Goudenége - Nabet
THE CONTINUOUS PROBLEM
du—Audt =b-Vuo dW(t), inQx(0,T)xA;
u(0,.) = uo, in Q x A;
Vu-n=0, on  x (0,T) x OA;

where:
o W is independent standard Brownian motion;
o div(b) =01in [0,7] x A and b-n =0 on [0,T] x OA.
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STOCHASTIC PDES WITH STRATONOVICH TRANSPORT NOISE

De Bouard - Goudenége - Nabet
THE CONTINUOUS PROBLEM
du—Audt =b-Vuo dW(t), inQx(0,T)xA;
u(0,.) = uo, in Q x A;
Vu-n=0, on  x (0,T) x OA;

DIFFERENCE WITH [TO INTEGRAL

o integrand evaluated at the midpoint instead of the left-end point:

T N=1 Xin + X,
/ XsOdVVs:Alim = Atn + Xynt1
0

t—0 =0 2

(W) —wi™)
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STOCHASTIC PDES WITH STRATONOVICH TRANSPORT NOISE

De Bouard - Goudenége - Nabet
THE CONTINUOUS PROBLEM

du—Audt =b-Vuo dW(t), inQx(0,T)xA;
u(0,.) = uo, in QxA;
Vu-n=0, on  x (0,T) x OA;

DIFFERENCE WITH [TO INTEGRAL
o evaluated at the midpoint;

o constructed in a way so that the standard-calculus chain rule holds:
t
§) = 1) = [ W) o aw
0
instead of
t 1 t
£V = fWo) = [ Fwaawe 5 [ v
0 Jo

~~ natural choice for a variety of models in physics and computational
biology.
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STOCHASTIC PDES WITH STRATONOVICH TRANSPORT NOISE

De Bouard - Goudenége - Nabet
THE CONTINUOUS PROBLEM

du—Audt =b-Vuo dW(t), inQx(0,T)xA;
u(0,.) = uo, in QxA;
Vu-n=0, on  x (0,T) x OA;

DIFFERENCE WITH [TO INTEGRAL
o evaluated at the midpoint;
o the standard-calculus chain rule holds;

o the martingale property does not hold :

]E{/OtxsodWs} £0

~ the Itd integral widely used in stochastic financial analysis.
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STOCHASTIC PDES WITH STRATONOVICH TRANSPORT NOISE

De Bouard - Goudenége - Nabet
THE CONTINUOUS PROBLEM
du—Audt =b-Vuo dW(t), inQx(0,T)xA;
u(0,.) = uo, in Q x A;
Vu-n=0, on  x (0,T) x OA;

DIFFERENCE WITH [TO INTEGRAL
o evaluated at the midpoint;
o the standard-calculus chain rule holds;

o the martingale property does not hold;

2] #5[[ ppas)

o the It6 isometry does not hold :

|

t
/ Xso0dWs
0
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STOCHASTIC PDES WITH STRATONOVICH TRANSPORT NOISE

De Bouard - Goudenége - Nabet
THE CONTINUOUS PROBLEM

du—Audt =b-Vuo dW(t), inQx(0,T)xA;

u(0,.) = uo, in Q x A;
Vu-n=0, on 2 x (0,T) x OA;
DIFFERENCE WITH ITO INTEGRAL

o evaluated at the midpoint;

o the standard-calculus chain rule holds;

o the martingale property does not hold;

o the It6 isometry does not hold.

T\"I'ICT{ICS'I' OF S'I'T{.r\'l'(i)\(i)\'I(,‘II TRANSPORT NOISE

o Regularization: additive noises do not provide enough regularization by noise
(for uniqueness of solution)
~ introduction to multiplicative noises of transport type (for ex. for 3D
incompressible Navier-Stokes equation).

o Fluid dynamical problems: effect of small scales on large scale
~ small scale transport noise produces in the limit an extra dissipative term:
the "eddy dissipation".
~~ Turbulent flow: allow to describe the motion of large scale structures,
where the noise replaces part of the influence of small scale structures on
large scale ones
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STOCHASTIC PDES WITH STRATONOVICH TRANSPORT NOISE

DISCRETIZATION

TIME DISCRETIZATION:
u T (z) — u™(x) — AtAu" 3 (z) = VAL " () - Vunts (z)
A TPFA scHEME:

/b~Vu:/div(bu):/ ub - figx = Y. /ub-fianw > ua/b~fi,,-;c
K < oK cEOK Jo o€ o

=boic

1 1 1
[m;c(uEJrl—uz)—I—At > Mo (u7,é+2 —uz+2) =VAt > bc,;cug+2§"+1 ]

occok 4K, L occok
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DISCRETIZATION

TIME DISCRETIZATION:
u T (z) — u™(x) — AtAu" 3 (z) = VAL " () - Vunts (z)
A TPFA scHEME:

/b~Vu:/div(bu):/ ub - figx = Y. /ub-fianw > ua/b~fi,,-;c
K < oK cEOK Jo o€ o

(A —
=bsic

1 1 1
[m;c(uEJrl—uz)—I—At > Mo (u7,é+2 —uz+2) =VAt > bc,;cug+2§"+1 ]

occok 4K, L occok

CHOICE FOR Uy !

o Upwind:
u if borc €™ >0
Uy = .
u, otherwise.

28 /31



STOCHASTIC PDES WITH STRATONOVICH TRANSPORT NOISE

DISCRETIZATION

TIME DISCRETIZATION:
u T (z) — u™(x) — AtAu" 3 (z) = VAL " () - Vunts (z)
A TPFA scHEME:

/b~Vu:/div(bu):/ ub - figx = Y. /ub-fianw > ua/b~fi,,-;c
K < oK cEOK Jo o€ o

(A —
=bsic

1 1 1
[m;c(uEJrl—uz)—I—At > Mo (u7,é+2 —uz+2) =VAt > bc,;cug+2§"+1 ]

occok 4K, L occok

CHOICE FOR Uy !
o Upwind:
upc if b€ >0
Uy = .
u, otherwise.

o Centered:
U + ug

Uy =
2
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STOCHASTIC PDES WITH STRATONOVICH TRANSPORT NOISE

DISCRETIZATION
TIME DISCRETIZATION:
u T (z) — u™(x) — AtAu" 2 (z) = VAL " T b(z) - Vunts (z)
A TPFA sScHEME:

/b~Vu:/div(bu):/ ub - figx = Y. /ub-fianw > ua/b~fi,,-;c
K < oK cEOK Jo o€ o

(A —
=bsic

1 1 1
[ mc(uptt —ul) + At Y 2 (u’;+2 _uz+2) =VAL ¥ bocus gt ]

occok 4K, L occok

CHOICE FOR Uy !
o Upwind:
upc if b€ >0
Uy = .
u, otherwise.

o Centered:
U + ug

Uy =
2

o Scharfetter-Gummel??
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STOCHASTIC PDES WITH STRATONOVICH TRANSPORT NOISE

NUMERICAL ANALYSIS

1 1 1
me (@i —ul) + AL S e (u’;*? _u2+2) =VAL Y bocun et

seok di,c -EDK
ON THE CONVERGENCE ANALYSIS
1
o Energy estimates => L (0,T; L?(A)) and L2(0,T; H(A)) (on uZJrQ)

bounds v

o Existence v

1
o Link with It6 formulation: b - Vuo dW =b - VudW + 5b -V(b - Vu)dt.

1 1
o Semi-discrete scheme: u™ Tl = 4" + AtAu" T2 + VA - Vurtzent!

zl: VAt (b . Vun+%, gp)

n=0

l
=- > VAt (u“+%,div(b¢))
n=0

L2(n) L2(n)

l
=— Z VALE"H (un, div(be)) 12s)
n=0

L2(n)

1
— % Z VAT (u T — u™ div(by))
n=0
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PERSPECTIVES / WORK IN PROGRESS

StocuasTic PDEs wiTH ITO NOISE

o Convergence in the general case:

du — Audt + div(vf(u)) dt = g(u) dW(t) + B(u) dt, in Qx (0,T) x A;
u(0,.) = uo, in Q x A;
Vu-n=0, on 2 x (0,T) x OA.

o More numerical results:

o with smaller time step;
o with non linear convertion term;
e ...

StocHasTicC PDES WITH STRATONOVICH NOISE
o Numerical results

o Convergence

Thank you for your attention
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