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Summary

(1) A general class of dynamical transport problems in RY.
(2) The discrete optimal transport problem on graphs.
(3) Gradient flows via Energy Dissipation Inequality.

(4) Discrete-to-continuum limits of transport problems.
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Dynamical transport problems in M (R9).

For a given measurable, Isc function f : R™ x RY 5 RU {+0o0}, we are interested in

1
Cruos ) = inf 3 [ [ Funsaxde 0tV 6 =0, i =
(1e,€8)t o JRrd —_— ——————

continuity equation

where o, p1 € M+(Rd) are given initial and final measures, &; := pu:Vv; is the flux.

Figure: An evolution (u¢)r C M4 (R?) from pg to py (edited from [Villani, 2009]).
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Examples of transport problems (1).

1
Cr(po, pa) :=  inf / /d fpe, &) dxdt @ Oepe +V - & =0, pre—i = i
0 R

(he,E¢)e
(1t,€¢)t €ECE(o,11)

o f(u, &) = |€°/p corresponds to the (2)-Wasserstein distance W, :

2
Wg(po,yl = inf {// |€t| dxdt : (Mt,ft)tGCE(yo,ul)}
Rd

(1e,€8)e Mt

whose dynamical interpretation is due to [Benamou and Brenier, 2000].
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1
Cr(po, pa) :=  inf / /d fpe, &) dxdt @ Oepe +V - & =0, pre—i = i
0 R

(he,E¢)e
(1t,€¢)t €ECE(o,11)

o f(u, &) = |€°/p corresponds to the (2)-Wasserstein distance W, :

2
Wg(po,ﬂl = inf {// |€t| dxdt : (Mt,fr)tGCE(po,ul)}
Rd

(1e,€8)e Mt

whose dynamical interpretation is due to [Benamou and Brenier, 2000].

o More general: f(u,&) = |€|P/m(u)P~* for m: RT™ — R™ concave mobility:

WP>m(MO7M1)p: inf {/ /I;d m(f:)lg 1 dxdt : (/’Ll‘?gf)f € CE(NOaHI)}

(kt,Ee)e

are generalised (p)-Wasserstein distances [Dolbeault, Nazaret, and Savaré, 2012] .

Lorenzo Portinale (HCM Bonn) Paris, November 20th, 2024 2/22



Examples of transport problems (2).

1
Ciuospn) = inf 3 [ [ Funs)axde 0tV 6 =0, wei=
0 R

He 6t
(1t,€¢) ¢ €CE(po,11)

o f(u,&) = f(&) are flow-based problems (Beckmann problems). When f is convex:

/:/Rd Fle)dxde 2" /}Rdf(éﬁig dx:/Rd f(€) dx,

—Z
In this case, one has the equivalent static formulation:

Cf(uo,m):in_f{/ f(&)dx : V~€_=uo—u1}~
3 R

This includes Wi (f(€) = |€]) and negative Sobolev distance H™! (f(&) = |€]?).
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Motivations.

(1) Modeling: optimal transport, traffic flows, congested transport, ...

(2) Application to PDEs: theory of metric gradient flows.
Oepue — V - (e V(DE(pe))) =0,  E: My (RY) — [0, +00].

[Jordan, Kinderlehrer, and Otto, 1998]: heat flow as gradient flow of the entropy
Orpre = Ape,  E(p) = /R log ( o ) du.

(3) Surprising connections with the Riemannian geometry (Lott-Villani-Sturm theory).

(4) [Maas, 2011, Mielke, 2011] : generalisation of these ideas to the discrete setting.

Discrete-to-continuum problem: the study of the convergence of (rescaled) discrete
transport problems (and evolutions) towards a continuous one.
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(2/4) Discrete Optimal Transport
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Optimal transport on discrete spaces.

The dynamical formulation of (2)-Wasserstein distance W, on 92 (R?):

1 2
Wg(,uo,ul)z = inf / / @ dxdt : Orpr + V- & =0, pe—i = pi-
(pete)e | Jo Jrd pt D s—
continuity equation

Discrete setting: (X, £, w) a weighted graph, that is X finite set of nodes, £ set of
edges, and w a weight function on £. We fix a reference measure m € 2(X).
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Optimal transport on discrete spaces.

The dynamical formulation of (2)-Wasserstein distance W, on 92(R?):

1 2
Wz(,uo,mf = inf / / &° dxdt : Orpe + V- & =0, pe=i = pi.
(1e,€¢)e o Jrd Mt —_———

continuity equation

Discrete setting: (X,£,w) a weighted graph, that is X finite set of nodes, £ set of
edges, and w a weight function on £. We fix a reference measure m € 22(X).

Definition [Maas, 2011] [Mielke, 2011] : for mo, my € Z(X):

1 . 2
VV‘Q(mo,ml)2 = |nf /% w(xl j |th ,y)|() dt »,

where (me, j;) is solution to the discrete continuity equation for x € X:

8tmt(X) + th(X7Y) =0, me==m,

yrox
where ji(x,y) = —j:(y, x) (skew-symmetric).
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Optimal transport on discrete spaces.

The dynamical formulation of (2)-Wasserstein distance W, on 92(R?):

1 2
Wz(,uo,mf = inf / / &° dxdt : Orpe + V- & =0, pe=i = pi.
(1e,€¢)e o Jrd Mt —_———

continuity equation

Discrete setting: (X,£,w) a weighted graph, that is X finite set of nodes, £ set of
edges, and w a weight function on £. We fix a reference measure m € 22(X).

Definition [Maas, 2011] [Mielke, 2011] : for mo, my € Z(X):

1 . 2
W(mo, m)* = inf / % : |Jt()(<,)}/)| ) e
me(x m
(me,jt) 0 (x,y)EE UJ(X,}/) elog( Trt(X) ’ Wt(}i/) )

where (me, j;) is solution to the discrete continuity equation for x € X:

8tmt(X) + th(X7Y) =0, m=i=m,

yrox
where ji(x,y) = —j:(y, x) (skew-symmetric).
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Why the logarithmic average? Maas (2011), Mielke (2011)

- - |Jt(Xay)|2
W( 0, ) . mt Jt) {/ Z W(X y) elog(rt(x)7rf(y)) dt} .

x)
x)

Consider the discrete entropy functional £ : (£(X), W) — Rt

E(m) = Z m(x) log ( ((X))> Z r(x) log r(x) m(x).

xXEX XEX

_r-s r(x) == me
logr—logs | V7

Oiog(r,s) =

(density).
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Why the logarithmic average? Maas (2011), Mielke (2011)

- |jt(X7y)|2
W(mo,m1) . ant) {/ Z W(X y 9|og(f’t(X), rf(y)) dt} .

x)
x)

Consider the discrete entropy functional £ : (£(X), W) — Rt

E(m) = Z m(x) log ( ((X))> Z r(x) log r(x) m(x).

xXEX XEX

_r-s r(x) == me
logr—logs | V7

Oiog(r,s) = (density).

The gradient flow of £ in (Z2(X), W) is the graph heat flow

w(x,y) . .
fe = Axr,, where Axr= Z ) (r(y) — r(x)) (discrete Laplacian).

yr~x
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(3/4) Gradient flows and Energy Dissipation
Inequality (EDI)
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Gradient flows: finite dimensional setting

Given a smooth function E : R? — R, its gradient flow is described by

).(t = _VE(Xt)7

x(0) = xo € R%. (GF)
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Gradient flows: finite dimensional setting

Given a smooth function E : R? — R, its gradient flow is described by

).(t = _VE(Xt)7

x(0) = xo € R%. (GF)

Energy dissipation: given any curve x = x(t), we compute

d . 1. 1
G Ee) = (xe, VE(x)) 2 —§|Xt|2 - §|VE(Xt)\2-
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Gradient flows: finite dimensional setting

Given a smooth function E : R? — R, its gradient flow is described by

).(t = —VE(X[‘)7

x(0) = xo € R%. (GF)

Energy dissipation: given any curve x = x(t), we compute

d . 1. 1
G Ee) = (xe, VE(x)) 2 —§|Xt|2 - §|VE(Xt)\2-

Curves of maximal slope: x; solves the ODE in (GF) if and only if for t > 0

d 1 .2 1 2
— < —= — 2|V )
tE(Xt) 2|Xt| 2‘ E(Xt)l
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Gradient flows: finite dimensional setting

Given a smooth function E : R? — R, its gradient flow is described by

).(t = —VE(Xt),

(GF)
x(0) = xo € R%.
Energy dissipation: given any curve x = x(t), we compute

d . 1. 1
G Ee) = (xe, VE(x)) 2 —E\Xt|2 - §|VE(Xt)\2-

Curves of maximal slope: x; solves the ODE in (GF) if and only if for t > 0

d 1., 1 )
— <—Z|xF-Z )
S E(x) < — 3% = 3IVEG)

Energy Dissipation Inequality (EDI) : solving (GF) is equivalent find x; such that

1 /7.
E(XT)+§/ %> + |[VE(x))? dt < E(x0).
0
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Gradient flows: Wasserstein space

Energy Dissipation Inequality (EDI) formulation of O¢pr — V - (1 V(DE(p1¢))) =0

I
EGer)+ 5 [ Vel + [0, Euo) de < Euo)
0

Let E : (#,(RY),W>) — R™ be a given function (for simplicity, convex).

|fee|w, == lim Walpern, 1e) (metric derivative)
h—0 h

(E(v) — E(1))-

metric slope
Wl v) ( pe)

|0, E ()] := lim sup
V=i
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Gradient flows: Wasserstein space

Energy Dissipation Inequality (EDI) formulation of O¢pr — V - (1 V(DE(p1¢))) =0

I
EGer)+ 5 [ Vel + [0, Euo) de < Euo)
0

Let E : (#,(RY),W>) — R™ be a given function (for simplicity, convex).

|fee|w, == lim Walpern, 1e) (metric derivative)
h—0 h

(E(v) — E(1))-

metric slope
Wl v) ( pe)

|0, E ()] := lim sup
V=i

Example: Ent(pdx) = [ plog pdx corresponds to the heat equation O¢pe = Aps.
|&w, Ent(p dx)|* = / |V log p|* dp. (Fisher info)
Rd
Similar in the discrete case, using the discrete entropy £ and distance W.
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(4/4) Discrete-to-Continuum Limits of Transport Problems and Gradient Flows

Discrete distances _conv. distances — continyous distances

Whn on XN) Xy — Rd Ws on gz(Rd)
“~ »~
: Discrete GF : Continuous GF
v v

Discrete heat flow conv. PDEs s Continuous heat flow
fe = Axre pt = Ap:

@ GLADBACH, KOPFER, MAAS, AND P. Homogenisation of one-dimensional discrete optimal

transport. J. Math. Pures Appl. (9), 139:204-234, 2020.

@ FORKERT, MAAS, P. Evolutionary -convergence of entropic grad. flow structures for

Fokker-Planck eq.s in multiple dimensions. SIAM Journal on Mathematical Analysis, 2022.

periodic graphs, Calc. Var. PDE, 62(5), Paper No. 143, 75, 2023.

@ P. AND F. QUATTROCCHI, Discrete-to-continuum limits of optimal transport with linear

growth on periodic graphs, to appear in EJAM.

GLADBACH, KOPFER, MAAS, AND P., Homogenisation of dynamical optimal transport on

@ GLADBACH, MAAS, AND P. , Stochastic homogenisation of nonlinear minimum-cost flow

problems, in preparation.
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Discrete-to-continuum limits of transport problems: some literature.

(1) First convergence result [Gigli and Maas, 2013]: transport metrics associated to
the cubic mesh on the torus T9 converge to W in the limit of vanishing mesh size.

https: //en.wikipedia.org/wiki/Torus

(2) Geometric graphs on point clouds [Garcia Trillos, 2020]: almost sure convergence
of the discrete metrics to W, but diverging degree.

(3) Finite volume partitions 7 in R [Gladbach, Kopfer, and Maas, 2020]: convergence
of Wr to W, as size(7) — 0 is essentially equivalent to an isotropy condition.
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Discrete-to-continuum limits of transport problems: some literature.

(4) Periodic homogenisation of transport problems [Gladbach, Kopfer, Maas, and P.,
2020 & 2023]: a complete characterisation of the limit costs in a periodic setting.

(5) Convergence of the gradient flows I: convergence of finite-volume discretisation of
diffusions [Disser and Liero, 2015], [Forkert, Maas, and P., 2020] (quadratic) ;
[Hraivoronska and Tse, 2023], [Hraivoronska, Schlichting, and Tse, 2023] (cosh);
[Cances, Matthes, Nabet, and Rott, 2022] (nonlinear, p-Wasserstein).

(6) Convergence of the gradient flows Il: generalised gradient-flow structures
associated to jump processes and nonlocal interaction equations [Esposito,
Patacchini, Schlichting, and Slep¢ev, 2021], [Esposito, Patacchini, and Schlichting,
2023b], [Esposito, Heinze, and Schlichting, 2023a].
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A typical discretisation: finite-volume partitions of euclidean domains

Standard finite-volume setup (e.g. [Eymard, Gallouét, and Herbin, 2000]) : Q C R? open,
bounded and convex, 7 = {K, xx} regular partition of Q.

0 o Reference measure: m(xk) = 2%(K).

271 (0K N L)

o Weights: wz(xk,x1) = o — x|
u—v
Average: O _—
© Averag og (1, V) = logu —logv’
This uniquely define a discrete distance that we denote by Wy, given by
Wr(mg, m)? = = |nf / Z |Jt(;< )P ( ) dt : (me,j)e € CE7(mg, my1)
xET yrox wg( %) 6)log(,:rt(x ’ mt 9 )
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A typical discretisation: finite-volume partitions of euclidean domains

Standard finite-volume setup (e.g. [Eymard, Gallouét, and Herbin, 2000]) : Q C R? open,
bounded and convex, 7 = {K, xx} regular partition of Q.

0 o Reference measure: m(xk) = 2%(K).

271 (0K N L)

o Weights: wg (XK, x) = Ixk — x|
u—v
o Average: Oiog(u, v) = logu —log v’

This uniquely define a discrete distance that we denote by Wy, given by

|2

it (X,
Wr(mg, my)? = '”f{/ Z |J;E( y)mr(y)

xXET yr~x U.Ig( ’y) 9|°€( (x) )

dt : (me,jie)e € CET(mo,ml)}

The discrete heat flow converges to the continuous one as size[7] — 0.

But: W7 does NOT always converge to W, (isotropy needed)!
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Discrete-to-continuum: transport on periodic graphs.
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Discrete-to-continuum: transport on periodic graphs.

Setting: Z%-periodic, symmetric, connected, and locally finite graph (X,&)in RY.
] {
[0,1)¢ {

/
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Discrete-to-continuum: transport on periodic graphs.

Given a convex, local function f : M, (X) x R® — R U {400}, we consider

1
Cr(mo, my) := inf { / f(me,je)dt : Oeme(x) + th(x7y) =0, j skew—sym.}
0

yrox

among j; € RS, and m; € MP*'(X), satisfying b.c. me—g = mo, me—1 = my.
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Transport on periodic graphs: some examples.

1
Cr(mo, m) = inf { / F(mejo)dt = (me,je)e € CExx(mo, m1)}
0
o The edge-based case corresponds to the choice
. 1
f(m.,j) =3 Do D f(m(x), m(y),j(x,y)).
xexn[o,1)d y~x
The m-Wasserstein-like distances are obtained using quadratic functions
1 Ul
wixy) meb(55, 75)

ﬁ(,V(m7n7.j) ) m,n€R+,j€R.
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Transport on periodic graphs: some examples.

1
Cr(mo, m) = inf { / F(mejo)dt = (me,je)e € CExx(mo, m1)}
0
o The edge-based case corresponds to the choice
. 1
fmi=5 3 3 fulm(x), m(y),i(x.)).
xexn[o,1)d y~x
The m-Wasserstein-like distances are obtained using quadratic functions
1 Ul

U.J(X7y) moe(ﬂ'(x ’ Tr("y))7

mneR", jeR.

ﬁ(}’(m7 nv.j)

o The flow-based case corresponds to the choice f(m, ) = F(j) and

Cr(mo, my) = inf {F(J) : zj(x,y) =mp — ml} )

yrox
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Transport on periodic graphs: the convergence result.

1
Cr(mo, m1) := inf {/ f(my, je)dt : (me,ji)e € CEx(mo, ml)}
0

{.}::;\m[o,l)d

0.1) o {/} = £n[o,1)¢
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Transport on periodic graphs: the convergence result.

1
Cr(mo, my) := inf{/ f(mye,je)dt : (me,ji)e € CEX(mO,ml)}
0

Figure: One the right, the rescaled graph X = X, £ = €&, for é e N.
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Transport on periodic graphs: the convergence result.

1 mi(-—2z) ji(-—z .
Ci(mg, my) == inf{/0 Z sdf(%,'/ (d71 )) dt : (mg,ji)e € CExs(mo,m1)}

zeTd

£

[0,1)

\VEVZaV|
</
\VEV2aN|

Figure: One the right, the rescaled graph X = X, & = €&, for % e N.
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Transport on periodic graphs: the convergence result.

! me(-—2) ji(—z .
Cs(mg, my) = inf{/o Z e‘ﬁ‘(%," ( . )) dt : (mg,ji): € CExe(mo,ml)}

d—
g £
zeTd

Theorem (Gladbach, Kopfer, Maas, and P., 2020; 2023)

Assume f is convex, lower semicontinuous, with superlinear growth(*) in j. Then C;
-converges in the weak*-topology as € — 0 to a continuous problem

. ! dp:  dé:
Chom (po, 1) = mf{/o /Td fhom< o ’E) dxdt : Oepe+V - & =0, pemi = pi p,

where fuom is given by a cell problem depending on f and the initial graph (X, &).

o The d =1, quadratic case: [Gladbach, Kopfer, Maas, and P., JMPA (2020)], with
very different techniques (interpolation).
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Application: periodic finite-volume partitions.

1 : 2

We(mg, m1)? = |nf E e (x, )l dt : (me,ji): € CEx(mo, m)
(x,¥) e(mt(x) ’T’t(Y))

x€X yrox & w(x) ? 7(y)

970K, N OK,)
ly — x|

\
/

Figure: Periodic finite-volume partition of T9.

, w(x) = 2(K).

where we choose: wi(x,y) =

>
O¢

CoTEET
0.00.0

josist
so¢

o
pSd

OO mOsn O
LLrEy

>
DO
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Application: periodic finite-volume partitions.

W, = inf VeGP 4y (e jo)e € CE
o (mo, m) = 5 ZZ ) ) ¢ (me,ji)e € CEx(mo, m1)

xex yrox ¥ (X y) 9 m(x) ? w(y) )

HIOK, N OK,)
ly — x|

;o m(x) = 2K

where we choose: wz(x,y) =

In this setting, the isotropy condition reads as, ny, := (y — x)/|y — x|,

% > dy ATHOK N 0K, )1y @ iy = |Kilid, VX € X

yrox
A dy (9K N 0K, ) (nsy - v)?
\\
XV g
K« )
° Cy ={w=0K:NIK, +Rv : w-veconv(x-v,y- v)}
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Application: periodic finite-volume partitions.

1 ; 2
We(mo, mp)? := ;inf{/ Z Z ! E:((S’yrztl(y) dt : (me,jie)e € CEx(mo, ml)}
0 ew i ws(oy) 025, )

T T TM—1
—

L L L
u + +
Lo €T TN —2 LM —1

One-dimensional: W, converges as € — 0 to Whom = fhom(1, 1)W>, where

\f|2 _ . X — x| _
from (11, €) = =—fhom(1,1),  from(1,1) = inf Z o (m met) [m|=1p <1
k=0 (TTk’ 7fk+1)
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Application: periodic finite-volume partitions.

1 ; 2
We(mo, mp)? := ;inf{/ Z Z ! E:((S’yrztl(y) dt : (me,jie)e € CEx(mo, ml)}
0 ew i ws(oy) 025, )

o Us TAM -1
—

; L L
t t t
i) €I TN —2 LN —1

One-dimensional: W, converges as € — 0 to Whom = fhom(1, 1)W>, where

\a? Y o P
from(11:€) = = ~from(1,1), from(1,1) =inf § 3 7= S
o (5 2)

Multidimensional: Wy converges as € — 0 to Whom, where

— X lml| =1 ¢ <1.

2 _ ! .
Hhom(/wv:ul) - ﬁIOm(Mtagf) dxdt : (:uhgf)f € CE(MOa:ul)
o Jrd

||’£||hom
7

2
and from (1, &) = < |i| with Whom = W> if and only if the mesh is isotropic.
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Discrete flow problems in a random setting.
We study flow-based problems with random energy density on a random graph:
(1) a stationary random graph : w € (Q, F,P) — (X.,, &) (vertices, edges) so that
Vz € Zg, Law(X, + z,&+ z) = Law(X,, &) (periodic in law) .
(2) a stationary energy: w € (Q, F,P) — F, = F,(J,A), ACR? and study
Co,a(mo, m) =inf {F,(J,A) : Divl=mo—m}, mo,m € P(X,).
Typical example are W; is random environment, i.e.

Fo(J,A) = Z Wy [ 403, )12 ([x, y] N A), wyy iid conductances.

(x,y)€Ew
Y 2] =
fay - %'/ Zz
o1 //

/ %
7

\\\\\\\\\\\\\
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Stochastic homogenisation of linear growth problems.

Rescaling: for € > 0, set A, . := X, Eu,c = &, and define

J(e,e) 1

. _d
Fw)g(J,A) = Fw (5‘17_17;A) .
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Stochastic homogenisation of linear growth problems.

Rescaling: for € > 0, set A, . := X, Eu,c = &, and define

Fuc(J,A) := eF,, (J(ed f)7gA) .
Theorem (Gladbach, Maas, P. (2024+))

Let m;. € P(X:) so that m; . — u; € P(R?). Assume that
VACRY, F., (-, A) is Lipschitz and with linear growth.

Then, P-almost surely, C, - a [-converge as e — 0 (weak topology) to C,, ahom, Where

Fonon(6,4) = [ fopan(5) 27+ [ £550m (7 el

where f,; hom : R? — R is some homogenised energy density (cell formula).

Main tool: the blow-up method a la Fonseca—Miiller.
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Multi-cell formula in the stochastic setting: computing f,, hom-

fuhom: limit of cell problems on on large cubes. For £ € R" ® R? and A C RY,
(&, A) =inf{FuL(J,A) : J€Rep(§,A)},
where the set of representatives of £ on A is given by

Rep(¢, A) := {J €RS : DivJ=0 and "J=¢ on aA} .

The homogenised energy density is computed as

fw(f? NQ)

fomom(€) = fim =00

(1)
Existence by subadditive ergodic theorem [Akcoglu-Krengel '81; Dal-Maso Modica '86]:

(6 A) <D £(EA), A=J, {Alien disoint, £eR"®@R?.

ieN ieN
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Possible future directions

o Discrete-to-continuum limits of (generalised) gradient flows.
o Stochastic homogenisation for time dependent transport problems.

o Beyond the periodic case and optimal transport on manifolds.
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The role of isotropy in the periodic setting

Theorem (multidimensional): Wy converges as € — 0 to Whom, where
1
Wﬁom(:u’oﬂu‘l) = {/ /d ﬁ‘om(.u‘fagf) dxdt : ()ufyé-t)t S CE(/"’OH“LI)} ) where
o Jr

0 Whom = W> if and only if the mesh is isotropic: in the periodic setting, it reads

1 _ .
5 > " do #7THOK N OK )y ® ny = |Kylid, Vx € X.

y~x

. doy A7 (0K N OK, ) (g - v
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The cell problem: a formula for the limit fom.

V V/ V For m € M5 (X) and Z9-periodic j € RE, define:
ml:= > m(x)€eRrR",

xexn[o,1)d
. 1 .
EFF() == > > iloy)ly—x) eRr?,
.1 2 x€XN[0,1)d Y~x

divj(x) := Ej(x,y).

yrox

Cell problem: for any p € R*, £ € RY, the limit cost is given by

fon(:6)i= it () < ml = . E11G) =€, aivj =0}

where the inf is taken over m € M®*(X) and Z%-periodic, skew-sym. j € R®.
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An example of a competitor for the cell problem

Example: p =5, and £ = (2,3) € R%. We can obtain a representative of p, £ as follows:

\

X

Mass, effective flux, and discrete divergence:

Cell

yn~x

[ml:= > m(x)eRrR",
xexn[o,1)d
EFG) =5 3 D iGan)ly—x) € R,
x€XN[0,1)d y~x
A divj(x) := Zj(x,y).

problem: faom (P €)

—inf{ f(m.j) « |Im| =5, EfF(j) = (2.3), div1=o}
m,j
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An example of a competitor for the cell problem

Example: p =5, and £ = (2,3) € R%. We can obtain a representative of p, £ as follows:

&

\

Mass, effective flux, and discrete divergence:

Cell

[ml:= > m(x) e R,
xexn[o,1)d
EFG) =5 3 D iGan)ly—x) € R,
x€XN[0,1)d y~x
/é divj(x) =D _j(xy).

yn~x

problem: | fm(p,€) == inf { f(m.j) = || =5, EfF(j) = (2.3), div1=o}
m,j
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An example of a competitor for the cell problem

Example: p =5, and £ = (2,3) € R2. We can obtain a representative of p, £ as follows:

Mass, effective flux, and discrete divergence:

[ml:= > m(x)eRrR",
xexn[o,1)d
EFG) =5 3 D iGan)ly—x) € R,
x€XN[0,1)d y~x
A divj(x) := Zj(x,y).

yn~x

Cell problem: from(p, &) :=inf § f(m,j) @ ||m| =5, Eff(j) = (2.3), divj = 0}
m.j
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About the proof: the blow-up method.
Liminf: on a bounded domain U C RY, for J. — &, DivJ. = m. — p, we must show
o - m d§ dy s
i Foe (e 0) > Fpon (€ 0) = [ oo (455) 027 + [ 5 (557) el
Blow-up technique 3 la Fonseca—Miiller:
Ve := Fue(Jey) 2 vEM(U) = v(U)= |imol/5(U) |m |nf Foe(Je, U).
e—
We write the Radon—Nikodym decomposition of v and £
dv

_ﬁ d S _ 7 SS
¢ = dx‘z +¢ and v= dxg d|§\|£| +v

The liminf inequality v(U) > F., hom(€, U) would follow if

d¢ dv d
fw,hom (a) S a L —a.e. s (AC)
e} d§ dv s
fohom (m) < m [&]° —ae.. (S)
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The role of isotropy in the periodic setting

Theorem (multidimensional): Wy converges as ¢ — 0 to Whom, where

1
W) = { [ [ (e € et 5 e € € CEGuo,pn) . where
0 JT

€ Rom |€|2
I

o fhom(p, &) = , where || - ||hom is @ norm (possibly not Riemannian!)

t=10 t=24 1‘.:1/2 t=1-149 t=1

Figure: Strongly oscillating measures on the graph scale can be cheaper.
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