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@ Introduction



Richards equation: flow in unsaturated porous media

B SHAFT ZONE

Figure: CIGEO facility!

» Porous medium is a material containing pores (small regular voids)

> Safety certification of nuclear waste storage (flow of contaminants)
Motivation: PDE models are highly nonlinear and nonsmooth —
difficult to solve numerically

1 Image courtesy of andra.fr


andra.fr

Richards equation: derivation and data

Conservation of Mass (water)

$Os+V - q=f(x,1)

» Water saturation s
P> ¢ porosity, f external source

» g so-called Darcy flux

Darcy's Law for Flow

q=—Kx(s)(Vp+g)

» Fluid pressure p

> K absolute permeability tensor, x relative permeability, g gravity
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Putting it all together

Find a pressure p and saturation s such that

¢0is =V - [Kr(s)(Vp+ g)] = f(x, 1), (@,t) € 2x(0,T)

I I I I I I
0.5 0 0.2 0.4 06 08 1
s

Figure: Brooks—Corey constituitive laws

> Capillary pressure relation: s = S(p)



Putting it all together

Find a pressure p and saturation s such that

90:S(p) =V - [Kr(5(p)(Vp+ g)] = f(x,1), (2, 1) € 2 x (0, T)
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Figure: Brooks—Corey constituitive laws

» Capillary pressure relation: s = S(p)

» Choose “pressure formulation” p: always defined
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Degeneracies and low differentiability

¢0is =V - [Kr(s)(Vp+ g)] = f(x, 1), (@,t) € 2x(0,T)
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Figure: Brooks—Corey constitutive laws



Degeneracies and low differentiability

-V [Ki(s)(Vp+g)l = f(x 1), (=,1) €2x(0,T)
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Figure: Brooks—Corey constitutive laws

> Elliptic: 9;s =10



Degeneracies and low differentiability

@0y =f(x,t), (z,t)€Nx(0,7)
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Figure: Brooks—Corey constitutive laws

> Elliptic: 9;s =10
> Hyperbolic (ODE): x(s) =0



Degeneracies and low differentiability

¢0is =V - [Kr(s)(Vp+ g)] = f(x, 1), (@,t) € 2x(0,T)

h 0.8

7 0.6 -

S(p)

K(s)

8 041

ml 0.2+

|

| | ||

-L5 -1 —0.5 P 0 05 0 02 04 06 08 1
P s

Figure: Brooks—Corey constitutive laws

> Elliptic: 9;s =10
> Hyperbolic (ODE): x(s) =0

> Kink at p = py1 for Brooks—Corey constitutive law
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@2 Regularization and adaptive algorithm



Regularized sequence

Use solution with ¢; as initial guess for solving €11
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Regularized sequence

Use solution with ¢; as initial guess for solving €11
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Discretization

Method of lines
» Mesh T;, of Q, fixed conforming P'-FEM in space

Vi:= {un € Hy (Q), unlx € Pi(K) VK €Th}

» backward Euler in time: uniform time step 7 = 1/NT, for each
ne{l,...,N} and a given p,_1 4 € Vj, ppy € V), satisfying

2(p(S(Pn,p) — S(Pn—1,1)), 1) + (F(pn,p), Veor)
= (f(s tn), n) + (aN, or)Ty  Veor € Vi

The flux function is defined as

F(q) == Kr(5(q))[Vg+ gl
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Regularized and linearized problems

Regularized problem (index j)

%(Sﬁj(p'i7h) - Sﬁj(p.;/—]_,h)’ (ph) + (Fej(p{%h)a v@h)
= (f(v tn)? Sph) + (QN, SOh)FN v@h € Vi,

> Fe(q) = Kre;(5(9))[Va+ gl

Regularized/linearized problem (index k)
108, (B 1) = S (B 1), om) + 2L — 5 ) on)
Jr(F(/“/-a V‘Ph) + (QNa @h)FN
= (f(a tn),@h) V‘,Oh S Vh7
> Bl = Kng (S0 VAL, + 6l + €W, — vl )

> (L,&) € L®(Q;R¥1) depend on the specific linearization used.
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A posteriori error estimators

Averaging in H(div, <)
> Lowest order Raviart-Thomas space
RTo(Tp) := {on € [L2(Q)]* : |k € [P(K)]* + zPo(K),VK € T}

> Reconstruction ‘7'{;',/;, € RTy(7,) N H(div, Q) of Ff‘, based on
averaging with connection to equilibrated flux [Vlasdk 2020; Ern,
Nicaise, and Vohralik 2007]

Component estimators

For an approximate solution p”" |

et = |FE + ol (discretization)

7711’1]17 = |’F6j(p3{,h) - F!‘;H (linearization)
js ke i,k .

My = 1F(p) — Fe;(m )] (regularization)
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Adaptive algorithm for Richards based on a posteriori error
estimators

Timestepping Regularization Linearization

ki=kFk+1




Adaptive algorithm for Richards based on a posteriori error
estimators

Timestepping Regularization Linearization

ki=kFk+1
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Adaptive algorithm for Richards based on a posteriori error
estimators

Timestepping Regularization Linearization
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Adaptive algorithm for Richards based on a posteriori error
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Adaptive algorithm for Richards based on a posteriori error
estimators
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Adaptive algorithm for Richards based on a posteriori error
estimators

Timestepping Regularization Linearization
n:=n+1 Ji=7+1 k:=k+1
f,n fu+1 (’J J,Z
[Loop) |
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Adaptive algorithm for Richards based on a posteriori error
estimators

Timestepping Regularization Linearization
n=n+1 k:=k+1
tn tn41 o) J,Z
[Loop) |
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3 Numerical results



Free and open source library

W Grid

1 o S t | Addfile ~ | ¢> Code ~

julia

i EquilibratedFlux.jl

O 14 Commits

F- K ((k0 - S,0) * V(pa* ') + (kO - S,0)

F- K ((k° Sa) “ 9(pa"*) = (K= Sa) " g)
(&, ) get L _and_&(linearization, data)

F] 3=4 K (('\ Sl'l) v(pnk) ('\ Sl'l) ?_z’.) E (pnk
On EquilibratedFlux.build_averaged_flux( F; ™ *, model)
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https://github.com/aerappa/EquilibratedFlux.jl

Methods tested for comparision

Linearizations

> Newton's method:
j k— j k— j k—
L= Sé(PiZ,h D, &= K (fe; 0 SEJ‘)/@Z,h 1)[Vp;’7h '+
» modified Picard [Celia, Bouloutas, and Zarba 1990]:
a
L:= Séj(pil,h 1)7 £:=0

Timestepping/regularization

For Newton's method we consider
» No regularization and simple timestep cutting algorithm
» No regularization and uniform timestepping
> With regularization and uniform timestepping

For modified Picard only uniform timestepping and no regularization
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Injection test: setup

> Q=(0,1)?

> T=1.0 I'b : p=pp 'y : No Flux

> 7 =282-10"2

» Quasi uniform mesh with :é E
h=282-10"2 = a3

S o

> I'p = {(z1, :)|z1 € Z 2
(0,0.3), 7 = 1} f 5

> 'y =900\ Tp

> g=(0,-1)T

> =0

> po=—-1, so="5(po) T'x : No Flux

> pp =

Inspired by test case in [Brenner and Cances 2017]
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Injection test: saturation comparision

Time: 0.282507 Time: 0.282507

> With (left) and without (right) regularization



Injection test: performance

Number of iterations

3,00
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Cumulative

—&—  Modified Picard (no reg.)
—o— Newton (no reg., timestep cut)
—— Newton (no reg.)

2,000

1,000

0

JOUOS
L MAAM

=2
- ,—v—w—v—\mr:llZ\FF\EIEEIEEIEEEEEl
o [EEEEE S

Number of iterations

300

[
f=3
(=]

—
[=3
(=]

Stepwise

—&5— Newton (adapt. reg., € = 0.1)
4~ Modified Picard (no reg.)
—&— Newton (no reg., timestep cut)
—o— Newton (no reg.)

| |
0 0.2 0.4 0.6 0.8 1
t (seconds)

| |
0.4 0.6 0.8
t (seconds)




Realistic test: setup

Q=(0,1)2

quasi uniform mesh with A = 2.02 - 1072 Iy : No Flux
T=1

0 =2.02-1072
g=(-1,0"
Q= (cos@ —sin c9> K, — ((1) 095) K — K,Q7K,Q

VvV VVYy VY
T'x : No Flux

I'n 1 No Flux

v

sinf  cosf
> K;=0.1

> pu(e) = (Pt =
> Pout = —2.0 Ty : No Fhux T : No Fhux
> pin = —0.2

> 5=1

Pin

so = S(pL(z)) 50 = S(Pout)

0 =n/3,

I'p:p

Inspired by test case in [Mitra and Vohralik 2024]

17/23



Realistic test: saturation comparison

Time: 0.951341 Time: 0.951341

> With (left) and without (right) regularization



Realistic test: performance

Stepwise
Cumulative
T T
—= Newton (adapt. reg., ¢ = 0.1) ! ! 300¢-
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" —— o °'}z(;i§§g(m'2§)°p o 2 —o—Newton (no reg., timestep cut)
o R 3 —_ Newton (no reg.)
2 =
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5 s
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Perched water table: setup

I'y : Inflow

NNy

2m

1m

Sand

3m

Clay

Sand

5m
Material Ke ¢ SR Sv A2 «
Sand 6.262 x 107° | 0.368 | 0.07818 | 1 | 0.553 | 2.8
Clay 1.516 x 1076 | 0.4686 | 0.2262 1 | 0.2835 | 1.04

> Adapted from [Kirkland, Hills, and Wierenga 1992]
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Perched water table: saturation profile

7802 02 03 04 05 06 07 08 09 10e+00
I | [

» Evolution of the saturation at time
t€{0s,21-10%s,41-10% 5,86.1-10% s = 1 day}.



Perched water table: performance

Cumulative Stepwise
‘ T T T T
‘ — &5 Newton (adapt. reg., €= 0.1) — 5 Newton (adapt. reg., €= 0.1)
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@ Conclusions and perspectives



Summary

> Introduce regularization of common constitutive laws for Richards
equation

» Error estimation based on flux reconstruction

» Adaptive algorithm based on balancing error components

» Tested on benchmark problems from the literature

Févotte, F., Rappaport, A., and Vohralik, M. Adaptive regularization for the
Richards equation. Comput. Geosci. (2024).
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Summary

> Introduce regularization of common constitutive laws for Richards
equation

» Error estimation based on flux reconstruction
» Adaptive algorithm based on balancing error components
» Tested on benchmark problems from the literature

Févotte, F., Rappaport, A., and Vohralik, M. Adaptive regularization for the
Richards equation. Comput. Geosci. (2024).

Perspectives

» Combine with existing techniques like variable switching

> Extension to two phase flow (variational inequalities)

Thank you for your attention!
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Regularization of the relative permeability for

Van-Genuchten

Follow the approach in [Bassetto, Cancés, Enchéry, and Tran 2020] where
the relative permeability « is replaced by a second degree polynomial near

the critical point s = 1:

(s) k(s)+e ifs<1—e 08
Ke(s) =
k(s) +€, otherwise, 06
< 04
fi//(l 6) 0
i) =010y

—=—¢€ = 0.03125
| |—— ¢ =0.0625
—— €=10.125

e=0.0

e=0.25
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Hermite interpolation for the Brooks—Corey Saturation

Se(pm —€) = S(pm — €), Se(pm +€) = S(pm + €)
Si(py —€) = §'(pm — ), Si(pm +€) =S (pm + o),

SO (pp—e) =S (ppm—e), ST (pu+€) = ST (pn + €).

P
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