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Dream algorithm
in applied math (in a world of big data…)

• Certified by theory


• Adaptive to the regularity of the problem  
(few resources, when the problem is easier)
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State of the art
Do we have certified and adaptive algorithms?

• Solution of PDEs (meshless methods)


• Quadrature and integration 


• Interpolation and approximation…

Yes (in important cases)                       open problem

• (Non-convex) Optimization


• Optimal Transport


• Optimal Control…

How to obtain systematically adaptivity?
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Example: Optimal Transport
Computation of Wasserstein distance from samples

Caffarelli et al. 1992
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State of the art: 

Samples 

Complexity 

Example: Optimal Transport
Computation of Wasserstein distance from samples 

Hutter, Rigollet 2019;  Niles-Weed, Rigollet 2019;  Weed, Berthet 2020;
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Function representation in 
applied math
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Linear models
Crucial tool to crack some problems of applied math

• Solution of PDEs (meshless methods)


• Finite element methods


• Quadrature and integration problems


• Interpolation and approximation


• machine learning ….

<latexit sha1_base64="E4nxLrSS4cQbXbKg2+m1ptJAL88="></latexit>

f✓(x) =
nX

i=1

✓i g(x, xi)
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Good properties of linear models
for problems in applied mathematics 

1) Linearity in the parameters 

•           convex                              convex


•                    in closed form for nice


<latexit sha1_base64="I/jM368CQKy01wjhhlhe6DvfRug=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoMQm3CnopYBmxQWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJO7zO88UaVZJB/NNKa+wCPJQkawyaT7ang+KFfcmjsHWiVeTiqQozkof/WHEUkElYZwrHXPc2Pjp1gZRjidlfqJpjEmEzyiPUslFlT76fzWGTqzyhCFkbIlDZqrvydSLLSeisB2CmzGetnLxP+8XmLCWz9lMk4MlWSxKEw4MhHKHkdDpigxfGoJJorZWxEZY4WJsfGUbAje8surpH1R865rlw9XlXojj6MIJ3AKVfDgBurQgCa0gMAYnuEV3hzhvDjvzseiteDkM8fwB87nDy25jbM=</latexit>

L(f)
<latexit sha1_base64="F5LZ3magFio0lzcwkVSiECb6oGk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHgpccK9gPaUDbbTbt0sxt2J0oJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4bua3H5k2XMkHnCQsiMlQ8ohTglbq9jQfjpBorZ765YpX9eZwV4mfkwrkaPTLX72BomnMJFJBjOn6XoJBRjRyKti01EsNSwgdkyHrWipJzEyQzU+eumdWGbiR0rYkunP190RGYmMmcWg7Y4Ijs+zNxP+8borRbZBxmaTIJF0silLhonJn/7sDrhlFMbGEUM3trS4dEU0o2pRKNgR/+eVV0rqo+tfVy/urSq2ex1GEEziFc/DhBmpQhwY0gYKCZ3iFNwedF+fd+Vi0Fpx85hj+wPn8AcclkZs=</latexit>!

<latexit sha1_base64="AXO0lsLEJTNQqoa9jkYOCD+xJrA=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQq6rLgpssK9gFNCJPppB06eTBzIw2h/oobF4q49UPc+TdO2yy09cDA4Zx7uWeOnwiuwLK+jbX1jc2t7dJOeXdv/+DQPDruqDiVlLVpLGLZ84ligkesDRwE6yWSkdAXrOuP72Z+95FJxePoAbKEuSEZRjzglICWPLPi8Ahw4DkwYkBqk3M8mHhm1apbc+BVYhekigq0PPPLGcQ0DVkEVBCl+raVgJsTCZwKNi07qWIJoWMyZH1NIxIy5ebz8FN8ppUBDmKpn44yV39v5CRUKgt9PRkSGKllbyb+5/VTCG7dnEdJCiyii0NBKjDEeNYEHnDJKIhME0Il11kxHRFJKOi+yroEe/nLq6RzUbev65f3V9VGs6ijhE7QKaohG92gBmqiFmojijL0jF7Rm/FkvBjvxsdidM0odiroD4zPH8WBlDo=</latexit>Z
f✓(x)dx

<latexit sha1_base64="gRSSbx3KPHT2zhIEwwZSstr58K0=">AAAB73icbVBNSwMxEJ34WetX1aOXYBEqSNlVUY8FLz1WsB/QLiWbZtvQbHZNstKy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5fiy4No7zjVZW19Y3NnNb+e2d3b39wsFhQ0eJoqxOIxGplk80E1yyuuFGsFasGAl9wZr+8G7qN5+Y0jySD2YcMy8kfckDTomxUqtfGp2PuvysWyg6ZWcGvEzcjBQhQ61b+Or0IpqETBoqiNZt14mNlxJlOBVsku8kmsWEDkmftS2VJGTaS2f3TvCpVXo4iJQtafBM/T2RklDrcejbzpCYgV70puJ/Xjsxwa2Xchknhkk6XxQkApsIT5/HPa4YNWJsCaGK21sxHRBFqLER5W0I7uLLy6RxUXavy5f3V8VKNYsjB8dwAiVw4QYqUIUa1IGCgGd4hTf0iF7QO/qYt66gbOYI/gB9/gA1PI90</latexit>

g(x, xi)

<latexit sha1_base64="UIlq2C1MnVuj9FautGMB7GopMiM=">AAACE3icbVC7SgNBFJ31GeNr1dJmMAjRIuyqqGXAJoVFFPOAbFxmJ7PJkNnZZeauEJb8g42/YmOhiK2NnX/j5FFo4oELh3Pu5d57gkRwDY7zbS0sLi2vrObW8usbm1vb9s5uXcepoqxGYxGrZkA0E1yyGnAQrJkoRqJAsEbQvxr5jQemNI/lHQwS1o5IV/KQUwJG8u1jL+LSzzzoMSDY4xJ7EYFeEGS3w3s5xNfF0J+YR75dcErOGHieuFNSQFNUffvL68Q0jZgEKojWLddJoJ0RBZwKNsx7qWYJoX3SZS1DJYmYbmfjn4b40CgdHMbKlAQ8Vn9PZCTSehAFpnN0sJ71RuJ/XiuF8LKdcZmkwCSdLApTgSHGo4BwhytGQQwMIVRxcyumPaIIBRNj3oTgzr48T+onJfe8dHpzVihXpnHk0D46QEXkogtURhVURTVE0SN6Rq/ozXqyXqx362PSumBNZ/bQH1ifP7Clng0=</latexit>

min
✓2Rn

L(f✓)

<latexit sha1_base64="SazmWTE0r0ezOe0rnCn1wtC5ibw=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSqKjHgpceq9gPaELZbLft0s0m7E6EEnLxr3jxoIhXf4Y3/42bNgdtfTDweG+GmXlBLLgGx/m2Siura+sb5c3K1vbO7p69f9DWUaIoa9FIRKobEM0El6wFHATrxoqRMBCsE0xuc7/zyJTmkXyAacz8kIwkH3JKwEh9+8iDMQPS59jjEnshgXEQpPdZ3646NWcGvEzcglRRgWbf/vIGEU1CJoEKonXPdWLwU6KAU8GyipdoFhM6ISPWM1SSkGk/nT2Q4VOjDPAwUqYk4Jn6eyIlodbTMDCd+YV60cvF/7xeAsMbP+UyToBJOl80TASGCOdp4AFXjIKYGkKo4uZWTMdEEQoms4oJwV18eZm0z2vuVe3i7rJabxRxlNExOkFnyEXXqI4aqIlaiKIMPaNX9GY9WS/Wu/Uxby1Zxcwh+gPr8wd/Z5Zg</latexit>

✓i 2 R
<latexit sha1_base64="UXL0v3c58RFhSoYWQPgBKrJa9+Y=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgopRERV0W3HRZwT6gDWEynbRDJ5MwMyktoX/ixoUibv0Td/6N0zYLbT0wcDjnHu6dEyScKe0431ZhY3Nre6e4W9rbPzg8so9PWipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORg9zvz2mUrFYPOlpQr0IDwQLGcHaSL5tT3y3gnr9WKsKmvgC+XbZqToLoHXi5qQMORq+/WXSJI2o0IRjpbquk2gvw1Izwums1EsVTTAZ4QHtGipwRJWXLS6foQuj9FEYS/OERgv1dyLDkVLTKDCTEdZDterNxf+8bqrDey9jIkk1FWS5KEw50jGa14D6TFKi+dQQTCQztyIyxBITbcoqmRLc1S+vk9ZV1b2tXj/elGv1vI4inME5XIILd1CDOjSgCQTG8Ayv8GZl1ov1bn0sRwtWnjmFP7A+fwC60JJ0</latexit>x1, . . . , xn given, e.g. sampled uniformly at random

<latexit sha1_base64="LNpg1GF7DKtHYu3pHkoIkIHRJ+A=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJWkLKroh4LXnqsYD+gXUo2zbah2WxIstKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dlZW19Y3NnNb+e2d3b39wsFhQ8eJIrROYh6rVoA15UzQumGG05ZUFEcBp81geD/1m09UaRaLRzOW1I9wX7CQEWys1OyXRhejs/NuoeiW3RnQMvEyUoQMtW7hq9OLSRJRYQjHWrc9Vxo/xcowwukk30k0lZgMcZ+2LRU4otpPZ+dO0KlVeiiMlS1h0Ez9PZHiSOtxFNjOCJuBXvSm4n9eOzHhnZ8yIRNDBZkvChOOTIymv6MeU5QYPrYEE8XsrYgMsMLE2ITyNgRv8eVl0rgsezflq4frYqWaxZGDYziBEnhwCxWoQg3qQGAIz/AKb450Xpx352PeuuJkM0fwB87nDxmOjsk=</latexit>

g(x, x0) kernel function, e.g. 
<latexit sha1_base64="F4daBeNoYD7oENr2I9NLWTD+s/s=">AAAB/XicbVDJTgJBEO3BDXHD5ealIzF6gcygUY8kXjhiIkvCAOlpaqBDz5LuHgMOxF/x4kFjvPof3vwbG5iDgi+p5OW9qlTVc0LOpDLNbyO1srq2vpHezGxt7+zuZfcPajKIBIUqDXggGg6RwJkPVcUUh0YogHgOh7ozuJ369QcQkgX+vRqF0PJIz2cuo0RpqZM9gnact0ERbI+H+eGZPW4XJ51sziyYM+BlYiUkhxJUOtkvuxvQyANfUU6kbFpmqFoxEYpRDpOMHUkICR2QHjQ19YkHshXPrp/gU610sRsIXb7CM/X3REw8KUeeozs9ovpy0ZuK/3nNSLk3rZj5YaTAp/NFbsSxCvA0CtxlAqjiI00IFUzfimmfCEKVDiyjQ7AWX14mtWLBuipc3F3mSuUkjjQ6RifoHFnoGpVQGVVQFVH0iJ7RK3oznowX4934mLemjGTmEP2B8fkDf9OUow==</latexit>

e�⌘kx�x0k2

<latexit sha1_base64="E4nxLrSS4cQbXbKg2+m1ptJAL88="></latexit>

f✓(x) =
nX

i=1

✓i g(x, xi)
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2) Concise approximation 

Thm.  There exist                    such that, when


                                                  

Good properties of linear models
for problems in applied mathematics 

<latexit sha1_base64="+KZN3GLgpYjchesRONVyp53QgwE=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoC0uiom6EgpvurGAf0MQymUzaoZNJmJkUSsjajb/ixoUibv0Cd/6N0zYLrR64cDjnXu69x4sZlcqyvozCwuLS8kpxtbS2vrG5ZW7vtGSUCEyaOGKR6HhIEkY5aSqqGOnEgqDQY6TtDa8nfntEhKQRv1PjmLgh6nMaUIyUlnrmPodX8KbijJAgsaQs4vfpsRMIhFM/S8MsO+qZZatqTQH/EjsnZZCj0TM/HT/CSUi4wgxJ2bWtWLkpEopiRrKSk0gSIzxEfdLVlKOQSDedvpLBQ634MIiELq7gVP05kaJQynHo6c4QqYGc9ybif143UcGlm1IeJ4pwPFsUJAyqCE5ygT4VBCs21gRhQfWtEA+QzkHp9Eo6BHv+5b+kdVK1z6unt2flWj2Powj2wAGoABtcgBqogwZoAgwewBN4Aa/Go/FsvBnvs9aCkc/sgl8wPr4B0/SaaQ==</latexit>

n = O("�
d
m )

<latexit sha1_base64="6s1pXJ/x8Ab8pHtm3SwoZQ4gZE8=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAguSklU1GXBTZcV7APaECbTSTt0MokzN6Wl9DvcuFDErR/jzr9x2mahrQcGDufcw71zgkRwjY7zba2tb2xubed28rt7+weHhaPjho5TRVmdxiJWrYBoJrhkdeQoWCtRjESBYM1gcD/zm0OmNI/lI44T5kWkJ3nIKUEjeSPfLXW6MerSyJd+oeiUnTnsVeJmpAgZan7hy2RpGjGJVBCt266ToDchCjkVbJrvpJolhA5Ij7UNlSRi2pvMj57a50bp2mGszJNoz9XfiQmJtB5HgZmMCPb1sjcT//PaKYZ33oTLJEUm6WJRmAobY3vWgN3lilEUY0MIVdzcatM+UYSi6SlvSnCXv7xKGpdl96Z89XBdrFSzOnJwCmdwAS7cQgWqUIM6UHiCZ3iFN2tovVjv1sdidM3KMifwB9bnDzcukcU=</latexit>x1, . . . , xn

For any                               there exists               such that 
<latexit sha1_base64="WXur8hXl9LgTrOZGOr+PJhpMyI4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliECrXMqKjLQjddVrAPmE5LJpO2oUlmSDJCGQr+ihsXirj1O9z5N6btLLR64MLhnHu5954gZlRpx/myciura+sb+c3C1vbO7p69f9BSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxjXZn77gUhFI3GvJzHxORoKOqAYaSP17aMEdqmAtR4veedu2fV74VkZ9u2iU3HmgH+Jm5EiyNDo25/dMMIJJ0JjhpTyXCfWfoqkppiRaaGbKBIjPEZD4hkqECfKT+fnT+GpUUI4iKQpoeFc/TmRIq7UhAemkyM9UsveTPzP8xI9uPVTKuJEE4EXiwYJgzqCsyxgSCXBmk0MQVhScyvEIyQR1iaxggnBXX75L2ldVNzryuXdVbFaz+LIg2NwAkrABTegCuqgAZoAgxQ8gRfwaj1az9ab9b5ozVnZzCH4BevjG5NDk1M=</latexit>

u 2 Cm([�1, 1]d),
<latexit sha1_base64="wrlOCagmfyunSN9Yvn+VMCL2GKs=">AAACAHicbVBNS8NAEN34WetX1YMHL4tF8FQSFfVY8NJjFfsBTSyb7aZdutmE3YlQQi7+FS8eFPHqz/Dmv3HT5qCtDwYe780wM8+PBddg29/W0vLK6tp6aaO8ubW9s1vZ22/rKFGUtWgkItX1iWaCS9YCDoJ1Y8VI6AvW8cc3ud95ZErzSN7DJGZeSIaSB5wSMFK/cujCiAHBLpfYDQmMfD+9yx6MU7Vr9hR4kTgFqaICzX7lyx1ENAmZBCqI1j3HjsFLiQJOBcvKbqJZTOiYDFnPUElCpr10+kCGT4wywEGkTEnAU/X3REpCrSehbzrzG/W8l4v/eb0Egmsv5TJOgEk6WxQkAkOE8zTwgCtGQUwMIVRxcyumI6IIBZNZ2YTgzL+8SNpnNeeydn57Ua03ijhK6Agdo1PkoCtURw3URC1EUYae0St6s56sF+vd+pi1LlnFzAH6A+vzB4TMlmQ=</latexit>

✓ 2 Rn

<latexit sha1_base64="4COBTlnsq6R09N0jyL14gr7cRUw=">AAACGXicbVA9SwNBFNzz2/gVtbRZDIKN4U5FLQWbFBYRjAnk4rG3eWcW9/bO3XeBcOZv2PhXbCwUsdTKf+MmptDEgYVh5g1v34SpFAZd98uZmp6ZnZtfWCwsLa+srhXXN65MkmkONZ7IRDdCZkAKBTUUKKGRamBxKKEe3p4N/HoXtBGJusReCq2Y3SgRCc7QSkHR9e8zukejwMcOIPPvg/z82hcqwl6f+hLu6FmQUb/LNKRGyEGk5JbdIegk8UakREaoBsUPv53wLAaFXDJjmp6bYitnGgWX0C/4mYGU8Vt2A01LFYvBtPLhZX26Y5U2jRJtn0I6VH8nchYb04tDOxkz7JhxbyD+5zUzjE5auVBphqD4z6IokxQTOqiJtoUGjrJnCeNa2L9S3mGacbRlFmwJ3vjJk+Rqv+wdlQ8uDkunlVEdC2SLbJNd4pFjckoqpEpqhJMH8kReyKvz6Dw7b877z+iUM8pskj9wPr8Ba/WgnQ==</latexit>

ku� f✓kL1  Cu"

Few points suffice to approximate smooth functions!Scattered Data Approximation, 
Wendland 2004

<latexit sha1_base64="SazmWTE0r0ezOe0rnCn1wtC5ibw=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSqKjHgpceq9gPaELZbLft0s0m7E6EEnLxr3jxoIhXf4Y3/42bNgdtfTDweG+GmXlBLLgGx/m2Siura+sb5c3K1vbO7p69f9DWUaIoa9FIRKobEM0El6wFHATrxoqRMBCsE0xuc7/zyJTmkXyAacz8kIwkH3JKwEh9+8iDMQPS59jjEnshgXEQpPdZ3646NWcGvEzcglRRgWbf/vIGEU1CJoEKonXPdWLwU6KAU8GyipdoFhM6ISPWM1SSkGk/nT2Q4VOjDPAwUqYk4Jn6eyIlodbTMDCd+YV60cvF/7xeAsMbP+UyToBJOl80TASGCOdp4AFXjIKYGkKo4uZWTMdEEQoms4oJwV18eZm0z2vuVe3i7rJabxRxlNExOkFnyEXXqI4aqIlaiKIMPaNX9GY9WS/Wu/Uxby1Zxcwh+gPr8wd/Z5Zg</latexit>

✓i 2 R
<latexit sha1_base64="UXL0v3c58RFhSoYWQPgBKrJa9+Y=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgopRERV0W3HRZwT6gDWEynbRDJ5MwMyktoX/ixoUibv0Td/6N0zYLbT0wcDjnHu6dEyScKe0431ZhY3Nre6e4W9rbPzg8so9PWipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORg9zvz2mUrFYPOlpQr0IDwQLGcHaSL5tT3y3gnr9WKsKmvgC+XbZqToLoHXi5qQMORq+/WXSJI2o0IRjpbquk2gvw1Izwums1EsVTTAZ4QHtGipwRJWXLS6foQuj9FEYS/OERgv1dyLDkVLTKDCTEdZDterNxf+8bqrDey9jIkk1FWS5KEw50jGa14D6TFKi+dQQTCQztyIyxBITbcoqmRLc1S+vk9ZV1b2tXj/elGv1vI4inME5XIILd1CDOjSgCQTG8Ayv8GZl1ov1bn0sRwtWnjmFP7A+fwC60JJ0</latexit>x1, . . . , xn given, e.g. sampled uniformly at random

<latexit sha1_base64="LNpg1GF7DKtHYu3pHkoIkIHRJ+A=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJWkLKroh4LXnqsYD+gXUo2zbah2WxIstKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dlZW19Y3NnNb+e2d3b39wsFhQ8eJIrROYh6rVoA15UzQumGG05ZUFEcBp81geD/1m09UaRaLRzOW1I9wX7CQEWys1OyXRhejs/NuoeiW3RnQMvEyUoQMtW7hq9OLSRJRYQjHWrc9Vxo/xcowwukk30k0lZgMcZ+2LRU4otpPZ+dO0KlVeiiMlS1h0Ez9PZHiSOtxFNjOCJuBXvSm4n9eOzHhnZ8yIRNDBZkvChOOTIymv6MeU5QYPrYEE8XsrYgMsMLE2ITyNgRv8eVl0rgsezflq4frYqWaxZGDYziBEnhwCxWoQg3qQGAIz/AKb450Xpx352PeuuJkM0fwB87nDxmOjsk=</latexit>

g(x, x0) kernel function, e.g. 
<latexit sha1_base64="F4daBeNoYD7oENr2I9NLWTD+s/s=">AAAB/XicbVDJTgJBEO3BDXHD5ealIzF6gcygUY8kXjhiIkvCAOlpaqBDz5LuHgMOxF/x4kFjvPof3vwbG5iDgi+p5OW9qlTVc0LOpDLNbyO1srq2vpHezGxt7+zuZfcPajKIBIUqDXggGg6RwJkPVcUUh0YogHgOh7ozuJ369QcQkgX+vRqF0PJIz2cuo0RpqZM9gnact0ERbI+H+eGZPW4XJ51sziyYM+BlYiUkhxJUOtkvuxvQyANfUU6kbFpmqFoxEYpRDpOMHUkICR2QHjQ19YkHshXPrp/gU610sRsIXb7CM/X3REw8KUeeozs9ovpy0ZuK/3nNSLk3rZj5YaTAp/NFbsSxCvA0CtxlAqjiI00IFUzfimmfCEKVDiyjQ7AWX14mtWLBuipc3F3mSuUkjjQ6RifoHFnoGpVQGVVQFVH0iJ7RK3oznowX4934mLemjGTmEP2B8fkDf9OUow==</latexit>

e�⌘kx�x0k2

<latexit sha1_base64="E4nxLrSS4cQbXbKg2+m1ptJAL88="></latexit>

f✓(x) =
nX

i=1

✓i g(x, xi)

10



However, sometimes, linear 
models are not enough…

11



Sometimes linear models are not enough…
Many interesting problems need more structure

Sometimes linear models are not enough…
Many interesting problems need conic structure

• Probability representation, bayesian inference


• (Non-convex) Optimization


• Uncertainty quantification


• Optimal Transport


• Optimal Control


• Reinforcement Learning


• … .

linear models, and other important 
 models miss crucial properties...

<latexit sha1_base64="i5NtzIwqDAj+m9y/xWi+nKUDujM=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoiRd0IRTcuK9gHNKFMppN26GQSZyZiCe3Kjb/ixoUibv0Fd/6N0zQLbT1w4XDOvdx7jxcxKpVlfRu5hcWl5ZX8amFtfWNzy9zeacgwFpjUcchC0fKQJIxyUldUMdKKBEGBx0jTG1xN/OY9EZKG/FYNI+IGqMepTzFSWuqY+1Hp4Qg6PXIHrWM4Ho+hQ7mCqXoB7Y5ZtMpWCjhP7IwUQYZax/xyuiGOA8IVZkjKtm1Fyk2QUBQzMio4sSQRwgPUI21NOQqIdJP0jxE81EoX+qHQpY9I1d8TCQqkHAae7gyQ6stZbyL+57Vj5Z+7CeVRrAjH00V+zKAK4SQU2KWCYMWGmiAsqL4V4j4SCCsdXUGHYM++PE8aJ2X7tFy5qRSrl1kcebAHDkAJ2OAMVME1qIE6wOARPINX8GY8GS/Gu/Exbc0Z2cwu+APj8wfJQJa2</latexit>

p(x) � 0,

Z
p(x) = 1
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… they need more structure: non-negativity
E.g. probability representation

<latexit sha1_base64="i5NtzIwqDAj+m9y/xWi+nKUDujM=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoiRd0IRTcuK9gHNKFMppN26GQSZyZiCe3Kjb/ixoUibv0Fd/6N0zQLbT1w4XDOvdx7jxcxKpVlfRu5hcWl5ZX8amFtfWNzy9zeacgwFpjUcchC0fKQJIxyUldUMdKKBEGBx0jTG1xN/OY9EZKG/FYNI+IGqMepTzFSWuqY+1Hp4Qg6PXIHrWM4Ho+hQ7mCqXoB7Y5ZtMpWCjhP7IwUQYZax/xyuiGOA8IVZkjKtm1Fyk2QUBQzMio4sSQRwgPUI21NOQqIdJP0jxE81EoX+qHQpY9I1d8TCQqkHAae7gyQ6stZbyL+57Vj5Z+7CeVRrAjH00V+zKAK4SQU2KWCYMWGmiAsqL4V4j4SCCsdXUGHYM++PE8aJ2X7tFy5qRSrl1kcebAHDkAJ2OAMVME1qIE6wOARPINX8GY8GS/Gu/Exbc0Z2cwu+APj8wfJQJa2</latexit>

p(x) � 0,

Z
p(x) = 1

Linear models 

Linear models cannot be used for probability representation

• Concise approximation       


• Linearity in the parameters


• Non-negativity 

13



State of the art of models are not enough
For non-negative functions

• Ridge models 

• Mixture models

<latexit sha1_base64="Ik3ccikbPG6/yneYE+Mf9jN3sRs=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBC8GHZV1GPAS44RzAOSNcxOepMhs7PrTG8gLPkOLx4U8erHePNvnDwOmljQUFR1090VJFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZxqDjUey1g3A2ZACgU1FCihmWhgUSChEQzuJn5jCNqIWD3gKAE/Yj0lQsEZWsmHx+w87LSxD8jGnULRLblT0GXizUmRzFHtFL7a3ZinESjkkhnT8twE/YxpFFzCON9ODSSMD1gPWpYqFoHxs+nRY3pqlS4NY21LIZ2qvycyFhkzigLbGTHsm0VvIv7ntVIMb/1MqCRFUHy2KEwlxZhOEqBdoYGjHFnCuBb2Vsr7TDOONqe8DcFbfHmZ1C9K3nXp8v6qWK7M48iRY3JCzohHbkiZVEiV1AgnT+SZvJI3Z+i8OO/Ox6x1xZnPHJE/cD5/ANDwkik=</latexit>

e�f✓

<latexit sha1_base64="70UNqTbb9tUGRxRswX3BaIdJtNg=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAYhgoRdFfUiBLzkGME8ILsus5NJMmR2dpnplYQlNy/+ihcPinj1F7z5N04eB40WNBRV3XR3BbHgGmz7y8osLC4tr2RXc2vrG5tb+e2duo4SRVmNRiJSzYBoJrhkNeAgWDNWjISBYI2gfz32G/dMaR7JWxjGzAtJV/IOpwSM5Of3XZ2EfsqvnNGdxC70GBCf425xcDzw+ZGfL9glewL8lzgzUkAzVP38p9uOaBIyCVQQrVuOHYOXEgWcCjbKuYlmMaF90mUtQyUJmfbSyR8jfGiUNu5EypQEPFF/TqQk1HoYBqYzJNDT895Y/M9rJdC59FIu4wSYpNNFnURgiPA4FNzmilEQQ0MIVdzcimmPKELBRJczITjzL/8l9ZOSc146vTkrlCuzOLJoDx2gInLQBSqjCqqiGqLoAT2hF/RqPVrP1pv1Pm3NWLOZXfQL1sc30EOYpg==</latexit> nX

i=1

✓ig(x, xi)
<latexit sha1_base64="wyH4t/ZClt8+CkpOPNa3gBo1CQg=">AAACDnicbVDLSgNBEJyNrxhfUY9eBoMQIYRdFfUY8JJjBPOAbFhmJ51kyOzDmV4xhHyBF3/FiwdFvHr25t84Sfag0YKGoqqb7i4/lkKjbX9ZmaXlldW17HpuY3Nreye/u9fQUaI41HkkI9XymQYpQqijQAmtWAELfAlNf3g19Zt3oLSIwhscxdAJWD8UPcEZGsnLH7k4AGSeoG4fbqldov2iy7sRlui9J45T1csX7LI9A/1LnJQUSIqal/90uxFPAgiRS6Z127Fj7IyZQsElTHJuoiFmfMj60DY0ZAHoznj2zoQeGaVLe5EyFSKdqT8nxizQehT4pjNgONCL3lT8z2sn2LvsjEUYJwghny/qJZJiRKfZ0K5QwFGODGFcCXMr5QOmGEeTYM6E4Cy+/Jc0TsrOefn0+qxQqaZxZMkBOSRF4pALUiFVUiN1wskDeSIv5NV6tJ6tN+t93pqx0pl98gvWxzfI+poN</latexit>

✓i � 0, g(·, xi) � 0

• Concise approximation       


• Linearity in the parameters  

• Concise approximation                 they need 


• Linearity in the parameters  

<latexit sha1_base64="F7PyPhYujCS5v1fnMwUUPly8HKk=">AAACA3icbVDLSgMxFM3UV62vUVc+FsEiVME6U0RFEQpuxI0V7APasWQyaRuayQxJplCGgpv+ihsXirj1J9z5N6aPhbYeuHA4517uvccNGZXKsr6NxMzs3PxCcjG1tLyyumaub5RkEAlMijhggai4SBJGOSkqqhiphIIg32Wk7LavB365Q4SkAX9Q3ZA4Pmpy2qAYKS3VzW0Or+AdzNQ6SJBQUhbwx/jIO871Dupm2spaQ8BpYo9JOn/Y3926vKCFuvlV8wIc+YQrzJCUVdsKlRMjoShmpJeqRZKECLdRk1Q15cgn0omHP/TgvlY82AiELq7gUP09ESNfyq7v6k4fqZac9Abif141Uo1zJ6Y8jBTheLSoETGoAjgIBHpUEKxYVxOEBdW3QtxCAmGlY0vpEOzJl6dJKZe1T7Mn9zqNWzBCEuyAPZABNjgDeXADCqAIMHgCz+AVvBl948V4Nz5GrQljPLMJ/sD4/AFi6phQ</latexit>

n = O("�d/2)

Tsybakov, Introduction to Nonparametric Estimation, Springer Series in Statistics, 2008 
Sriperumbudur et al. Density estimation in infinite dimensional exponential families. JMLR 2017.
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A new model for non-negative 
functions
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New model: PSD representation
It has all the key properties

•                    for any   , by construction (easy generalisation to cones)


•  Indeed                                                                ,


•  More generally                        feature map of some reproducing kernel 


<latexit sha1_base64="pdSsJ0KN5uAgJiHBA9BlflZGehA=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyxCC6XMqKibQoubLivYC7R1yKSZNm0mMyQZaRn6HG58FTcuFHEnbnwb03YW2vpD4OM/53ByfjdkVCrL+jZWVtfWNzZTW+ntnd29ffPgsC6DSGBSwwELRNNFkjDKSU1RxUgzFAT5LiMNd3gzrTceiJA04HdqHJKOj3qcehQjpS3HtD2nnB3lYBG2ZeQ7Mc0PivbknsPyjCewlx3lRw7NJTDIOWbGKlgzwWWwE8iARFXH/Gx3Axz5hCvMkJQt2wpVJ0ZCUczIJN2OJAkRHqIeaWnkyCeyE89Om8BT7XShFwj9uIIz9/dEjHwpx76rO32k+nKxNjX/q7Ui5V13YsrDSBGO54u8iEEVwGlOsEsFwYqNNSAsqP4rxH0kEFY6zbQOwV48eRnqZwX7snB+e5EpVZI4UuAYnIAssMEVKIEKqIIawOARPINX8GY8GS/Gu/Exb10xkpkj8EfG1w/5mJ5g</latexit>

fA(x) =
nX

i,j=1

Ai,jg(x, xi)g(x, xj)
<latexit sha1_base64="ixukoUx8ysY7/zLhag8aaYdPeFA=">AAACE3icbVDLSgMxFM34rPVVdekmWAQRKTMq6rLipssq9gGdsWTStA3NZMbkjlCG+Qc3/oobF4q4dePOvzFtZ6GtBwIn59zLvff4keAabPvbmptfWFxazq3kV9fWNzYLW9t1HcaKshoNRaiaPtFMcMlqwEGwZqQYCXzBGv7gauQ3HpjSPJS3MIyYF5Ce5F1OCRipXTi8xC6X2A0I9H0/uUnvEvMDHjCNZXqEja1jStk9ttuFol2yx8CzxMlIEWWotgtfbiekccAkUEG0bjl2BF5CFHAqWJp3Y80iQgekx1qGSmKGesn4phTvG6WDu6EyTwIeq787EhJoPQx8UznaXU97I/E/rxVD98JLuIxiYJJOBnVjgSHEo4BwhytGQQwNIVRxsyumfaIIBRNj3oTgTJ88S+rHJeesdHJ9WixXsjhyaBftoQPkoHNURhVURTVE0SN6Rq/ozXqyXqx362NSOmdlPTvoD6zPH+q2nPI=</latexit>

A 2 Rn⇥n, A ⌫ 0

<latexit sha1_base64="MbemWqPiENcEe/BIA3uwTsWhgJ8=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lVox4xXjhiIo8ENmR26IUJsw9mZomE8B1ePGiMVz/Gm3/jAHtQsJJOKlXd6e7yYsGVtu1vK7O2vrG5ld3O7ezu7R/kD4/qKkokwxqLRCSbHlUoeIg1zbXAZiyRBp7Ahje4n/mNEUrFo/BRj2N0A9oLuc8Z1UZy/c5d8emctHs4JHYnX7BL9hxklTgpKUCKaif/1e5GLAkw1ExQpVqOHWt3QqXmTOA0104UxpQNaA9bhoY0QOVO5kdPyZlRusSPpKlQk7n6e2JCA6XGgWc6A6r7atmbif95rUT7t+6Eh3GiMWSLRX4iiI7ILAHS5RKZFmNDKJPc3EpYn0rKtMkpZ0Jwll9eJfWLknNduny4KpQraRxZOIFTKIIDN1CGClShBgyG8Ayv8GaNrBfr3fpYtGasdOYY/sD6/AHbx5Di</latexit>

fA(x) � 0 <latexit sha1_base64="3z95T185Q3ScStl9K8qgwaWUGJA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEcSLxwhkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77p8Wb8qVapZHHk4gVM4Bw9uoAJVqEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOqjjQo=</latexit>x

Marteau-Ferey, Bach, Rudi. "Non-parametric models for non-negative functions." NeurIPS (2020)16



•                    for any   , by construction (easy generalisation to cones)


•       is linear in    , then


• Concise approximator: small     suffices for approximate well smooth functions!       

• Preserves convexity:                     convex, when           is convex 


• Integrals and linear operators in closed form for nice


  

<latexit sha1_base64="pdSsJ0KN5uAgJiHBA9BlflZGehA=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyxCC6XMqKibQoubLivYC7R1yKSZNm0mMyQZaRn6HG58FTcuFHEnbnwb03YW2vpD4OM/53ByfjdkVCrL+jZWVtfWNzZTW+ntnd29ffPgsC6DSGBSwwELRNNFkjDKSU1RxUgzFAT5LiMNd3gzrTceiJA04HdqHJKOj3qcehQjpS3HtD2nnB3lYBG2ZeQ7Mc0PivbknsPyjCewlx3lRw7NJTDIOWbGKlgzwWWwE8iARFXH/Gx3Axz5hCvMkJQt2wpVJ0ZCUczIJN2OJAkRHqIeaWnkyCeyE89Om8BT7XShFwj9uIIz9/dEjHwpx76rO32k+nKxNjX/q7Ui5V13YsrDSBGO54u8iEEVwGlOsEsFwYqNNSAsqP4rxH0kEFY6zbQOwV48eRnqZwX7snB+e5EpVZI4UuAYnIAssMEVKIEKqIIawOARPINX8GY8GS/Gu/Exb10xkpkj8EfG1w/5mJ5g</latexit>

fA(x) =
nX

i,j=1

Ai,jg(x, xi)g(x, xj)
<latexit sha1_base64="ixukoUx8ysY7/zLhag8aaYdPeFA=">AAACE3icbVDLSgMxFM34rPVVdekmWAQRKTMq6rLipssq9gGdsWTStA3NZMbkjlCG+Qc3/oobF4q4dePOvzFtZ6GtBwIn59zLvff4keAabPvbmptfWFxazq3kV9fWNzYLW9t1HcaKshoNRaiaPtFMcMlqwEGwZqQYCXzBGv7gauQ3HpjSPJS3MIyYF5Ce5F1OCRipXTi8xC6X2A0I9H0/uUnvEvMDHjCNZXqEja1jStk9ttuFol2yx8CzxMlIEWWotgtfbiekccAkUEG0bjl2BF5CFHAqWJp3Y80iQgekx1qGSmKGesn4phTvG6WDu6EyTwIeq787EhJoPQx8UznaXU97I/E/rxVD98JLuIxiYJJOBnVjgSHEo4BwhytGQQwNIVRxsyumfaIIBRNj3oTgTJ88S+rHJeesdHJ9WixXsjhyaBftoQPkoHNURhVURTVE0SN6Rq/ozXqyXqx362NSOmdlPTvoD6zPH+q2nPI=</latexit>

A 2 Rn⇥n, A ⌫ 0

<latexit sha1_base64="MbemWqPiENcEe/BIA3uwTsWhgJ8=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lVox4xXjhiIo8ENmR26IUJsw9mZomE8B1ePGiMVz/Gm3/jAHtQsJJOKlXd6e7yYsGVtu1vK7O2vrG5ld3O7ezu7R/kD4/qKkokwxqLRCSbHlUoeIg1zbXAZiyRBp7Ahje4n/mNEUrFo/BRj2N0A9oLuc8Z1UZy/c5d8emctHs4JHYnX7BL9hxklTgpKUCKaif/1e5GLAkw1ExQpVqOHWt3QqXmTOA0104UxpQNaA9bhoY0QOVO5kdPyZlRusSPpKlQk7n6e2JCA6XGgWc6A6r7atmbif95rUT7t+6Eh3GiMWSLRX4iiI7ILAHS5RKZFmNDKJPc3EpYn0rKtMkpZ0Jwll9eJfWLknNduny4KpQraRxZOIFTKIIDN1CGClShBgyG8Ayv8GaNrBfr3fpYtGasdOYY/sD6/AHbx5Di</latexit>

fA(x) � 0

<latexit sha1_base64="Xq3GdeZwD6s0waFT/8+iSQU1R/4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPFS48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+WDmSToR3QoecgZNVa6D/s3/XLFrbpzkL/Ey0kFcjT65c/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TEKgMSxsqWNGSu/pzIaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW375L2mdVb3L6vndRaVWz+MowhEcwyl4cAU1qEMDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xsM7o2s</latexit>

fA

<latexit sha1_base64="3z95T185Q3ScStl9K8qgwaWUGJA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEcSLxwhkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77p8Wb8qVapZHHk4gVM4Bw9uoAJVqEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOqjjQo=</latexit>x
<latexit sha1_base64="kUVpPnnjxxsgVOouw176gCqmXcc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeMF46QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR/cxvPaHSPJYPZpygH9GB5CFn1FipftcrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77p8Wb8qVapZHHk4gVM4Bw9uoAJVqEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJdHjNM=</latexit>

A
<latexit sha1_base64="I/jM368CQKy01wjhhlhe6DvfRug=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoMQm3CnopYBmxQWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJO7zO88UaVZJB/NNKa+wCPJQkawyaT7ang+KFfcmjsHWiVeTiqQozkof/WHEUkElYZwrHXPc2Pjp1gZRjidlfqJpjEmEzyiPUslFlT76fzWGTqzyhCFkbIlDZqrvydSLLSeisB2CmzGetnLxP+8XmLCWz9lMk4MlWSxKEw4MhHKHkdDpigxfGoJJorZWxEZY4WJsfGUbAje8surpH1R865rlw9XlXojj6MIJ3AKVfDgBurQgCa0gMAYnuEV3hzhvDjvzseiteDkM8fwB87nDy25jbM=</latexit>

L(f)
<latexit sha1_base64="gRSSbx3KPHT2zhIEwwZSstr58K0=">AAAB73icbVBNSwMxEJ34WetX1aOXYBEqSNlVUY8FLz1WsB/QLiWbZtvQbHZNstKy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5fiy4No7zjVZW19Y3NnNb+e2d3b39wsFhQ0eJoqxOIxGplk80E1yyuuFGsFasGAl9wZr+8G7qN5+Y0jySD2YcMy8kfckDTomxUqtfGp2PuvysWyg6ZWcGvEzcjBQhQ61b+Or0IpqETBoqiNZt14mNlxJlOBVsku8kmsWEDkmftS2VJGTaS2f3TvCpVXo4iJQtafBM/T2RklDrcejbzpCYgV70puJ/Xjsxwa2Xchknhkk6XxQkApsIT5/HPa4YNWJsCaGK21sxHRBFqLER5W0I7uLLy6RxUXavy5f3V8VKNYsjB8dwAiVw4QYqUIUa1IGCgGd4hTf0iF7QO/qYt66gbOYI/gB9/gA1PI90</latexit>

g(x, xi)

<latexit sha1_base64="p+K2hnp6KQFmPRs61PG/cwJLFrk=">AAACAnicbVC7SgNBFJ2Nrxhfq1ZiMxiE2IRdFbVMsElhEcE8ILsss5PZZMjM7DozK4Ql2PgrNhaK2PoVdv6Nk0ehiQcuHM65l3vvCRNGlXacbyu3tLyyupZfL2xsbm3v2Lt7TRWnEpMGjlks2yFShFFBGppqRtqJJIiHjLTCwfXYbz0QqWgs7vQwIT5HPUEjipE2UmAfeJyKIKtCT6UYk3vojOBNKQqqJ4FddMrOBHCRuDNSBDPUA/vL68Y45URozJBSHddJtJ8hqSlmZFTwUkUShAeoRzqGCsSJ8rPJCyN4bJQujGJpSmg4UX9PZIgrNeSh6eRI99W8Nxb/8zqpjq78jIok1UTg6aIoZVDHcJwH7FJJsGZDQxCW1NwKcR9JhLVJrWBCcOdfXiTN07J7UT67PS9WarM48uAQHIEScMElqIAaqIMGwOARPINX8GY9WS/Wu/Uxbc1Zs5l98AfW5w8j/pX+</latexit>

min
A⌫0

L(fA)

<latexit sha1_base64="+/m2Ye8nF2BJaPBJhF1AGFT2hq8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix46bEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzzMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4p3U7lqXJertTyOApzCGVyAB7dQhRrUoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A23uNAA==</latexit>n
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New model: PSD representation
It has all the key properties
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•                    for any   , by construction (easy generalisation to cones)


•       is linear in    , then


• Concise approximator: small     suffices for approximate well smooth functions!       

• Preserves convexity:                     convex, when           is convex 


• Integrals and linear operators in closed form for nice
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nX

i,j=1
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<latexit sha1_base64="MbemWqPiENcEe/BIA3uwTsWhgJ8=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lVox4xXjhiIo8ENmR26IUJsw9mZomE8B1ePGiMVz/Gm3/jAHtQsJJOKlXd6e7yYsGVtu1vK7O2vrG5ld3O7ezu7R/kD4/qKkokwxqLRCSbHlUoeIg1zbXAZiyRBp7Ahje4n/mNEUrFo/BRj2N0A9oLuc8Z1UZy/c5d8emctHs4JHYnX7BL9hxklTgpKUCKaif/1e5GLAkw1ExQpVqOHWt3QqXmTOA0104UxpQNaA9bhoY0QOVO5kdPyZlRusSPpKlQk7n6e2JCA6XGgWc6A6r7atmbif95rUT7t+6Eh3GiMWSLRX4iiI7ILAHS5RKZFmNDKJPc3EpYn0rKtMkpZ0Jwll9eJfWLknNduny4KpQraRxZOIFTKIIDN1CGClShBgyG8Ayv8GaNrBfr3fpYtGasdOYY/sD6/AHbx5Di</latexit>

fA(x) � 0
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New model: PSD representation
It has all the key properties

18



• Goal: approximate 


• Define                             s.t. 


• Find the linear model     ,  that approximates


• Build the PSD model


• Then

PSD models are concise approximators (1)
Marteau-Ferey, Bach, R. 2020

Starter:  PSD models concisely approximate the family of exponential models

Marteau-Ferey, Bach, Rudi. "Non-parametric models for non-negative functions." NeurIPS (2020)19



2) Concise approximation 

Thm.  When                                      . The zeros are a manifold. Locally the Hessian 
of u is strictly positive in the direction orthogonal to this manifold.                       
Then there exists                             s.t.                     

PSD models are concise approximators (2)

Rudi, Ciliberto. “PSD Representations for Effective Probability Models.” NeurIPS (2021).
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A 2 Rn⇥n, A ⌫ 0
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Back to  
Optimal Transport

Vacher, Muzellec, Rudi, Bach, Vialard. A Dimension-free Smooth Optimal Transport Estimation. COLT 2021
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Application: Optimal Transport
Concise approximation of the inequality

Rudi, Marteau-Ferey, Bach. Finding Global Minima via Kernel Approximations. Mathematical Programming. (to appear 2024)22



Application: Optimal Transport
Let’s transform the inequality into an equality

23



Application: Optimal Transport
Let’s use Assumption 1

Caffarelli  implies  

and regular zeros   
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Application: Optimal Transport
Subsample the inequality
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Application: Optimal Transport
Subsample the inequality
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Application: Optimal Transport
Represent f with PSD models

we need a model

- for non-negative functions 

- that preserves convexity

- that is concise approximator 

use PSD models (and Thm. 1.4)
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Application: Optimal Transport
Represent f with PSD models

we need a model

- for non-negative functions 

- that preserves convexity

- that is concise approximator 

use PSD models (and Thm. 1.4)
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Application: Optimal Transport
Approximate the rest

Easy approximation of the rest: 
- u, v with linear models 
- the integrals with Monte Carlo 
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Application: Optimal Transport
Approximate the rest

-This is a Semidefinite Programming Problem 

-Solvable with damped Newton method in  

30



Example: Optimal Transport
Sketch of the final theorem

Vacher, Muzellec, Rudi, Bach, Vialard. A Dimension-free Smooth Optimal Transport Estimation. COLT 2021
31



State of the art:                                                            Algorithm with PSD model: 

Samples 

Complexity 

Application: Optimal Transport
Computation of Wasserstein distance between densities 

Hutter, Rigollet 2019;  Niles-Weed, Rigollet 2019;  Weed, Berthet 2020; Vacher, Muzellec, Rudi, Bach, Vialard, 2021.32



Many interesting problems have non-negativity constr.

• Probability representation, bayesian inference


• (Non-convex) Optimization


• Uncertainty quantification


• Optimal Transport


• Optimal Control


• Reinforcement Learning


• … .

linear models, and other important 
 models miss crucial properties...
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p(x) � 0,

Z
p(x) = 1
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•         Separable Banach space


•                           Convex functional to be minimised


•                   subsets of a metric space, e.g. 


•                                      function, affine in 


•                                      function, affine in

Infinite-dim. convex opt. with dense conic constraints
A framework for many problems in applied math

Ekeland, Temam. Convex analysis and variational problems. Society for Industrial and Applied Mathematics, 1976. 
Ekeland, Turnbull. Infinite-dimensional optimization and convexity. University of Chicago Press, 1983.

34

Dense set of conic constraints (     affine in    )

Possibly infinite-dim. 
(Typically a function space)



Probability representation & inference


Non-convex Optimization


Learning & Simulating Stochastic Differential Equations


Optimal Transport


Optimal Control


Semi-infinite programming

Same approach for other problems
Transform problems with dense inequalities into PSD models + subsampling

• Rudi, Ciliberto. PSD Representations for Effective Probability Models. NeurIPS 2021. 
• Marteau-Ferey, Bach, Rudi. Sampling from Arbitrary Functions via PSD Models. AISTATS 2021 
•   Marteau-Ferey, Bach, Rudi. Non-parametric models for non-negative functions. NeurIPS 2020.

•  Rudi, Marteau-Ferey, Bach. Finding Global Minima via Kernel Approximations. Mathematical Programming. (to appear 2024). 
•  Marteau-Ferey, Bach, Rudi. Second-order conditions to decompose smooth functions as SoS. SIAM Journal on Optimization 2024. 
•  Bach, Rudi. Exponential Convergence of SoS hierarchies for trigonometric polynomials. SIAM Journal on Optimization 2023. 
•  Beugnot, Mairal, Rudi. Gloptinets: scalable Non-convex optimization with certificates. NeurIPS 2023.

• Muzellec, Vacher, Bach, Vialard, Rudi. Near-optimal estimation of OT maps via k-SoS. SIAM J. on Math. and Data Science (to app. 2024) 
• Vacher, Muzellec, Rudi, Bach, Vialard. A Dimension-free Smooth Optimal Transport Estimation. COLT 2021 

• Bertier, Rudi, Bach, Carpentier. Optimal Control via PSD models. CDC 2022

• Aubin, Rudi. Approximation of Optimization Problems via kernel SoS. Optimization 2024.

•  Bonalli, Rudi. Non-parametric Learning of SDEs with fast rates. Foundations of Computational Mathematics (subm. 2024). 
•  Raj, Simsekli, Rudi. Efficient sampling of SDEs with Positive Semidefinite models. NeurIPS 2023.
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Conclusion & open directions

• We propose an extended collocation method to approximate 
infinite-dimensional problems with dense conic constraints


• It guarantees 1. Adaptivity to the regularity of the instance under clear geometric conditions 
                      2. Automatic finite-dimensional formulation as SDP 
                      3. For regular instances its cost overcomes the curse of dimensionality in the rate


• It allows to derive adaptive algorithms for some relevant problems in applied math


Open directions:


• Can we achieve faster formulations, beyond SDP?


• Often hidden constants are exp(d), can we characterise easier subclasses of problems?


• Can we obtain certificates a posteriori for the obtained solution?
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Comparison with other methods
Global optimisation with SoS polynomials  
(univariate trigonometric: Nesterov, 2000; multivariate Lasserre, 2000)
                                       subject to                                                      for all   


 


• Converges exactly when                    is a sum of squares of polynomials


• Only few non-negative polynomials are a sum of squares 


• Converges in the limit when              .  Slot, Laurent 2020 shows
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c2R,A⌫0
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h(x)� c = �r(x)
>A�r(x)
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x 2 Rd

<latexit sha1_base64="83p7SgxTAterIqzDK2n8vGTwLTM="></latexit>

�r(x) = (1, x1, . . . , xd, x
2
1, x1x2, x1x3, . . . , x

2
2, . . . , x

r
1, . . . , x

r
d) 2 Rn

<latexit sha1_base64="FNlzv5F9wBcW8BnO40y3TvXjsQ8=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEEoSQq6kYouOmygn1AG8pkMmmHziPMTMQS8ituXCji1h9x5984bbPQ1gMXDufcy733hAmj2njet7Oyura+sVnaKm/v7O7tuweVtpapwqSFJZOqGyJNGBWkZahhpJsognjISCcc3039ziNRmkrxYCYJCTgaChpTjIyVBm5FwFvYD6mQPIvOVJ6pfOBWvZo3A1wmfkGqoEBz4H71I4lTToTBDGnd873EBBlShmJG8nI/1SRBeIyGpGepQJzoIJvdnsMTq0QwlsqWMHCm/p7IENd6wkPbyZEZ6UVvKv7n9VIT3wQZFUlqiMDzRXHKoJFwGgSMqCLYsIklCCtqb4V4hBTCxsZVtiH4iy8vk/Z5zb+qXdxfVuuNIo4SOALH4BT44BrUQQM0QQtg8ASewSt4c3LnxXl3PuatK04xcwj+wPn8AY5+lCw=</latexit>

n =

✓
d+ r

r

◆

<latexit sha1_base64="PW6pjsQSnQIwcMr7u5qkVugZXlU=">AAAB8XicbVBNS8NAEJ3Ur1q/oh69LBahCpZERT0WvPRYwX5gG8tmu2mXbjZhdyOW0H/hxYMiXv033vw3btsctPXBwOO9GWbm+TFnSjvOt5VbWl5ZXcuvFzY2t7Z37N29hooSSWidRDySLR8rypmgdc00p61YUhz6nDb94c3Ebz5SqVgk7vQopl6I+4IFjGBtpPtB6ekYnSLycNK1i07ZmQItEjcjRchQ69pfnV5EkpAKTThWqu06sfZSLDUjnI4LnUTRGJMh7tO2oQKHVHnp9OIxOjJKDwWRNCU0mqq/J1IcKjUKfdMZYj1Q895E/M9rJzq49lIm4kRTQWaLgoQjHaHJ+6jHJCWajwzBRDJzKyIDLDHRJqSCCcGdf3mRNM7K7mX5/PaiWKlmceThAA6hBC5cQQWqUIM6EBDwDK/wZinrxXq3PmatOSub2Yc/sD5/AGT8j3U=</latexit>

h(x)� c⇤

<latexit sha1_base64="4w4cm4PxI+1ts+gjwqs+TcUnjQs=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPBS48V7Ac0oWy2m3bpZhN2J0Io/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuhdRwKRRvo0DJe6nmNA4l74aTu7nffeTaiEQ9YJ7yIKYjJSLBKFrJ18THhPhCRZgPqjW37i5A/hKvIDUo0BpUP/1hwrKYK2SSGtP33BSDKdUomOSzip8ZnlI2oSPet1TRmJtgurh5Rs6sMiRRom0pJAv158SUxsbkcWg7Y4pjs+rNxf+8fobRbTAVKs2QK7ZcFGWS2D/nAZCh0JyhzC2hTAt7K2FjqilDG1PFhuCtvvyXdC7q3nX98v6q1mgWcZThBE7hHDy4gQY0oQVtYJDCE7zAq5M5z86b875sLTnFzDH8gvPxDaaWkXc=</latexit>r ! 1
<latexit sha1_base64="LOtv5PrMTWVoZ4yzwbvcNgtfVVY=">AAACAnicbVDLSgMxFM34rPU16krcBItQF9aZKupGKLjpzgr2Ae1YMpm0Dc0kQ5IplKG48VfcuFDErV/hzr8xbWehrQcuHM65l3vv8SNGlXacb2thcWl5ZTWzll3f2Nzatnd2a0rEEpMqFkzIho8UYZSTqqaakUYkCQp9Rup+/2bs1wdEKir4vR5GxAtRl9MOxUgbqW3vc3gNb/OtAZIkUpQJ/pCcBKfF0XHbzjkFZwI4T9yU5ECKStv+agUCxyHhGjOkVNN1Iu0lSGqKGRllW7EiEcJ91CVNQzkKifKSyQsjeGSUAHaENMU1nKi/JxIUKjUMfdMZIt1Ts95Y/M9rxrpz5SWUR7EmHE8XdWIGtYDjPGBAJcGaDQ1BWFJzK8Q9JBHWJrWsCcGdfXme1IoF96JwdneeK5XTODLgAByCPHDBJSiBMqiAKsDgETyDV/BmPVkv1rv1MW1dsNKZPfAH1ucPVjqWJQ==</latexit>

n = O("�d/2)

We use a larger space of models: algebraic property -> mild geometric condition. 
 
Bach, Rudi 2022:  Polynomial hierarchy convergence
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Wait... why don’t we just discretize?

                    subject to


                    


     Example:                                                                              grid of step  


By construction                          . Since                    , then


                                                  is necessary to achieve              


                                        

<latexit sha1_base64="vpBGDZoFoJybgbnJfS9qm3wG4Fw=">AAACFnicbVDLSgMxFM3UV62vqks3F4tQoS0zKupGKLjpsoJ9QGcomTRtQzMPk4xYhvYn3Pgrblwo4lbc+Tem7Sy09UDgcM655N7jhpxJZZrfRmppeWV1Lb2e2djc2t7J7u7VZRAJQmsk4IFoulhSznxaU0xx2gwFxZ7LacMdXE/8xj0VkgX+rRqG1PFwz2ddRrDSUjtb7Ocf2uwYikDA7tE7MAswHo/B7gYCcw4MrsAq2J1AyQLofM4smVPAIrESkkMJqu3slx4lkUd9RTiWsmWZoXJiLBQjnI4ydiRpiMkA92hLUx97VDrx9KwRHGmlA3oR/XwFU/X3RIw9KYeeq5MeVn05703E/7xWpLqXTsz8MFLUJ7OPuhEHFcCkI+gwQYniQ00wEUzvCqSPBSZKN5nRJVjzJy+S+knJOi+d3pzlypWkjjQ6QIcojyx0gcqogqqohgh6RM/oFb0ZT8aL8W58zKIpI5nZR39gfP4AHFWcQg==</latexit>

h(xi)� c � 0, 8i = 1, . . . , n

<latexit sha1_base64="4KlCZefnaa+WyTdtj3mvC+EPdTQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHgpccK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX/jps1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpXe53H5k2PFYPOEtYIMlY8YhTgrk0QJIOqzWv7i3g/iV+QWpQoDWsfg5GMU0lU0gFMabvewkGGdHIqWDzyiA1LCF0Ssasb6kikpkgW9w6d8+sMnKjWNtS6C7UnxMZkcbMZGg7JcGJWfVy8T+vn2J0G2RcJSkyRZeLolS4GLv54+6Ia0ZRzCwhVHN7q0snRBOKNp6KDcFfffkv6VzU/ev65f1VrdEs4ijDCZzCOfhwAw1oQgvaQGECT/ACr450np03533ZWnKKmWP4BefjGyWXjlY=</latexit>⌧
<latexit sha1_base64="B5EQAlahOKHBSZ7cGiEuNNKuF8Q=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIzHxRHbRqEcSLxwxkUcCK5kdZmFkdmYz02tCCP/gxYPGePV/vPk3DrAHBSvppFLVne6uMBHcoOd9O7m19Y3Nrfx2YWd3b/+geHjUNCrVlDWoEkq3Q2KY4JI1kKNg7UQzEoeCtcLR7cxvPTFtuJL3OE5YEJOB5BGnBK3U7CJJHyq9Yskre3O4q8TPSAky1HvFr25f0TRmEqkgxnR8L8FgQjRyKti00E0NSwgdkQHrWCpJzEwwmV87dc+s0ncjpW1JdOfq74kJiY0Zx6HtjAkOzbI3E//zOilGN8GEyyRFJuliUZQKF5U7e93tc80oirElhGpub3XpkGhC0QZUsCH4yy+vkmal7F+VL+4uS9VaFkceTuAUzsGHa6hCDerQAAqP8Ayv8OYo58V5dz4WrTknmzmGP3A+fwBNZo76</latexit>

⌧2

<latexit sha1_base64="WrTvCLFwVv94nRQWN6fRYe6SvwA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquinoseOmxgv2AdinZNNsNTbJLkhVL6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8V3mdx6p0iyWD2aSUF/gkWQhI9hkUlR9Oh+UK27NnQOtEi8nFcjRHJS/+sOYpIJKQzjWuue5ifGnWBlGOJ2V+qmmCSZjPKI9SyUWVPvT+a0zdGaVIQpjZUsaNFd/T0yx0HoiAtspsIn0speJ/3m91IS3/pTJJDVUksWiMOXIxCh7HA2ZosTwiSWYKGZvRSTCChNj4ynZELzll1dJ+6LmXdcu768q9UYeRxFO4BSq4MEN1KEBTWgBgQie4RXeHOG8OO/Ox6K14OQzx/AHzucPc9eN4Q==</latexit>

h(x)

<latexit sha1_base64="3z95T185Q3ScStl9K8qgwaWUGJA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEcSLxwhkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77p8Wb8qVapZHHk4gVM4Bw9uoAJVqEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOqjjQo=</latexit>x

<latexit sha1_base64="FmVp3wQ6gEj7YI+OEAbMLRtq5s8=">AAACDHicbVDLSsNAFL2pr1pfVZduBovgqiQq6kYouOmyin1AE8pkOm2HTiZhZiKWkA9w46+4caGIWz/AnX/jpM1CWw8MHM45l7n3+BFnStv2t1VYWl5ZXSuulzY2t7Z3yrt7LRXGktAmCXkoOz5WlDNBm5ppTjuRpDjwOW374+vMb99TqVgo7vQkol6Ah4INGMHaSL1yxR1hnZAUXSE3wA+9hCCXiYzrke8nt2mKiEnZVXsKtEicnFQgR6NX/nL7IYkDKjThWKmuY0faS7DUjHCaltxY0QiTMR7SrqECB1R5yfSYFB0ZpY8GoTRPaDRVf08kOFBqEvgmmS2p5r1M/M/rxnpw6SVMRLGmgsw+GsQc6RBlzaA+k5RoPjEEE8nMroiMsMREm/5KpgRn/uRF0jqpOufV05uzSq2e11GEAziEY3DgAmpQhwY0gcAjPMMrvFlP1ov1bn3MogUrn9mHP7A+fwDpypru</latexit>

ĉ = max
c2R

c

<latexit sha1_base64="dbGpe+qHYuuvv2G6Vp/duDJsJUE=">AAACBXicbVDLSgNBEJz1GeNr1aMeBoMQBcNuFPUY8JKbEcwDspswO5kkQ2YfzvQKYcnFi7/ixYMiXv0Hb/6Nk2QPmljQUFR1093lRYIrsKxvY2FxaXllNbOWXd/Y3No2d3ZrKowlZVUailA2PKKY4AGrAgfBGpFkxPcEq3uD67Fff2BS8TC4g2HEXJ/0At7llICW2uaB0yeQ0BE+xbR1gp0eu8c3eQdI3Coet82cVbAmwPPETkkOpai0zS+nE9LYZwFQQZRq2lYEbkIkcCrYKOvEikWEDkiPNTUNiM+Um0y+GOEjrXRwN5S6AsAT9fdEQnylhr6nO30CfTXrjcX/vGYM3Ss34UEUAwvodFE3FhhCPI4Ed7hkFMRQE0Il17di2ieSUNDBZXUI9uzL86RWLNgXhbPb81ypnMaRQfvoEOWRjS5RCZVRBVURRY/oGb2iN+PJeDHejY9p64KRzuyhPzA+fwCwqpbM</latexit>

ĉ� c
⇤ � O(⌧2)

<latexit sha1_base64="POpfETuViUIDsSU26RdqdFJRymw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix46bGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVIT3vgZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xbuqXNxdlqu1PI4CHMMJnIEH11CFGtShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBk+o3m</latexit>xi
<latexit sha1_base64="4KlCZefnaa+WyTdtj3mvC+EPdTQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHgpccK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX/jps1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpXe53H5k2PFYPOEtYIMlY8YhTgrk0QJIOqzWv7i3g/iV+QWpQoDWsfg5GMU0lU0gFMabvewkGGdHIqWDzyiA1LCF0Ssasb6kikpkgW9w6d8+sMnKjWNtS6C7UnxMZkcbMZGg7JcGJWfVy8T+vn2J0G2RcJSkyRZeLolS4GLv54+6Ia0ZRzCwhVHN7q0snRBOKNp6KDcFfffkv6VzU/ev65f1VrdEs4ijDCZzCOfhwAw1oQgvaQGECT/ACr450np03533ZWnKKmWP4BefjGyWXjlY=</latexit>⌧

<latexit sha1_base64="SRIEs8nORQIpZbboXtj3wOgZrAQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahHiyJinoRCl56s4L9gDaWzWbbLt1swu6kUEL/iRcPinj1n3jz37htc9DWBwOP92aYmefHgmtwnG8rt7K6tr6R3yxsbe/s7tn7Bw0dJYqyOo1EpFo+0UxwyerAQbBWrBgJfcGa/vBu6jdHTGkeyUcYx8wLSV/yHqcEjNS1bYlv8X2pAyR5Ss+CyWnXLjplZwa8TNyMFFGGWtf+6gQRTUImgQqiddt1YvBSooBTwSaFTqJZTOiQ9FnbUElCpr10dvkEnxglwL1ImZKAZ+rviZSEWo9D33SGBAZ60ZuK/3ntBHo3XsplnACTdL6olwgMEZ7GgAOuGAUxNoRQxc2tmA6IIhRMWAUTgrv48jJpnJfdq/LFw2WxUs3iyKMjdIxKyEXXqIKqqIbqiKIRekav6M1KrRfr3fqYt+asbOYQ/YH1+QOzSpJx</latexit>

n = O(⌧�d)
<latexit sha1_base64="LOtv5PrMTWVoZ4yzwbvcNgtfVVY=">AAACAnicbVDLSgMxFM34rPU16krcBItQF9aZKupGKLjpzgr2Ae1YMpm0Dc0kQ5IplKG48VfcuFDErV/hzr8xbWehrQcuHM65l3vv8SNGlXacb2thcWl5ZTWzll3f2Nzatnd2a0rEEpMqFkzIho8UYZSTqqaakUYkCQp9Rup+/2bs1wdEKir4vR5GxAtRl9MOxUgbqW3vc3gNb/OtAZIkUpQJ/pCcBKfF0XHbzjkFZwI4T9yU5ECKStv+agUCxyHhGjOkVNN1Iu0lSGqKGRllW7EiEcJ91CVNQzkKifKSyQsjeGSUAHaENMU1nKi/JxIUKjUMfdMZIt1Ts95Y/M9rxrpz5SWUR7EmHE8XdWIGtYDjPGBAJcGaDQ1BWFJzK8Q9JBHWJrWsCcGdfXme1IoF96JwdneeK5XTODLgAByCPHDBJSiBMqiAKsDgETyDV/BmPVkv1rv1MW1dsNKZPfAH1ucPVjqWJQ==</latexit>

n = O("�d/2)
<latexit sha1_base64="4ZkBCJgUaTwhWG2WjHKR/RJwe4w=">AAACCXicbVC7SgNBFJ2NrxhfUUubwSCIYNhVUcuATcoI5gHZNcxO7iZDZh/OzAbCJq2Nv2JjoYitf2Dn3zibbKGJBwYO55zLnXvciDOpTPPbyC0tr6yu5dcLG5tb2zvF3b2GDGNBoU5DHoqWSyRwFkBdMcWhFQkgvsuh6Q5uUr85BCFZGNypUQSOT3oB8xglSkudIh7bfaISOsGnmN6fjLHN4QHbQyIgkoynkZJZNqfAi8TKSAllqHWKX3Y3pLEPgaKcSNm2zEg5CRGKUQ6Tgh1LiAgdkB60NQ2ID9JJppdM8JFWutgLhX6BwlP190RCfClHvquTPlF9Oe+l4n9eO1betZOwIIoVBHS2yIs5ViFOa8FdJoAqPtKEUMH0XzHtE0Go0uUVdAnW/MmLpHFWti7L57cXpUo1qyOPDtAhOkYWukIVVEU1VEcUPaJn9IrejCfjxXg3PmbRnJHN7KM/MD5/AK0Mmbo=</latexit>

|ĉ� c⇤|  "

Fancy way to write

Discretizing alone is not enough!
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Example
d = 2
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Example
d = 8
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Thank you!

42



Grand challenge…

• Algorithms


• Applications


• Modeling


• Theory

  Proof of Concept    —    Best on the field    —    Established approach

simplest according to theory
Explicit guarantees


Few parameters with clear role

Fast, scalable on big data


Adaptive to the architecture

LAPACK style library 
(High performance - standardised)

toy examples Determine “the” benchmark

Show that the method hammers it 

Real Problems  
(Nature, Science)

Non-engineered model

(Just from theory)

Specific sub-problems 
where we can do way better

Highly engineered, 

flexible model

Enough to show that

The method is promising

Refinement/simplification

of the theory

General theory

(All the elements in the right place)


Open Questions43


