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Abstract

Implicit and explicit simulations of morphodynamical flows are considered.
The physical problem is modeled through the shallow water equations cou-
pled with the Exner equation which describes the time evolution of the bed
profile. The formulae used to express the sediment transport fluxes are those
of the Grass model and of the Meyer Peter Miiller one. The spatial discretiza-
tion of the equations is obtained using a finite-volume method and a modified
Roe scheme for non conservative systems. In this context previous studies
investigated the accuracy and efficiency of linearized implicit schemes, car-
ried out with a strategy based on automatic differentiation to compute the
flux Jacobians and on the defect correction approach to reach second-order
accuracy. These studies were carried out for Froude number equal to 0.1, and
it was shown that implicit time advancing was more efficient than the explicit
one for slow and intermediate rates of interaction between the bedload and
the flow.

The present study focuses on the same analysis by varying Froude num-
bers. In particular the relationship between the maximum CFL number al-
lowed by result accuracy in the implicit simulations and the parameter that
represents the speed of interaction between the flow and the sediment trans-
port has been investigated at increasing Froude numbers. It is shown that
implicit solutions become less convenient when the Froude number increases,
but some differences exist depending on the sediment model used and the
way of varying the Froude value. The Ay -Fr couples for whom implicit so-
lutions are convenient have been identified. The last part is about similar

investigations for 2D tests.
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Chapter 1

Literature survey and

Introduction

The problem of Shallow Water flows is recurring in coastal and enviromental
engineering since studies on this topic can have a lot of interesting implica-
tions for these matters. Thus the literature is full of articles, studies and so
on about it, and it is always sensitive to new developments and tests. This
chapter contains a review of some of the recent approaches to such a problem,
in order to make a comparison with the models used and the results obtained
in the present work.

First, the traditional Shallow Water problem focuses just on the hydrodinam-
ical aspect because the bed-load is considered rigid, so no sediment transport
is involved. In order to consider the bedload evolution an other additional
equation must be added to the SWEs. Therefore, there is the morphologi-
cal part of the problem to be considered in addition to the hydrodinamical
one. At this point, it is possible to make a separation from those approaches
that consider the two aspects to be separated to those where the two compo-
nents are put together obtaining a coupled model. We focus on this category
of studies, analyzing then some characteristic in particular: the numerical
model used, the sediment transport formulae adopted and the results were

carried out.



1.1 Numerical method

The system composed by the SWEs and by the equation that takes into
account, the sediment transport, most of the times expressed by the Exner
equation [see for example 1, 29, 34, 37, 38|, is rarely solved analytically
because of its complexity, so a numerical method is almost always used. Of
course, there is not a unique method to get a solution of this problem.

The well-established Roe’s scheme has been modified for sediment trans-
port problems [5, 11, 12, 13|. One of the drawbacks of this method could be
an increase of computational costs due to its treatment of the source terms.
Some authors extended the ENO (Essentially Non Oscillatory) and WENO
(Weighted Essentially Non Oscillatory) schemes to sediment transport prob-
lems [15] while others used the CWENO (Central Weighted Essentially
Non Oscillatory) scheme [8]. The central idea of these schemes is to com-
pute the smoothness for several possible stencils which cover a given region
of space and then interpolate this zone with hig order of accuracy using this
types of reconstruction via primitive function, developed by many authors.
Unfortunately, most ENO, WENO and CWENO method, that solve real
two-dimensional sediment transport problems accurately are still very com-
putationally expensive.

Numerical methods using discontinuous Galerkin techniques have also
been studied [30]: this method is a robust finite element method that is par-
ticularly well suited for advection dominated transport equations. It incor-
porates upwind numerical fluxes and slope limiters to provide sharp reslution
of steep bathymetric gradients that may form in the solution, and it possesses
a local conservation property that conserves sediment mass on an element
level.

Numerical method based on relaxation approach have also been applied to
sediment tranport equations in [16]|. Using this method, the nonlinear set of
equations is transformed to a semilinear diagonalizable problem with linear
characteristics variables. The relaxation stage is solved by an implicit-explicit
Runge-Kutta scheme while a second order MUSCL-TVD (Total Variation Di-

minishing) method is used for the advection stage. The principal advantages



of this approach are that neither Riemann problem solvers nor nonlinear it-
erations are required during the solution process.

However, most of these methods for unstructured grids present results with
an order of accuracy smaller than that expected. Besides this fact, it is known
that TVD schemes have their order of accuracy reduced to the first order in
the presence of shocks due to the effects of limiters. Unstructured meshes can
be highly advantageous based on their ability to provide local mesh refine-
ment near important bedload features and structures. As a consequence, the
ability to provide local mesh refinement where it is needed leads to improved
accuracy for a given computational cost as compared to methods that use
structured meshes.

An other example of finite volume solver is the Godunov-type method |16,
38, 41| based on dynamically adaptive quadtree grids. This particular grid
can be seen as an unstructured mesh that makes the application of SWEs
for complex geometries easier. Godunov scheme with an appropriate Rie-
mann solver can capture the steep water surface elevation gradient and for
the problem of interest it can be used where a dramatic water surface change
occurs, e.g. scour due to dam break flow.

The Method of Characteristics (MOC) [28, 29| is for example one of the
well-known tools for the solution and analysis of unsteady open channel flow
problems even if it has not been widely used for solving hyperbolic fludi flow
problems. This is due to its relative complexity for coding when compared
to finite volume methods. On the other hand, this method gives a visual
representation of flow structure for 1D problems that can be used to pro-
vide valuable physical insight into the problem under consideration. More-
over MOC schemes comprise reliable quasi-analytical solutions for problems
where analytical examples are rare or not present at all, like those of fluid
flow over an erodible bed. Furthermore, in problems where shocks do not
occur the MOC becomes a particularly attractive method, being the shock

one of the principal problems for this method.



1.2 Sediment transport formulae

Most of the studies on morphodynamic used the Grass formula for modeling
the sediment transport. This is due to the semplicity of this formulation: even
if it does not take into account all the fundamental mechanisms of sediment
transport, it is simple to be implemented. A more "realistic" model is then
offered by the Meyer-Peter Miiller formula where the presence of a threshold
velocity helps to simulate in a more physical way the evolution of the bed
profile. Other recurring formulae for sediment transport in these papers are

described in Appendix.

1.3 Experiments and results

In order to validate and to test the efficiency of the modelling of the problem
several numerical experiments were carried out in the literature. For the
large part these experiments are elementary examples, in order to assess was
the accuracy of the numerical simulations.

The sinusoidal bump that is the object of the simulations of this study is
a well-known case used for many of the works present in the literature |10,
16, 28]. Many of these tests were computed using the Grass formula for the
bedload sediment flux, and so they focused on the evolution of the bottom
profile varying the parameter of interaction between the flow and the bedload
using for all cases a Froude number of 0.1 [1, 8, 10, 15]. This is the classical
situation for performing this kind of simulations, as the starting point for the
investigations of this work, as it will be seen in the next chapters.

An anlysis carried out different Froude numbers is [27| where one of the issues
was to investigate whether the traditional, decoupled approach or wheter the
coupled one is preferable. For a small Froude number, in terms of computa-
tional cost, the decoupled approach is preferable, also from the point of view
of reducing the amount of numerical diffusion in the modelling. Neverthless,
for high Froude numbers and a relatively mobile bed, the coupled approach
is clearly necessary.

One of the most popular simulations is represented by the dam-break



test [10, 28, 31]: this kind of flow can be summarized as an uncontrolled
release of water flow induced by partial or catastrophic failure of water re-
taining structures and therefore the it may be cause of serious flooding to
downstream areas of the failed structure. These tests were carried out on
rigid beds, (this is an example of the traditional Shallow Water problem), or
mobile beds. For the purpose of the present study they are not very signifi-
cant, since they are characterized by sudden variations of the flow conditions,
included the Froude number. Therefore, it is anticipated that implicit time
advancing is not well suited for this type of problem.

Experimental and real test cases applications represent probably the most
interesting part of the literature, since from them it is possible to understand
the goodness and the limits of the proposed models as well as future devel-
opments. There are many examples of such of these simulations [1, 3, 11, 18,
19, 28, 31, 39|.

The last chapter of this work focuses on a comparison with a two-dimensional
test case analyzed in [1] in order to appreciate the accuracy of implicit sim-

ulations for a more complicated case than the one-dimensional one.

1.4 Aim of the present work

The present work is part of the research activity on the development and on
the validation of a strategy for implicit time advancing of the the shallow-
water equations coupled with the Exner equation, based on a defect-correction
approach and on a time linearization, in which the flux Jacobians are com-
puted through automatic differentiation [4, 5, 6]. This time advancing strat-
egy was coupled with two different finite-volume methods for space discretiza-
tion, viz. the SRNH predictor-corrector scheme [5| and a modified Roe
scheme for non-conservative systems of equations [12]. The Grass expres-
sion [22], which provides one of the most popular and simple models for solid
transport discharge, was initially used. Different 1D and 2D numerical ex-
periments showed that, if the time scales characterizing the evolution of the
hydrodynamic and morphodynamic components are not too small, implicit

time advancing leads to large reductions of the computational costs with



respect to those of explicit schemes, while preserving the result accuracy.

Since the Grass model does not take into account the fact that the bottom
movement starts when the shear stress exceeds a given critical value, the
Meyer Peter Muller model has successively been considered [14]. The results
were compared to the Grass ones and strategy in terms of accuracy and
efficiency was investigated also for this model. It was found out that implicit
simulations obtained with the Grass model can reach the same value of the
Courant Friedrichs Lewy condition (CFL condition) of those carried out with
MPM model but using 3 DeC iterations instead than one, so the MPM model
is preferable from this point of view in terms of computational costs.

The investigations in [14] were limited to a low value of the Froude number
(0.1). The aim of this work is to investigate what happens when varying the
Froude number. Different simulations were carried out rising this parameter,
acting on the velocity or on the height of the flow, in order to understand how
the computational cost of implicit simulations varies for both the Grass and
the MPM model with the Froude number for different speeds of interaction
between the bedload and the flow. As for numerical discretization in space,
the present study is limited to the modified Roe scheme. This is motivated
by the fact that previous studies indicated that overall performance of the
implicit time advancing is practically independent of the space discretization

scheme to which it is coupled.



Chapter 2

Physical Model

2.1 Shallow Water Equations

The standard formulation of Shallow Water equations is derived starting
from the incompressible Navier-Stokes equations and by assuming that the
velocity in one direction and the corresponding acceleration are negligible.
Then, by depth averaging the governing equations the standard Shallow Wa-
ter formulation is recovered.

As for the mathematical notation, considering a fixed reference level L.y,
H is the bathymetry function with respect to L,.; and the height of the
bottom is denoted by Z. Therefore, we have (see also Fig. 1.1):

H+Z7 =Ly (2.1)

the height of the flow above the bottom Z is denoted by h, while @); is the
sediment transport flux in the x; direction. Since only 1D and 2D pysical
models are considered in this work, the axis x; and x5 will be simply denoted
by x and y . Finally the symbol reserved for the acceleration of gravity is ¢

and the sediment porosity is denoted by p.

11



Figure 2.1: Physical variables considered for sediment transport models

The 1D Shallow Water equations can be formulated as follows:

oh Ohu __
ot + or 0
dhu | d(hu*+3gh?)

— _,h9Z
ot or = —gh3;

while in the 2D case they assume the following form:

Oh Ohu Ohv __
ot T =0

ohu | Oh*+3gh%) | ohuy dz
ot + Oz + oy _ghdx
Ohv | Ohuv | O(hvP+3gh%) az
ot T ox T oz = _ghd_y

(2.2)

(2.3)

Note that, in standard Shallow Water formulation the bed level Z is fixed
in time, thus Z = Z(z) or Z = Z(x.y) for (1.2) and (1.3), respectively.

The variable bottom topography introduces an additional, non-homogeneous,

term in the set of equations: the discretization of this term requires particular

attention. The mathematical structure of the Shallow Water equations is

strictly related to the one of the Euler equations for barotropic flows. In

fact, the evolution of the fluid variables can be described by the following



system of equations:

ow | oOF(W) __
ot + ox 0

F(W) = (pu, pu® + p, pu§)” (2.4)
W = (p, pu, p&)"

The first two equations are, respectively, the mass and the momentum bal-
ances for the fluid. The third eqaution describes the time-evolution of the
substance . The conservation law for ¢ is decoupled from the rest of the
system and, as a consequence, ¢ is usually referred as a passive scalar.
Indeed, by considering only the homogeneous part of the system or, equiv-

alently, a constant bed level, the following 1D system is recovered:

oh Ohu __
ot + Ox =0

ohu , O(hu?+3gh?)
o T — =0

(2.5)
In order to include the effect of sediment transport, an additional equation
which describes the time evolution of the bed level is required. The Exner
equation, a well-known and a common choice for this kind of problems, has
been used here:
0Z 0@ 0Q-

(1—p)§+g+a—y:0 (2.6)

where p is the (constant) sediment porosity and () and @ are the bed-load
sediment transport fluxes in the x and y directions. There are many different
formulae in the literature that define the sediment transport fluxes; this work
focused on two of them, and they will be decribed in the following section.

Using (2.3) and (2.6) the following complete system is then obtained:

(
oh Ohu Ohv

ohu | Oh+39h%) | Shuw _ dz

ot T oz + 7, = —gh; (2.7)
ohv 4 dhwv | d(hv’+3gh®) XA '
ot ox ox =9 dy

0 0!
Foel el o



where .
= —-— 2.8
e (28)

It is possible to write (1.6) as a system of conservation laws with a source

term, that is:
IOW n OF; (W) n OF5(W)

ot ox oy

=S(W) (2.9)
where )

W = (h, hu, hv, H)T
Fl(W) = (hu7 hu2 + %gh27 thU, _ng)T
Fy(W) = (hv, hvu, hv* + Sgh?, —£Q2)T
| S(W) = (0, gh, ghy. 0)"

(2.10)

It can be easily checked that the Jacobian matrices of Fy (W) and Fy(W)
in (1.9) are singular and this may cause severe numerical difficulties in many
finite-volume schemes. Furthermore, in order to obtain a well-balanced
scheme, the presence of a source term requires a specific treatment. Thus,
in the literature different formulations of system (2.10) have been derived to
cope with these difficulties. Among the different possibilites, following the

work in [12], the source term in (2.10) is rewritten as follows:

oW oW
- B B A 92.11
S(W) 1(W) 5~ +B2(W) 9 (2.11)
where:
000 0 00 0
000 gh 000
By(W) = T By(w) =
000 0 000 gh
000 0 000 0

The previous system can further be recast in a non-conservative form as

follows:

ow ow oW
WJFAl(W)a_xJFAZ(W)a_y =0 (2.12)



where:

OF, (W)
ow

Note that the matrix Ay is the sum of a conservative term, the Jacobian

A (W) = —B(W) k=12 (2.13)

of Fi,(W), and a non-conservative one, By(W') which takes into account
the spatial variation of the bed. Furthermore, matrices A; and A, are not
singular [12, 13] and it can be easily seen that this approach eliminates the

source term.

2.2 Sediment Transport Models

The sediment can be defined as a fragmented material from rocks that has
been formed by different physical and/or chemical process. The study of
sediment transport processes includes movement of rocks in a mountain as
material diffusion in water, among other processes. Transport is caused by
gravity effects and by friction effects with the air or the fluid containing the
sediment. Sediment transport is usually divided into three types: bedload,
saltation and suspension (see Fig. 2.2). Bedload transport is defined as the
type of transport where sediment grains roll or slide along the bed. Saltation
transport is defined as the type of transport where single grains jump over the
bed a length proportional to their diameter, losing for instants the contact
with the soil. Sediment is suspended when the flux is intense enough such
as the sediment grains reach height over the bed. This work focuses on the

study of bedload sediment transport.

C
o s
gﬂ % e O
Bedload Suspension Saltation

Figure 2.2: Types of sediment transport

In literature different equations to model the solid transport sediment

flux could be found: Grass equation [22], Meyer-Peter & Miiller’s equation



[33], Van Rijn’s equation, Nielsen’s equation, Kalinske, Einstein’s equation,
etc., generally obtained by empirical methods. Among all these formulae,
some are deterministic formulae and others are based on probabilistic terms.
In most of them, except for Grass model, the movement of the sediment is
controlled by a physical parameter called critical shear stress, usually deter-
mined experimentally. This work focuses on deterministic equations only.
The two formulae used herein for the bed-load transport fluxes are usually
obtained for stationary fluxes in rivers, but they can also be applied to tidal
or coastal currents, as the time of response of the sediment is very small in

comparison with the period of tides or waves.

2.2.1 Grass Model
Grass [22] proposed the following formulae for the solid transport discharge:
Q1 = Agu(u® +v?) "

m—1

(2.14)
Q2 = Ayu(u® +v?) 2

where A,(0 < A, < 1) and m(1 < m < 4) are parameters depending on
the particular problem under consideration. A, takes into account the grain
diameter and the kinematic viscosity and is directly related with the strength
of the interaction between the water flow and the bedload; low values of A,
correspond to a weak interaction between the sediment and the fluid, while
values close to 1 to a strong interaction. As for m, in the following, only the

usual value m = 3 is considered, so that (2.14) reduces to:

Q1 = Aju(u® + v?)

(2.15)
Q2 = Ayv(u? +v?)

Notice that, according to Grass formula, the bedload sediment transport
begins automatically when the fluid starts to move. This is the principal
concern about this formula. Also the maximum of sediment mass flow is
on the upper side of the water, and this is clearly unphysical. Hogg (2005)

proposed a correction with water column h.



2.2.2 Meyer-Peter and Miiller Model

In order to better understand Meyer-Peter & Miiller [33] (MPM in what fol-
lows) expression, let us underline which are the essential elements of Shield’s
theory about incipient motion. According to this theory, bed-load movement
begins when the shear stress exceeds a critical shear value. Above this value,
the current is able to transport the granular sediment. Various physical pa-

rameters should be considered:

e shear stress at the bottom 7;
e sediment density p, and fluid density p or their ratio G = %;
e diameter of the sediment d;

e characteristics of fluid dynamic motion.

The problem is affected by local phenomena. Shields studied an average
depth, composed of granular and non-cohesive sediments and this allowed
him to avoid the influence of these local phenomena. Thus, he imposed the
balance of forces on a generic sediment particle, observing that the movement
starts when the shear stress exceeds a given critical shear stress 7.. In the
literature it is possible to find different approaches to determine the incipi-
ent motion condition, based on a critical Froude number or a critical mass
flow or a given mean speed of the fluid. The threshold found by Shields is
obtained through several experiments, carried out on larger grains and then

extrapolated for smaller cases. The shear stress is written as:
T = Rp|SF| (2.16)

vs is the specific water weight, Ry is the hydraulic ratio, usually equal to
the water column A, and the form factor is defined according to the Manning

Theory:
groulul

SF =
3/4
Rif

(2.17)

1o is the Manning coefficient and u is the fluid speed at the bottom used

to evaluate the fluid-dynamic forces. After several experiments, Shields ob-



tained an incipient motion diagram (Fig. 2.3), through the non-dimensional

shear:
-
0= —— (2.18)
(7s —)d
where 7y is the specific water weight. The incipient motion condition is ex-
pressed as:
0 >0, (2.19)
where
O = — (2.20)
v (’75 - V)d '

0., is known as Shields number, and it varies between 0.03 and 0.06. The
diagram in Fig. 2.3 shows that a considerable amount of data is scattered
but, after a given Reynolds value, the Shields number is almost constant
(~ 0.04 = 0.06) . The non dimensional shear stress can still be written

following the non-dimensional form proposed by Chezy:

u2

0 = CT(G—W (2.21)
where C; is called Chezy parameter which is generally of the order of 1072
It can be chosen depending on the specific case and it is very often used in
practice. Furthermore, 6 is defined according to the mean diameter dsy, but
it can also be expressed with respect to other characteristic parameters (e.g.
the diameter of a similar particle with a higher weight).
Meyer-Peter & Miiller developed one of the most known formulae for
the solid transport discharge, based on median grain diameter dsg. The
original formula can be reduced to the following general expression in the 1D

formulation:
ab

(G - 1)9dgo

Typically, it describes the sediment transport for rocky rivers, rather than

= 8sgn(u)(0 — 0,.)2 (2.22)

for sandy areas as in Grass model (2.15). It is important the choice of the
model for the shear stress 7, to well define the Shields condition. Generally,

the motion condition is 6. = 0.047 [20], according to Bathurst theory. For



different cases this value could be changed. This formula is set for coarse
sediments (dso = 0.4429mm), useful for coarse stream-beds and for depth in-
clination of less than 2. For higher inclinations, MPM formula overestimates
sediment discharge. Efficiency of relation (2.22) is significant, because it is
based on a large experimental data set and it takes into account only the
mean characteristic of the flow. An interesting correction of the MPM model

is investigated:

b - 32 0 — A7
= 8sgn(u)(0 —vAn —0..)"  ——— 2.23
R A v

where 7 is a non-dimensional parameter, related to bottom slope effects. The
slope of the depth appears by its gradient, expressing the stabilizing effect
of the seabed reshaping.

0.1 Twe—
0
4 i 2ok _1“_‘ it R |
"""" =T ’i' ]
0.01 | ]
| = — 1000

Re,

Figure 2.3: Motion condition according to Shields theory. The line represents
the incipient movement condition, with respect to the Reynolds Number at
the bottom (Re, = %l where U, is the velocity at the bottom, d the particle
diameter and v the kinematic viscosity)

It is possible to rewrite the MPM formula in a form similar to the Grass
one. In order to do this, it is important the choice of the model for the shear
stress 7, to well define the Shields condition. To simplify the computational
problem, the shear stresses are written in the Chezy form 7 = Cu? where

C' is a constant that can be determined by different theories. So, the non-



dimensional shear stress 7 is:

0=—u

= (2.24)

where K can be defined as: K = (G—1)gdso and, substituting in the previous

expression of MPM formula, a simplified equation is obtained:

g = sgn(u) A(u® — 7%)3/? (2.25)
where:
. C3/2
A= a=—dso (2.26)
K
= 007,5 (2.27)

a is usually taken equal to 8. In this way, the incipient motion condition is
related to the square of velocity u. If u? > ©2, sediment transport is present
and expressed by (2.23).



Chapter 3

Numerical Method

In this chapter a finite-volume discretization of the physical model presented
in the previous one is described. In this work a Modified Roe scheme (MR)
is used for space discretization. The MR explicit scheme has been developed
by Castro et al. (see e.g.[12]) and it is a Roe scheme modified in order to
deal with non conservative systems of equations. The implicit counterpart
of the aforementioned explicit numerical scheme for the 2D case is obtained
following[5, 6]. In particular the implicit numerical schemes is generated
through the use of the automatic differentiation tool TAPENADE |[25|. This
chapter presents the 2D numerical discretization, skipping the 1D numerical
case. However, once the 2D numerical method is defined, the 1D formulations
can easily be recovered by simply setting to zero the velocity component along

the y-axis and all derivatives in the y-direction.

3.1 General definitions for the considered finite-

volume formulation

The considered space discretization is based on a finite-volume approach.
At a preliminary stage, the considered 2D computational domain V € R? is
approximated by means of a polygonal domain VP which, in turn, is divided

into triangles. Then, the 7;;, finite-volume cell V;, associated with the vertex

21



P;, is given by:

vi=J v (3.1)

het(i)

where t(i) is the set of indexes marking those triangles which share P; as
a vertex and ;" represents the subset of the triangle 7}, which is defined
by further dividing T} into six sub-triangles by means of its medians and
subsequently considering those two subtriangles which share P, as a vertex
(see Fig. 3.1).

Figure 3.1: Generation of the dual mesh

Clearly, there is a finite-volume cell for each vertex. The considered finite-
volume discretization is sometimes referred to as a "dual mesh” (see e.g., [20]),
by virtue of the specific procedure which is adopted in order to build the cells
starting from the triangles. Some properties for this choice of computational
cells are given in [23|, where it is shown that, on these cells, finite-volume
centered schemes are equivalent to P1 finite-element mass-lumped schemes.
The following notation is also considered: given a finite-volume cell V;, |V;| is

its area and Gj is its center of mass. N (i) is the set of indexes of the neigh-



boring cells of the iy-cell and B; = N(i) U {i}. Furthermore, B; = Ujcp, B;
is the set of indexes marking the i;-cell, its neighbors and the neighbors of
the neighbors.

I';j1 and I';; 5 are the two segments of the common interface between cell
Vi and V; and |I';;;| and |[;;5| their length (see Fig. 3.1). The normal
unit vector to I'yj1 18 myj1 = (Naij1,Myis1)" and a similar definition holds
for m;;2. The average normal vector for the interface between the 7, and

Jen-cell is defined as follows:
Tijni; = [Tijalmiga + [Lijo|nige (3.2)

where n;; is the normal unit vector and |I';;| is the interface length. Finally,

W is the average value of the solution W in the iy, cell at time ¢,,:

W,in -

|‘1/i| /V Wz, t) AV (3.3)

3.2 A Roe-type scheme for non-conservative sys-

tems

The scheme adopted herein for the space discretization has been proposed by
Castro et al. in a series of papers [11, 12, 13]. More precisely, it is possible
to define a Roe-type scheme for the nonconservative system (1.11) leading to

the following semi-discrete form:

S = RS (Wi}, ) (3.4)
where

1 n n 1 n n
RHSl({Wj}jEBi) =W > |Fz‘j’(7:(Wi W' ni) =5 Big (Wi =W ))

YjeN()

(3.5)



and F (Wi”, wr, nij) is a Roe-like numerical flux function defined as:

]__(Win, wr, nij) = %(Fnz] (Wzn) + Fhij (Wg")) (3.6)
—%\Aijl (wy. wrny ) (W - wr)

where F;; (W) = ng ;i F1 (W) + ny i Fo (W) while the espressions of the
matrices |A;;| and B;; depend on W, Wi and ng;. (see [4, 6] for more
details).

3.2.1 Second-order extension

To extend to second-order of accuracy the previous MR scheme, first a recon-
struction operator P;(z) is defined at each cell. This reconstruction operator

is a function of the values of the solution in the neighbor cells of V;, that is:

P(@) = P2 {W}"} ) (3.7)

In this work we consider a MUSCL-like reconstruction operator which is
explicitly defined in [4, 6]. Once the reconstruction operator is defined, it is
possible to extend the Modified Roe scheme to the second order accuracy.

The semi-discrete formulation of (2.12) is:

Wb [ e

JEN() Y U
—%Bij(a)(wg(a) - Wi;(a))>d‘7 (3:8)

- |‘1/¢| /V <B1(Pi(m))%ii () + B2(H(m))%]; (m))dv

where ¢ is a point of the interface Ty, Wi; = Pi(0), Wi = Pj(0) and
B;j(0) = B(WZ; (0), W{]'.'(a), nij>, B being defined in [4]. Even if it does
not clearly appear, the right-hand-side of (3.8) is time-dependent. Indeed,
due to (3.7), P;(x) is a function of space but also of the solution W (x, t).

Note that, due to the non-conservative formulation, the second-order scheme



is not only a function of the extrapolated values of the solution at the cell
interfaces, but also function of the solution in the interior of the cells. The
integrals in (3.8) are numerically approximated and, in order to preserve
the second-order spatial accuracy of the scheme the order of the quadrature
formula must be higher than that of the reconstruction operator. In [3] it
has been shown that the third-order Gauss quadrature formula for the line
integrals and the barycenter quadrature formula for the surface integrals
satisfy both criteria.

The resulting semi-discrete expression of the second-order MR scheme is:

ow;
ot

— RHS;({W3} .5 (3.9)

where RHSQ({WJ-}J.GB,) is defined as follows:

OF;

RH&({Wj}jeBi) = Bi(R(Gi) 5 (G
+Bz<P1<Gi)>%—];(Gi>

: (3.10)
; Z Fasl 21 mm( Wi, s Wij'_,lma nij)

1 _
_§Bij,lm (Wi}L,lm - Wij,lm))

where W,

ij,lm

— Pi<o-lm)7 W'+

i7,lm

= Pj(O’lm), B'ij,lm = Bij(glm) and Wim, and
O1m are respectively, the weights and the points of the quadrature rule. Note
that the dependency from j € B; in (3.9) results from the reconstruction
: -
operator and, more specifically, from Wiiim and Wiim-

are used following the same approach as in [12, 13]; a detailed description
can be found in [4, 6].

Finally, limiters

3.3 Explicit time advancing

To obtain an explicit scheme first-order accurate in time, the time-discretization

can be carried out using an explicit Euler method, so that the resulting first-



order numerical scheme is:
Wi — WP A RHS, ({Wj}jeB,) (3.11)

Similarly, in order to obtain an explicit scheme second-order accurate in
time, the time discretization can be carried out using a second-order TVD
Runge-Kutta method [21]. The final expression of the second-order numerical

scheme is:

(2

nt1 . WP Pham g n+1/2
Wit = B A RES ({W Y )

n+1/2 n n n
W, = Wz + At RHSQ<{W.7 }j65i> (3.12)

3.4 Implicit time advancing

In this section the issue of generating an implicit scheme, starting from its
explicit counterpart, is addressed. In a first step, we will describe the first-

order numerical scheme, then the second-order extension is discussed.

3.4.1 First-order scheme

Generally speaking, the implicit counterpart of a first-order explicit Euler
method is obtained by considering the right hand side term as a function of
the solution at time n 4 1 instead of n. That is, a fully-implicit first-order
version of the scheme in Eq. (3.11) is the following:

Wit = APRHS, ({WyH) ) = W (3.13)

JEB;
However, from a practical point of view this would require the solution of
a large non-linear system of equations at each time step. The computa-
tional cost for this operation is in general not affordable in practical applica-
tions and, in general, significantly overcomes any advantage that an implicit
scheme could have with respect to its explicit counterpart. A common tech-

nique to overcome this difficulty is to linearize the numerical scheme, that is



to find an approximation of RH S, <{Wj"+1 }jeB_> in the form:

RH&({WJml}jEB) ~ RHSI({W/'JTL}jEBi> S AW, (.4)

JEB;
where A”(-) = (-)""' — ()" and D}}; are matrices depending on the solution
in a neighboring of V; at time t", i.e. D}; = D;; <{VVl”}jeBA>.
Using this approximation, the following linear system must be solved at

each time step:

o S pparw; = rES (W), ) (3.15)
JjE€B;

The implicit linearized scheme is completely determined once a suitable def-

inition for the matrices D;’ is given. If the right hand side is differentiable,

a common choice is to use the Jacobian matrices, hence:

ORHS, ({ W’l”}jeBi)
oW

D} ~ (3.16)
Nevertheless, it is not always possible nor convenient to exactly compute the
Jacobian matrices. This problem has been solved herein through the use of
the automatic differentiation software Tapenade [20]. The operational prin-
ciple of an automatic differentiation software is as follows: given the source
code of a routine which computes the function y = F(z), the automatic
differentiation software generates a new source code which compute the ana-
lytical derivative of the original program. In practice, each time the original
program performs some operation, the differentiated program performs ad-
ditional operations dealing with the differential values. For example, if the
original program at some time executes the following instruction on variables
a, b, c

a=b-c (3.17)

then the differentiated program computes also the differentials da, db, dc of



these variables [35]:
da=db-c+0b-dc (3.18)

Through an automatic differentiation software it is possible to quickly imple-
ment an implicit linearized scheme of the form (3.15), once a routine which
computes the explicit flux function is available. As a consequence using an
automatic differentiation tool, starting from a first-order explicit method, it
is possible to automatically compute the matrices D;; and then implement

the linearized implicit method (3.15) without additional modifications.

3.4.2 Second-order DeC scheme

A second-order implicit scheme can be obtained from its explicit counterpart
using the same approach described for the first-order scheme in the previ-
ous subsection. Therefore the second-order fully implicit approach could be

written as follows:

(]

nt1/2 n n+1/2 _ n
W At RHSQ({Wj }j65i> =W (3.19)

Wt - %At”RHS&({WJT‘H}jGBi) _ Wy
The application of this method would require the solution of two non linear
systems of equations at each time step, thus dramatically increasing the
computational costs with respect to the explicit version.

An alternative approach, generally more efficient in terms of computa-
tional costs, is to use a second-order backward differentiation formula in

time:

(1+2r)WH — (14 7)2 W) + 72w, !
Al + 71

- RHS?({WJTLH}]‘GB) =0
(3.20)

At
An—lg-

RHSQ({WJ“l}jGB_> must be carried out in order to avoid the solution of

a nonlinear system at each time step. Clearly, the same approach as for the

where 7 = Similarly to the first-order case, a linearization of

first-order scheme could be considered, that is to approximate



RS, ({W7*},_, ) in the form:

RHSQ({WJW}],E&) ~ RH52<{W" j€B> S oDy, AW (3.21)

]GB

However, the linearization for the second-order accurate fluxes and the solu-
tion of the resulting linear system imply significant computational costs and
memory requirements. This is a consequence of the more complex expres-
sion of the second-order scheme with respect to its first-order counterpart
(compare (3.5) with (3.10)) and, in particular, of the larger stencil of the
second-order flux function (by considering an uniform triangular grid, 7 and
19 nodes are involved for the first- and the second-order approaches respec-
tively). In order to reduce the computational costs, an alternative approach,
considered in this work, is to use a defect-correction technique (DeC) [39).
This method consists in iteratively solving simpler problems obtained by
considering the same linearization used for the first-order scheme. The DeC

iterations write as follows, the unknowns being A*W:

WO - Wn
LIAW; — ZjeN CDSAW; =C5 s=0,.,r— 1 (3.22)
Wntl — Wr = ZT 1 ASW

in which:

Dj; = Dj <{Wis}l63i)

s (QF2n)Wi—(147)2Wrr2w, ! s
*Ci = ( Art(1+7) ) + RHS, ({WJ }j63i>

(3.23)

D;; being the matrices of the approximation (3.14) computed, here, through
automatic differentiation; r is typically chosen between 1 and 3. Indeed, it
can be shown [32]| that only one DeC iteration is theoretically needed to
reach a second-order accuracy, while few additional iterations (one or two)

can improve the robustness.



3.5 CFL condition

The time interval At is defined by using the Courant Friedrichs Lewy (CFL)
condition.When explicit time-marching schemes are used low values of CFL
must be used to ensure numerical stability. On the other hand, implicit time-
advancing is stable for much larger values of CFL; therefore, longer time steps
can be used. Neverthless, a too large At could deteriorate the accuracy of the
results. Therefore, it must be checked that the chosen At is small enough to
well resolve all the relevant flow time scales. For 1D case, the CFL number

is defined as follows:
)\maxét

ox

where A4, is the maximum value of the eigenvalues of the Roe Matriz.

CFL =

(3.24)

As for a two dimensional more general point of view, the CFL condition

can be expressed with the following:

[TIWAN n uy At

FL =
¢ Ax Ax

(3.25)

where u, and u, are the velocity components in the x and the y directions

respectively.



Chapter 4

Numerical experiments

The purpose of the next chapters is to investigate how the accuracy limitation
on the implicit time step depends on the Froude number: in particular,
it will be shown how the relation between the parameter A,, involved in
the considered sediment flux models, and the CFL condition is affected by
varying the Froude value into two ways. To introduce this analysis, a well-

known benchmark is used first, which is described in Sec. 3.1.

4.1 Presentation of the 1D Problem

A 1D problem is considered; it is a sediment transport problem in a channel
of length 1 = 1000 m with a non-constant bottom profile. The initial bottom
topography, in the case of F'r; =0.1, is given by the hump shape function in
the following:

;

Z(0,x) = O Sinz(%%%o)ﬂ> if 300 <z <500

0-1 elsewhere @)
h(0,z) = 10 — Z(0, x)
\u((),a:) = h(%](,)x)

in which all variables are in SI units.

Two different grids are used for the simulations: GRD1, composed by
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100 elements and GRD2, composed by 250 elements. The Grass and the
MPM models are used. Concerning the Grass model four different values
of A, (see Grass equation 2.15) are considered, viz. 0.001, 0.01, 0.1 and 1,
which correspond to different speed of interaction between the flow and the
bedload and, as a consequence, to different time scales of evolution of the
bottom topography.

The first value correspond to a weak interation, the last to a strong one,
while the other values to intermediate conditions. Then, for the MPM model,
in order to be compared to the Grass model, the values of A have been chosen
equal to the ones of A,, while for each A (see MPM equation 2.25), three
different values of the critical velocity are used, namely uw = 1.02, 1.04 and
1.06 m/s. Indeed, empirical values usually adopted in the literature for the
different quantities involved in the computation of @ lead to w ~ 1.04 m/s.
Note that also A, and A are functions of different physical quantities, which
are usually assigned empirically depending on the problem of interest, as e.g.
rocky rivers, sandy bottom. Not all the values adopted herein correspond to
a realistic situation, but they have been considered in order to appraise the
efficiency of implicit time advancing for varying characteristic time scales
for the bedload evolution. The simulations are advanced in time until an
almost steady state is reached; clearly this implies longer times for problems
involving lower values of A, and A, as shown in table 4.1. All the results and
computational times shown in the following are at the final instant of each

simulation.

A, 1 0.1 0.01 0.001
Simulation time | 700 | 7000 | 50000 | 500000

Table 4.1: Final simulation time (seconds) for the considered values of 4,



4.1.1 Comparison between the solutions obtained with

different sediment transport models

The numerical solutions obtained with the two models are reported in the
figures 4.1-4.8. For brevity, not all the simulations are reported, in partic-
ular we show only these with a threshold velocity of u = 1.04 m/s for the
MPM model. From these plots it clearly appears that the choice of the solid
transport discharge model has a strong effect on the solution. Due to the
threshold on the motion inception, the bottom shape is less regular for the
MPM model than the one obtained for the Grass ones. The general behavior
in the model comparison does not depend on the grid resolution or on the
variation of the speed of interaction between the bedload and water flow.
The solutions computed with the implicit schemes, considering an ade-
quate CFL value depending on the speed of interaction between the flow and
the bedload are pratically overlapping the ones obtained with the explicit

time advancing at CF'L = 0.8 for all morphodynamic models.

4.1.2 Explicit vs. implicit time-advancing schemes

The use of an implicit time-advancing allows to avoid the time step limita-
tions due to CFL conditions typical of explicit schemes. Nevertheless, the
accuracy of the results of implicit simulations deteriorates if the time step
is too large. In a precedent study [6], a first analysis has been carried out
for the Grass model showing that the CFL number up to which the implicit
solution is not deteriorated depends on the speed of interaction between bed-
load and water flow. More precisely, the CFL limit for implicit computations

was found to be roughly inversely proportional to the parameter A,

1
CFL ~— 4.2
i (42)
For instance, for both first and second order accuracy, an implicit solution
coinciding with the explicit one is obtained up to CFL = 1000 for the slow
speed interaction (i.e. A, = 0.001). An addictional gain of efficiency can be

obtained considering CFL values one order of magnitude larger and 3 DeC



iterations instead of only one (see the figures below).

10
CFL~ (4.3)

g

Consequently, the implicit time-advancing appears very attractive in terms

of computational costs with respect to the explicit one for weak and inter-

mediate interactions.
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Figure 4.1: Explicit and implicit solutions for the evolution of the bottom
and the velocity profiles for Grass model for A, = 0.001
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Figure 4.2: Explicit and implicit solutions for Grass model for the evolution
of the bottom and the velocity profiles for A, = 0.01
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Figure 4.3: Explicit and implicit solutions for Grass mode for the evolution
of the bottom and the velocity profilesl for A; — 0.1
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Figure 4.4: Explicit and implicit solutions for Grass model for the evolution
of the bottom and the velocity profiles for A, = 1



Concerning the simulations with the MPM model, the following figures
report some explicit and implicit solutions. It has been found (see [14]) that
for any choice of tested u value, as well for the less refined grid, the maximum
CFL number allowed to obtain an accurate solution is one order of magnitude

larger for the MPM model than for to Grass one.

10

CFL ~ A_g (4.4)
As previously done for the Grass model, a possible way to try to improve the
solution accuracy for large values of the time step can be to consider addi-
tional DeC iterations in the implicit numerical formulation. It appears that
1 additional DeC iteration is not enough to stabilize the solution with the
presence of additional fluctuations. Conversely, the useof 2 or 3 additional
DeC iterations gives a rather satisactory solution. Thus, the advantages of
using an implicit approach appear even increased for this model but the use

of additional DeC iterations does not further improve the performances.
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Figure 4.5: Explicit and implicit solutions for MPM model for the evolution
of the bottom and the velocity profiles for A, = 0.001
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Figure 4.6: Explicit and implicit solutions for MPM model for the evolution

of the bottom and the velocity profiles for A, = 0.01
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Figure 4.7: Explicit and implicit solutions for MPM model for the evolution
of the bottom and the velocity profiles for A, = 0.1
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Figure 4.8: Explicit and implicit solutions for MPM model for the evolution
of the bottom and the velocity profiles for A, = 1



Texp/Timp

Summarizing, the efficiency of implicit time advancing seems not to be
affected by the model used for solid discharge fluxes; rather, the largest gains
in computational time have been obtained for the MPM model, which is the

most complex and contains a threshold, as shown in the following two figures.

MPM DeC=1
— A~ GRASS DeC=:
— ©— GRASSDeC=1 4

5000

MPM
4000 — A— GRAS

Texp/Timp

Ag Ag

Figure 4.9: Time computational ratios between the explicit and implicit
solutions for the Grass and the MPM models at first and second order

4.2 Varying the Froude number

In order to provide a quantification of how the accuracy limitation on the
implicit time step depends on another scale characterizing morphodynamic
problems, i.e. that related to the shallow water dynamics, different values
of the Froude number at the inlet have been analyzed int this way. Two
different approaches are used for changing the Froude number, since it is

given by the following expression:

u

Voh

The two parameters we focused on are the velocity v and the height h of

Fr =

the flow, so we modified the Froude number varying these one of these two
quantities, and then we compared the following results. The results are shown

and discussed in chapters 5 and 6.



Chapter 5

Variation of the Froude

number by acting on u

First, the inlet velocity was modified for varying the Froude number from
Fr; = 0.1 to Fr; = 0.7, increasing by steps of 0.1. The computational
domain has been enlarged to —1000 < z < 3000 in order to well describe the
evolution of the bottom. Because of this, the previously refined grid made
by 250 cells has become a coarse one: the Az of each cell has changed from
4 to 16. Therefore a more refined grid of 500 cells has been used.

At increasing values of the Froude number at the inlet, the simulation time
for each simulation was reduced in order to observe significant variations of
the bed profile, being far enough from the edge of the computational domain.
An empirical law was used to have a guess of the duration of the simulation:
since in the Grass model the sediment transport flux is given by A,u®, we
can expect that the variation of the simulation time is proportional to such
an order. For example, in the case of Froude number equal to 0.3, the
corresponding simulation times were obtained from those at Fr; = 0.1 and
then divided by 27, since (0.3/0.1)® = 27. Tab.5.1 contains all the simulations

times for varying F'r; and Aj.
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A;=0.001]A4,=001]A;,=01] A4,=1
Froude; = 0.1 500000 50000 7000 700
Froude; = 0.2 62500 6250 875 87.5
Froude; = 0.3 18518 1852 260 50
Froude; = 0.4 7812.5 782 120 30
Froude; = 0.5 4000 400 &0 25
Froude; = 0.6 2500 250 70 20
Froude; = 0.7 1460 146 45 15

Table 5.1: Final simulation times (seconds) at varying Froude numbers

5.1 Efficiency comparison

As said before for the F'r; = 0.1 case, for all the values of Ay, implicit and
explicit solutions give pratically identical results, provided that the implicit
time step remains smaller than a given threshold. The dependency on A, of

the accuracy limitation on the implicit CFL at F'r; = 0.1 was found to be:

CFL = 1 for DeC=1 while CFL = 10 for DeC=3  (5.1)
Ay Ay

At increasing values of the Froude number, the relation between CFL and
Ay is no more simply inversely linear, since for the accuracy of the implicit so-
lutions lower values of the CFL number have to be used. In order to establish
the maximum value of CFL for the implicit solution giving reasonable results,
we distinguished the solutions evaluating the maximum of the absolute value
of the error and the mean-square error with respect to the explicit solution.
The errors are made nondimensional by using the maximum value of the
initial bed load profile and the inlet velocity. We accepted solutions with a
mean-square error lower than the 1% and a maximum of the absolute value
of the error smaller than the 10% for the evolution of the bottom profile, and
values lower than 0.3% and 3% respectively for the evolution of the velocity
one. At the end of these simulations, other empyrical relations between the
CFL number and A, were found at each F'r;, and they are shown in Tab.A.
Obviously, lower values than 1 of the CFL are not convenient for an implicit

solution, so once it is reached the efficiency of the implicit solution can be
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no longer improved and therefore the errors with respect to the explicit one

could exceed the boundaries defined.

Table A: CFL dependency on A, at varying Froude number




5.2 Froude = 0.2

Figures 5.1-5.4 show the simulations computed at Froude = 0.2 for the bot-
tom and the velocity profiles. The matching of the implicit solutions with
the corrispondent explicit ones is really good provided that the CFL values
for the implicit time advancing remains under some limits, which depend on
Ay, as it is reported in the figures and it will be discussed in the following.
The form of the profiles is very similar to that obtained at Froude = 0.1, in
particular it is possible to notice how the variation of velocity become smaller
as the interaction between the bedload and the flow is faster. Simulations
obtained with the more refined grid of 500 cells are also shown (Figs 5.5-5.8):
there is of course a slight modification of the profiles, but no significant differ-
ences in terms of CFL values and time computational ratios are obtained, so
for the other values of the Froude number these simulations will be omitted

for brevity.
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Figure 5.1: Bottom and velocity profiles for Grass model for A, = 0.001 using
a grid made by 250 cells at Froude = 0.2
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Figure 5.2: Bottom and velocity profiles for Grass model for A, = 0.01 using
a grid made by 250 cells at Froude = 0.2
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Figure 5.3: Bottom and velocity profiles for Grass model for A, = 0.1 using
a grid made by 250 cells at Froude = 0.2
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Figure 5.4: Bottom and velocity profiles for Grass model for A; = 1 using a
grid made by 250 cells at Froude = 0.2



Velocity Ag=0.001 GRD500

Bottom Ag=0.001 GRD500
T T T T . T T 2.25 T T T T T T T
Exp ord1
Imp ord1 CFL = 100
1k 7 4 22t —-— Expord2 4
z *  Imp ord2 CFL = 1000 DeC =3
*
j | Ed
* Exp ordl
08r & O Imp ord1 CFL = 100
—— Expord2
3 Imp ord2 CFL = 1000 DeC =3 g
£ B °
a s

0 1.95

400 500 600 700 800 900 1000 1100 1200 400 500 600 700 800 900 1000 1100 1200

X

Figure 5.5: Bottom and velocity profiles for Grass model for A, = 0.001 using
a grid made by 500 cells at Froude = 0.2
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Figure 5.6: Bottom and velocity profiles for Grass model for A, = 0.01 using
a grid made by 500 cells at Froude = 0.2
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Figure 5.7: Bottom and velocity profiles for Grass model for A, = 0.1 using
a grid made by 500 cells at Froude = 0.2
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Figure 5.8: Explicit and implicit solutions for the evolution of the bottom
and the velocity profiles for Grass model for A; — 1 using a grid made by
500 cells at Froude = 0.2

5.3 Froude = 0.3

Figures 5.9-5.12 show the simulations computed at Froude = 0.3 for the
bottom and the velocity profiles. The matching of the implicit solutions with
the corrispondent explicit ones is really good provided that the CFL values
for the implicit time advancing remains under some limits, which depend on
Ag. In particular, the roughly inversely proportional dependency of CFL on
A, is no longer valid, but it has been decreased of one order of magnitude,
and no significant improvement is achieved by using more DeC iterations.
Besides, clear fluctuations are visible at A, — 1: as said before, lower values
than 1 of CFL are not taken into consideration so at this point differences
with the explicit solution starts to be noticeable, especially for the velocity
profiles. Simulations obtained with the more refined grid of 500 cells are not

reported for brevity.
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Figure 5.9: Bottom and velocity profiles for Grass model for A, = 0.001 using
a grid made by 250 cells at Froude = 0.3
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Figure 5.10: Bottom and velocity profiles for Grass model for A; = 0.01 using
a grid made by 250 cells at Froude = 0.3

Velocity Ag=0.1 GRD250

Bottom Ag=0.1 GRD250

Exp ordl
O Impordl CFL=1
1 3251 —-— Expord2 4
* Impord2 CFL = 1 DeC=1
Exp ord1 321 4
Imp ordl1 CFL=1
Exp ord2
£ Imp ord2 CFL = 1 DeC=1 2315 4t
S z J
£ - ] N
8 ° !
> 3af ¥ ¥ 1
|

L L L L L 2.95 i
400 500 600 700 800 900 1000 1100 1200 400 500 600 700 800 900 1000 1100 1200

X

Figure 5.11: Bottom and velocity profiles for Grass model for A, = 0.1 using
a grid made by 250 cells at Froude = 0.3
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Figure 5.12: Bottom and velocity profiles for Grass model for A, = 1 using
a grid made by 250 cells at Froude = 0.3

5.4 Froude = 0.4

Figures 5.13-5.16 show the simulations computed at Froude = 0.4 for the
bottom and the velocity profiles. Again, the matching of the implicit solu-
tions with the corrispondent explicit ones is really good but in this case the
maximum CFL allowed for the implicit solution is 10 for A, — 0.001, while
one order of magnitude is gained when using 3 DeC iterations. Besides, clear
fluctuations are visible at A, = 1: as said before, lower values than 1 of
CFL are not taken into consideration so at this point differences with the
explicit solution starts to be noticeable, especially for the velocity profiles.
Simulations obtained with the more refined grid of 500 cells are not reported

for brevity
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Figure 5.13: Bottom and velocity profiles for Grass model for A, = 0.001
using a grid made by 250 cells at Froude = 0.4
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Figure 5.14: Bottom and velocity profiles for Grass model for A, = 0.01 using
a grid made by 250 cells at Froude = 0.4
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Figure 5.15: Bottom and velocity profiles for Grass model for A, = 0.1 using
a grid made by 250 cells at Froude = 0.4
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Figure 5.16: Bottom and velocity profiles for Grass model for A, = 1 using
a grid made by 250 cells at Froude = 0.4

5.5 Froude = 0.5

Figures 5.17-5.20 show the simulations computed at Froude = 0.5 for the
bottom and the velocity profiles. The behavior shown by the implicit soul-
tions is very similar to that noticeable for Froude = 0.4, since the maximum
CFL allowable is equal to 10 for A, — 0.001 at first and second order, but
it is possible to reach a value of 100 for the CFL condition by using 3 DeC
iterations. Besides, clear fluctuations are still visible at A, = 1 but there
is no further deterioration of that seen for the same simulations carried out
for the previous value of the Froude number. Simulations obtained with the

more refined grid of 500 cells are not reported for brevity.

Bottom Ag=0.001 GRD250

Exp ordl

O Impordl CFL =10
1F —— Exp ord2
*  Imp ord2 CFL = 10 DeC=1

400 500 600 700 800 900 1000
X

1100

1200

Velocity

55

5.4

bl
w

o
N

51

4.9
4

Velocity Ag=0.001 GRD250

o

*

Exp ordl

Imp ordl CFL = 10

Exp ord2

Imp ord2 CFL = 10 DeC=1

00 500 600 700 800 900 1000

X

Figure 5.17: Bottom and velocity profiles for Grass model for A,
using a grid made by 250 cells at Froude = 0.5
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Figure 5.18: Bottom and velocity profiles for Grass model for A,
a grid made by 250 cells at Froude = 0.5
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Figure 5.19: Bottom and velocity profiles for Grass model for A, = 0.1 using

a grid made by 250 cells at Froude = 0.5

= 0.01 using



Bottom Ag=1 GRD250 Velocity Ag=1 GRD250

Exp ordl
4.99 O ImpordlCFL=1
1+ ‘f%ﬁ 4 —— Expord2
X 4.98 *  Impord2 CFL = 1 DeC=1

Exp ord1

»
©
N

0.8- ( O ImpordlCFL=1
—— Expord2
Imp ord2 CFL = 1 DeC=1

»
©
3

Velocity
IS
©
&

4.941

0 L L L L L L L L + 49 L L L L L L L L L
100 200 300 400 500 600 700 800 900 1000 1100 100 200 300 400 500 600 700 800 900 1000 1100
X X

Figure 5.20: Bottom and velocity profiles for Grass model for A, = 1 using
a grid made by 250 cells at Froude = 0.5

5.6 Froude = 0.6

Figures 5.21-5.24 show the simulations computed at Froude = 0.6 for the
bottom and the velocity profiles. The matching of the implicit solutions
with the corrispondent explicit ones is good provided that the CFL values
for the implicit time advancing remains under some limits: in this case, the
use of 1 or 3 DeC iterations does not affect the maximum CFL allowable,
so a maximum value of 10 is used for implicit solutions at A, = 0.001, then
the limited value of 1 has been set. The fluctuations are still visible at A, =
1 and, again, especially for the velocity profiles. Simulations obtained with

the more refined grid of 500 cells are not reported for brevity.
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Figure 5.21: Bottom and velocity profiles for Grass model for A, = 0.001
using a grid made by 250 cells at Froude = 0.6
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Figure 5.22: Bottom and velocity profiles for Grass model for A; = 0.01 using
a grid made by 250 cells at Froude = 0.6
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Figure 5.23: Bottom and velocity profiles for Grass model for A, = 0.1 using
a grid made by 250 cells at Froude = 0.6
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Figure 5.24: Bottom and velocity profiles for Grass model for A, = 1 using
a grid made by 250 cells at Froude = 0.6

5.7 Froude = 0.7

Finally, figures 5.25-5.28 show the simulations computed at Froude = 0.7
for the bottom and the velocity profiles. In this case, the maximum CFL
allowable for implcit solutions is reduced to 1 at first and at second order
when using 1 DeC iteration, and therefore the computational costs for the
implicit solutions exceed those of the corresponding explicit ones for every
value of A,. Just by using 3 DeC iterations it is possbile to gain one order
of magnitude for A, — 1 and this allows an equality of the computational
costs of the explicit and the implicit solutions for this value of the speed of
interaction. Fluctuations are still visible at A; = 1 and, again, especially for
the velocity profiles. Simulations obtained with the more refined grid of 500

cells are not reported for brevity.
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Figure 5.25: Bottom and velocity profiles for Grass model for A, = 0.001

using a grid made by 250 cells at Froude = 0.7
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Figure 5.26: Bottom and velocity profiles for Grass model for A, = 0.01 using

a grid made by 250 cells at Froude = 0.7
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Figure 5.27: Bottom and velocity profiles for Grass model for A, = 0.1 using

a grid made by 250 cells at Froude = 0.7



Bottom Ag=1 GRD250 Velocity Ag=1 GRD250

Exp ordl
O ImpordlCFL=1
%F*\ ] 6.94 1 —-— Exp ord2
4( *  Impord2 CFL = 1 DeC=1

Exp ord1
O ImpordlCFL=1
—— Expord2
%  Imp ord2 CFL = 1 DeC=1

Velocity

6.88

Figure 5.28: Bottom and velocity profiles for Grass model for A, = 1 using
a grid made by 250 cells at Froude = 0.7

5.8 Concluding annotations

In a first analysis of the maximum CFL allowed by the soution accuracy for
implicit time advancing, the CFL has been decreased of steps equals to 10.
Succedely, a more refined investigation on the CFL number was made for
those simulations where the explicit solution was found to be more conve-
nient. Given the computational time requested by a specific explicit simula-
tion, the corrispondent implicit solution with the similar computational cost
was analyzed in order to understand if this one was acceptable and therefore
if the CFL number could be raised to higher values. In other words, the
CFL has been decreased of steps equals to 1 than to 10 in order to better
appreciate the convenience of implicit solutions. However, this more refined
research have not led results in this case.

As expected, at increasing Froude number the allowable value of CFL
becomes smaller; using 3 DeC instead of 1 it is possible to increase the value
of CFL of one order of magnitude, but not in all cases, since, as shown in the
table, for F'r; = 0.3 and F'r; = 0.6 there is no significant improvement when
using more DeC iterations.

These simulations show another important feature: at increasing values
of the Froude number, the computational time ratio between explicit and
implicit time advancing moves quickly towards values smaller than 1, i.e.

explicit solutions are less expensive than implicit ones. This trend is more



evident at first order, where, except for F'r = 0.1, explicit solutions are faster
for the large part of the types of interaction between bed load and water flow.

At second order this evidence is mitigated, as shown in the following images.
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A, =000l | A, =001 A, =01] A, =1
Froude; = 0.1 200 10 >1 1
Froude; = 0.2 6.63 0.672 0.07 0.1
Froude; = 0.3 6.51 0.675 0.086 0.2
Froude; = 0.4 1 0.1 0.1 0.1
Froude; = 0.5 0.716 0.08 0.096 0.182
Froude; = 0.6 0.718 0.083 0.1 0.167
Froude; = 0.7 0.1 0.1 0.1 0.1

Table 5.2: Time computational ratios between explicit and implicit time
advancing at first order

A;=0.001]A4,=001|A,=01] A4,=1
Froude; = 0.1 1400 200 >1 1
Froude; = 0.2 48.9 4.85 1.42 1
Froude; = 0.3 14.64 1.43 0.5 0.3
Froude; = 0.4 7.5 1 0.25 0.2
Froude; = 0.5 5.1 0.5 0.067 0.095
Froude; = 0.6 1.56 0.15 0.178 0.262
Froude; = 0.7 1 0.1 0.1 0.1

Table 5.3: Time computational ratios between explicit and implicit time
advancing at second order



Chapter 6

Variation of the Froude

number by acting on h

6.1 Simulations for the Grass model

With this second approach, the Froude number has been changed by modify-
ing the height of the flow. However, it has not been reduced too much, since
a strong reduction of h entails a big decrase of the dimensions of the bed
profile as well and then the test case could not be of physycal interest. That
is why the initial Froude number has been increased up to the value of 0.4,
by steps of 0.1 as before. The computational domain has been enlarged as
in the previous case. The total simulation time of every simulation has been
modified even in this case, but since the inlet velocity has not been changed,

a linear way has been used for decreasing it, as shown in the following table.

A, —0.001 [A, =001 [A, =01 A, =1
Froude; = 0.1 | 500000 50000 7000 700
Froude; = 0.2 | 250000 25000 3500 350
Froude; = 0.3 | 167000 16700 2340 234
Froude; = 0.4 | 125000 12500 1750 175

Table 6.1: Final simulation times (seconds) at varying Froude numbers
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6.2 Efficiency comparison

As before, at increasing values of the Froude number, the relation between
CFL and A, is no more simply inversely linear, since for the accuracy of
the implicit solutions lower values of the CFL number have to be used. In
order to establish the maximum value of CFL for the implicit solution giving
reasonable results, we distinguished the solutions evaluating the maximum of
the absolute value of the error and the mean-square error with respect to the
explicit solution. The errors are made nondimensional by using the maximum
value of the initial bed load profile and the inlet velocity. We accepted
solutions with a mean-square error lower than the 1% and a maximum of
the absolute value of the error smaller than the 10% for the evolution of
the bottom profile, and values lower than 0.3% and 3% respectively for the
evolution of the velocity one. At the end of these simulations, other empyrical
relations between the CFL number and A, were found at each F'r;, and they
are shown in the following table. Obviously, lower values than 1 of the CFL
are not convenient for an implicit solution, so once it is reached the efficiency
of the implicit solution can be no longer improved and therefore the errors
with respect to the explicit one could exceed the boundaries defined. This
procedure has been applied for both of the models used with this approach;
the new empyrical relations found from the simulations for the Grass model

are contained in table B.



X pio pug € = 02d 70 = "4Ad
pIo pug T =020 V0= "4q
X PI0 IST 7°0 = "]
X pIo pug € = 027 €0 = "4q
X pI0 puzg T =021 €0 = "44q
X PI0 38T €0 = "
pIo pug € = 02(q ¢'0 = "4d
X pI0 puz T =021 ¢0="4d
PI0IST  T0 = *4d
pio pug ¢ = 027 T'0= "4d
PIO puz T =021 T'0="4d

pIo 9T

10 = "4

2
<

o =TdD

i

e}
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6.3 Froude = 0.2

Figures 6.1-6.4 show the simulations computed at Froude = 0.2 for the bot-
tom and the velocity profiles. Making a comparison with the simulations
carried out with the same Froude number in the chapter before, a good
matching of the implicit solutions with the corrispondent explicit ones is ob-
tained using one order of magnitude larger for CFL values at first order, and
this enables greater time computational ratios for this case, as it can seen in
the table for the first order at the end of the section for the Grass model.
Instead, for the second order the situation has not been changed. Besides,
even at high values of A, no significant fluctuations are noticeable. Simula-

tions obtained with the more refined grid of 500 cells are omitted for brevity.
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Figure 6.1: Bottom and velocity profiles for Grass model for A; = 0.001 using
a grid made by 250 cells at Froude = 0.2
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Figure 6.2: Bottom and velocity profiles for Grass model for A, = 0.01 using
a grid made by 250 cells at Froude = 0.2
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Figure 6.3: Bottom and velocity profiles for Grass model for A, = 0.1 using
a grid made by 250 cells at Froude = 0.2
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Figure 6.4: Bottom and velocity profiles for Grass model for A; = 1 using a
grid made by 250 cells at Froude = 0.2



6.4 Froude = 0.3

Figures 6.5-6.8 show the simulations computed at Froude = 0.3 for the bot-
tom and the velocity profiles. Looking at what has been found for the same
Froude number in the chapter before, the accuracy of the implicit solutions
with respect to the corrispondent explicit ones is obtained using the same
values of CFL both at the first order and at the second one, so it can be
seen how also in this case the maximum CFL allowable is one order of mag-
nitude lower than to the one used for Froude = 0.1. As before, even at high
values of A, no significant fluctuations are noticeable, instead of what has
been seen for the corresponding case in the previous chapter. Simulations

obtained with the more refined grid of 500 cells are omitted for brevity.
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Figure 6.5: Bottom and velocity profiles for Grass model for A; = 0.001 using
a grid made by 250 cells at Froude = 0.3
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Figure 6.6: Bottom and velocity profiles for Grass model for A, = 0.01 using

a grid made by 250 cells at Froude = 0.3
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Figure 6.7: Bottom and velocity profiles for Grass model for A, = 0.1 using
a grid made by 250 cells at Froude = 0.3
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Figure 6.8: Bottom and velocity profiles for Grass model for A; = 1 using a

grid made by 250 cells at Froude = 0.3



6.5 Froude = 0.4

Figures 6.9-6.12 show the simulations computed at Froude = 0.4 for the
bottom and the velocity profiles. As for the case of Froude = 0.2, if we make
a comparison with the corresponding case in the previous chapter, one order
of magnitude larger for the CFL value has been used for implicit simulations
at first order, while the second one shows the same behavior. Also, even for
this Froude number the bottom and, especially, the velocity profiles looks
much more stable at high values of A, than the corresponding case in the
previous chapter. Simulations obtained with the more refined grid of 500

cells are omitted for brevity.
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Figure 6.9: Bottom and velocity profiles for Grass model for A; — 0.001 using
a grid made by 250 cells at Froude = 0.4
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a grid made by 250 cells at Froude = 0.4
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6.6 Concluding annotations

As done in the previous chapter, after a first analysis of the maximum CFL
allowed where it has been decreased of steps equals to 10, a more refined
investigation on the CFL number was made for those simulations where the
explicit solution was found to be more convenient, by decreasing the CFL
values of steps equals to 1 instead of 10. However, also in this case this more
refined research have not led results since an unaccetable loss of accuracy has
been found each time the CFL number has been increased even slightly.

As said before, at increasing Froude number the allowable value of CFL
becomes smaller but making a comparison with the same Froude numbers
of the last chapter, at first order a better behavior, in terms of maximum
CFL allowed, is shown, while in the second order no particular differences are
noticeable with respect to the corresponding cases of the previous analysis.

So these simulations confirm the trend shown before: at increasing values
of the Froude number, the computational time ratio between explicit and
implicit time advancing moves quickly towards values smaller than 1, i.e.
explicit solutions are less expensive than implicit ones. This is more evident
at first order, where, except for F'r = 0.1, explicit solutions are faster for the
large part of the types of interaction between bed load and water flow. At

second order this evidence is mitigated, as shown in the following images.
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Figure 6.13: 1%*-order Figure 6.14: 2°-order



A;=0.001]A4,=001]A;,=01] A4,=1
Froude; = 0.1 200 10 >1 1
Froude; = 0.2 65.3 6.5 0.68 0.32
Froude; = 0.3 11.2 0.67 0.08 0.14
Froude; = 0.4 6.6 0.67 0.08 0.13

Table 6.2: Time computational ratios between explicit and implicit time
advancing at first order

A, =0.001]A4,=001]A,=01] A4,=1
Froude; = 0.1 1400 200 >1 1
Froude; = 0.2 49.2 4.9 0.49 0.66
Froude; = 0.3 14.82 1.49 0.173 0.26
Froude; = 0.4 4.9 0.49 0.178 0.26

Table 6.3: Time computational ratios between explicit and implicit time
advancing at second order



6.7 Simulations for the MPM model: efficiency

accuracy

What has been done for the Grass model is now applied to the MPM one,
since by varying h for increasing the Froude number the threshold condition
on the velocity is preserved. At increasing values of the Froude number, for
the accuracy of the implicit solutions lower values of the CFL number have to
be used and so the previous dependency of CFL on Ay found for this model
at Froude = 0.1 is not valid anymore. As before, in order to establish the
maximum value of CFL for the implicit solution giving reasonable results,
we distinguished the solutions evaluating the maximum of the absolute value
of the error and the mean-square error with respect to the explicit solution.
The errors are made nondimensional by using the maximum value of the
initial bed load profile and the inlet velocity. We accepted solutions with a
mean-square error lower than the 1% and a maximum of the absolute value
of the error smaller than the 10% for the evolution of the bottom profile, and
values lower than 0.3% and 3% respectively for the evolution of the velocity
one. At the end of these simulations, other empyrical relations between the
CFL number and A, were found at each F'r;, and they are shown in the table
C. Once the CFL reaches a value of 1, it is useless to use implicit simulations
with lower values for this condition from the point of view of computational

costs.



plo pug ¢ = D2d V0 ="'4d
plo pug [ = 02d V0 ="4d
PI0 38T §°(0 = "4
X plo pug ¢ = Dod €0 =‘'4d
plo pug [ = D2d €0 ="4d
X PI0 IST €°0 = "4
X plo pug ¢ = D2d T0="4d
X plo pug [ =020 0 ="4d
X PI0IST g0 = "4]
plo pug ¢ = D2d 10 ="4d
plo pug [ = D2d 10 ="*4d

pIo 9T

10 = "4

2
<

o =TdD

L =740

i

e}

Table C: CFL dependency on A, at varying Froude number



6.8 Froude = 0.2

Figures 6.15-6.18 show the simulations computed at Froude = 0.2 for the
bottom and the velocity profiles. The matching of the implicit solutions
with the corrispondent explicit ones is really good provided that the CFL
values for the implicit time advancing remains under some limits, which
depend on A,, as it is reported in the figures and it will be discussed in the
following. As happened for the Grass model, lower values for the maximum
CFL allowed have to be used in order to reach a satisfying accuracy for the
implicit solutions: in this particular case, both at the first and at the second
order, an inversely proportional dependency of the CFL on A, is recovered,
with no changes when using one or more DeC iterations The form of the
profiles is very similar to that obtained at Froude = 0.1, in particular it
is possible to notice how the variation of velocity become smaller as the
interaction between the bedload and the flow is faster. Simulations obtained

with the more refined grid of 500 cells are omitted for brevity.
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Figure 6.15: Bottom and velocity profiles for MPM model for A, = 0.001
using a grid made by 250 cells at Froude = 0.2
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Figure 6.16: Bottom and velocity profiles for MPM model for A, = 0.01

using a grid made by 250 cells at Froude = 0.2
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Figure 6.17: Bottom and velocity profiles for MPM model for A, = 0.1 using
a grid made by 250 cells at Froude = 0.2
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Figure 6.18: Bottom and velocity profiles for MPM model for A; = 1 using
a grid made by 250 cells at Froude = 0.2



6.9 Froude = 0.3

Figures 6.19-6.22 show the simulations computed at Froude = 0.3 for the
bottom and the velocity profiles. In this case, an important feature can be
noticed. For Froude numbers equal to 0.1 and 0.2, the use of more DeC
iterations was basically useless in achieving higher values of the CFL allowed
for the implicit simulations. Now it appears from these figures than the use
of 3 DeC iterations enables to mantain the same order of magnitude for the
CFL values of the previous subsection, while using just 1 DeC iteration lower
values have to be used. The first order, instead, shows the same behavior of
that seen for the previous Froude number. As for the corresponding case for
the Grass model but in the previous chapter, at high values of A, significant
fluctuations of the simulations start to be noticeable. Simulations obtained

with the more refined grid of 500 cells are omitted for brevity.
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Figure 6.19: Bottom and velocity profiles for MPM model for A, = 0.001
using a grid made by 250 cells at Froude = 0.3
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Figure 6.20: Bottom and velocity profiles for MPM model for A, = 0.01
using a grid made by 250 cells at Froude = 0.3
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Figure 6.21: Bottom and velocity profiles for MPM model for A, = 0.1 using
a grid made by 250 cells at Froude = 0.3
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Figure 6.22: Bottom and velocity profiles for MPM model for A; = 1 using

a grid made by 250 cells at Froude = 0.3



6.10 Froude = 0.4

Figures 6.23-6.26 show the simulations computed at Froude = 0.4 for the
bottom and the velocity profiles. This case shows the same behavior for
the second order of the previous Froude number, while at the first order the
maximum CFL value has to be decreased to lower values. The fluctuations
at high values of A, now are very evident, especially for the velocity profiles.
Simulations obtained with the more refined grid of 500 cells are omitted for

brevity.
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Figure 6.23: Bottom and velocity profiles for MPM model for A, = 0.001
using a grid made by 250 cells at Froude = 0.4
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Figure 6.24: Bottom and velocity profiles for MPM model for A, = 0.01
using a grid made by 250 cells at Froude = 0.4
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Figure 6.25: Bottom and velocity profiles for MPM model for A, = 0.1 using
a grid made by 250 cells at Froude = 0.4
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Figure 6.26: Bottom and velocity profiles for MPM model for A; = 1 using
a grid made by 250 cells at Froude = 0.4

6.11 Concluding annotations

The more refined investigation on the CFL number has led some results in
this case. In fact, for Froude numbers equal to 0.3 and 0.4, at values of A,
of 0.1, values of CFL of 21 and 22 respectively have been used. For this
cases, the computational cost of the implcit solutions is of the same type of
the corresponding explicit ones, and this explains the values equal to 1 in

the time computational ratios tables shown in the following tables for those

cases.



Anyway, the MPM model shows the same trend of the Grass one, i.e. at
increasing Froude number the allowable value of CFL becomes smaller and
making a comparison between the first and the second order it is shown how
implicit solutions are still good for a large number of cases for the second

order. Overall, this model shows a better behavior in terms of maximum

CFL allowed with respect to the Grass one.
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Figure 6.27: 1%*-order Figure 6.28: 2°-order

A, =000 [ A, =001 | A, =01] A, =1
Froude; = 0.1 | 5360 185 2.73 2
Froude; =02  60.98 6.3 1.81 0.1
Froude; = 0.3 |  63.64 6 0.69 0.1
Froude; = 0.4 | 6.50 0.65 0.08 0.16

Table 6.4: Time computational ratios between explicit and implicit time
advancing at first order

A;=0.001| A4,=001] A, =01] A4,=1
Froude; = 0.1 4030 403 40.9 4
Froude; = 0.2 135.5 14 1.42 0.1
Froude; = 0.3 46.14 4.61 1 0.26
Froude; = 0.4 48 4.58 1 0.26

Table 6.5: Time computational ratios between explicit and implicit time
advancing at second order



Chapter 7

Application to a contracting

channel

The last part of this work focuses on checking the accuracy of implicit solu-

tions by a comparison with the results of [1] over a 2D contracting channel.

7.1 The test case

The channel is 2000 m long and 500 m wide with a contraction zone in the
centre fo the channel as depicted in fig.7.1 . The upper curvature y; and the

low curvature y, for the contracting channel are defined by:

B (z — 1000)? B (x — 1000)?
yi(x) = 500 — 125ewp(—w>, yp(t) = 125exp<—w>
(7.1)
Initially the bed is flat and the water level and velocity field are as follows:
h(0,z,y) = 10m, u(0,z,y) = _@ v(0,z,y) =0 (7.2)
) Y ) Y ) h(O’ x’ y) Y ) Y Y

where @ is a constant discharge. The water density p, = 1000 kg/m?3,
the porosity p = 0.4 and the water discharge Q = 10 m?/s. As boundary
conditions we fixed the discharge in z-direction to 10 m?/s at the upstream

boundary and on all remaining boundaries we used the free flow conditions.
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Figure 7.1: Domain of the contracting channel flow.

In all the simulations carried out in [1] explicit time advancing was used with
a CFL equal to 0.8, while three kinds of meshes were considered: an adaptive
one, a fixed coarse one and a fixed fine one, with the lat two depicted in fig.
7.2. The study in [1] used both the Grass model and the MPM one to model

400

0 500 1000 1500 2000 0 500 1000 1500 2000
X [m] X [m]

Figure 7.2: Coarse mesh (left) and fine mesh (right) used in [1]

discharge, while in this work only implicit solutions for the Grass formula
have been carried out. The A, parameter is set to 0.001 resulting in a slow
interaction between the bedload and the water flow, while, as it is possible to
obtain from the data given before, the Froude number Fr = \/m/\/g_h
is about 0.1.

7.2 Mesh definition

In order to apply the numerical method of this work to the previous test
case, the first step has been building the grid. The code developed in [4] uses

the Grass model for sediment transport and discretizes the system with the



MR scheme. The mesh file request is an .amdba file, which is composed as

follow:

o first line a b (where « is the number of the nodes and b the number

of the triangles)

e a lines node table (number of the node - x coordinate - y coordinate
- label)

e b lines connectivity table (number of the triangle - node 1 - node 2 -
node 3 - label)

The label indicates where the vertex is located:
e ( for a point in the flow field;
e 1 for a point on the wall;
e 2 for a point on the outlet line;
e 3 for a point on the inlet line.

Thus, it is necessary to create the mesh and to assign to each node the
corresponding label. The mesh file is obtained with MATLAB, using the
function pdepoly. Three kinds of mesh have been considered: a coarse one
and two fine meshes. In the following, these meshes will be addressed as Mesh
1, Mesh 2 and Mesh 3 respectively. The more refined meshes show a larger
number of nodes and cells in the central zone, especially for Mesh 3 and near
the domain boundaries where, according to the reference study, the higher
variations of the bed profile take place. In order to do this, a particular
setting of the pdepoly toolbox has been modified: the growth of the cell
dimensions has been changed from the standard value of 1.3 to closer values
to 1, obtaining also cells with very similar dimensions. Using a graphical
interface the .amdba file is created. Table 7.1 resumes the characteristics for
each mesh, which are also shown in the figures 7.3-7-5.

As for the bathymetry, it has been set costant and equal to 10 m.
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Figure 7.3: Mesh 1 with the highlighted contour, inlet, outlet and fluid points
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Figure 7.4: Mesh 2 with the highlighted contour, inlet, outlet and fluid points
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Mesh | Contour points | Nodes | Triangles
Mesh 1 312 3479 6616
Mesh 2 340 4792 9208
Mesh 3 368 5877 11388

Table 7.1: Mesh chacteristics

7.3 Results and discussion

Once the meshes have been set, two dimensional implicit 2" order simula-
tions were carried out setting the same parameters of the study of interest.
As for the CFL number, two values were used: a value of 1000, according
to the linear inversely relation with the A, parameter for F'r — 0.1, and one
of 100. Second-order accurate simulations were carried out, in which that
independence of the time step was reached. The number of DeC iterations
was set to 1. Then to have an overview of the results and compare them
to those of PARAVIEW, an open source multiple-platform application for

interactive, scientifiic visualization, has been used.

- . -?esut

Figure 7.6: Height of the flow (right) and modulus of the velocity (right) at
t = 10 h for implicit solutions with C'F'L = 100 using Mesh 1.

Figure 7.6 shows what happens in the channel when the fluid flows in
it: an acceleration of the flow takes place in the centre of the channel, while
the height of the flow increases immediately before the contraction and then
decreases after the middle section of the channel. Figures 7.7-7.12 display
the comparison of the snapshots for the bedload at times ¢ =10, 25 and 50



h between the implicit simulations carried out here and those obtained in
the reference study. Figures 7.7-7.9 show the bedload obtained at different
simulation times on Mesh 1 with both CFL = 100 and CFL = 1000. Figures
7.10-7.12 show the same plots for Mesh 2.These figures can be compared with
Fig 4 of [1]. Since the results carried out with Mesh 3 are very similar to
those of Mesh 2, these are not reported in the following for the sake of brevity.
The time computational ratios are reported in the following tables: for Mesh
3 only simulations with CFL = 10 were carried out since no differences have
been noticed when using a smaller value of CFL, as shown in the figures 7.7-
7.12. Tables 7.5 shows the CPU times of the explicit simulations carried out
in [comparison|: the computational gain obtained with implicit simultations

is considerable by looking at these tables.

10h 25h 50h
IMP CFL=10° | 209,76 | 528,68 | 1070,64
IMP CFL=10% | 528,13 | 1442,09 | 3075,75

Table 7.2: CPU times (s) for the Mesh 1

10h 25h 50h
IMP CFL=10° | 433,17 | 1097,44 | 2358,3
IMP CFL= 10% | 1226,98 | 3220,02 | 6774,72

Table 7.3: CPU times (s) for the Mesh 2

10h

25h

50h

IMP CFL= 10°

474.342

1267,14

2296.63

Table 7.4: CPU (s) for the Mesh 3




10h 25h 50h

Coarse fixed mesh | 5100 | 7560 | 11280
Fine fixed mesh | 42540 | 74520 | 124980
Adaptive mesh 18540 | 38760 | 52200

Table 7.5: CPU times (s) for the three meshes used in [1]

Figure 7.7 shows the evolution for the bottom profile at t = 10 h; we
observe that the bed reveals erosion in the converging part of the channel
and develops a mound in the diverging part of it. The erosion effects are
due to the increase of the water velocity in the contraction area, as shown
in figure 7.6, and in regions with small velocity field no sediment transport
is produced. Indeed, this can be interpreted by the fact that the velocity
field is not entirely uniform across the channel with high-amplitude velocities
occurring in the contraction area. Next figures show the evolution at the

following times steps for different meshes.

Result

- 2 1.0 1 2
it T il T

Result
1 0 1

-1.8

N

.61 -1.82 2.61

Figure 7.7: Bedload evolution at ¢t = 10 h for implicit solutions with CF'L =
100 (left) and CFL = 1000 (right) using Mesh 1.
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Figure 7.8: Bedload evolution at t = 25 h for implicit solutions with C'F'L =
100 (left) and CFL = 1000 (right) using Mesh 1.

Result Result
4 2 2 -2 2
-4.7 3.47 4.69 3.48

-4

Figure 7.9: Bedload evolution at t = 50 h for implicit solutions with CF'L =
100 (left) and CFL = 1000 (right) using Mesh 1.
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Figure 7.10: Bedload evolution at ¢ = 10 h for implicit solutions with C'F'L
= 100 (left) and CFL = 1000 (right) using Mesh 2.
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Figure 7.11: Bedload evolution at ¢ = 25 h for implicit solutions with CF'L
= 100 (left) and C'FL = 1000 (right) using Mesh 2.
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Figure 7.12: Bedload evolution at ¢ = 50 h for implicit solutions with C'F'L
= 100 (left) and CFL = 1000 (right) using Mesh 2.

Then, in order to appreciate better the evolution of the bedolad, the
bottom profiles at the center of the channel are reported in the following
figures: the profiles from the fine fixed mesh and the adaptative one of [1]
and those obtained with the three meshes studied here are compared. For
the sake of brevity, just the bottom profiles achieved using the maximum
allowable value of CFL are reported since negligible differences are observed
for the lower CFL.

7.4 Concluding remarks

From the results shown in the previous pages some considerations can be
made. First, the differences between the implicit simulations using various
CFL numbers are very small, so these tests validate the use of a inversely
proportional value of CFL with respect to that of A, as provided from the
1D studies. However, by making a comparison with the simulations carried

out in [1], some dissimilarities can be noticed. The evolution of the bottom
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Figure 7.13: Comparison for the bottom profiles in the middle section at
times t = 10h (top left), t = 25h (top right) and t = 50 h (bottom)

is slightly shifted to the right here, i.e. the lower values for the bedload
are reached somewhat before the centre of the channel, and this appears
more evident when looking to the bed evolution profiles displayed for the
middle of the channel. It is possible to see how in [1] the lower values of
the bottom profile are basically reached in the middle of the sections, while
in the simulations carried out in this work these peaks are obtained slightly
before, and therefore the bottom profiles at the center of the channel show
higher values. The use of the fine mesh mitigates this difference, since the
results are closer of those of [1]. Tt has seen how at increasing time steps the
profiles obtained with the implicit simulations are more close to those of the
study.

This can be explained by considering different grid resolution used in the
present study compared to [1] and the fact that in our grids to models do
not exactly lay on the channel cetreline. Therefore, the variable values on
the centreline are obtained by linear interpolation and this may introduce

additional errors. However, the main reason of such a disparity of results is



the use of a different numerical method.

Neverthless, in other references [30, 40| in which a similar test example has
been studied by using discontinuos Galerkin methods as numerical shemes
the evolution of the bottom profile shows a better agreement with the results
of this work, proving the good accuracy that can be reached using implicit

simulations.



Chapter 8

Conclusions

The present work has given a contribution to the assessment of the accuracy
and efficiency properties at an implicit time-advancing strategy previously
developed for morphodynamic Shallow-Water problems. A 1D test-case has
been first considered and the investigation has been carried out for different
models, speeds of interactions and for different values of the Froude number.
In particular, the relationship between the maximum CFL number allowed
and the parameter giving the speed of interaction between the bed and the
flow, A,, has been object of this study at increasing Froude numbers. The
sediment transport models taken into consideration are the Grass model and
the Meyer-Peter Miiller one, while to discretize the coupled system com-
posed by the Exner equation, used to describe the bed evolution, and the
hydrodinamical part composed by the classical Shallow Water equations, the
Modified Roe scheme was used.

Given a Froude number, there are two ways to increase its value: by
raising the velocity of the flow or by reducing its height. Then, implicit sim-
ulations with both of the models were carried out using these different values
of the Froude number. However the MPM model cannot give interesting
results when increasing the velocity of the fluid since it is based on a critical
velocity threshold. Therefore for the MPM model simulations were carried
out only by varying the height. Using a Froude number equal to 0.1, it was

found that implicit simulations are extremely convenient from the point of
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view of computational costs at weak-intermediate values of the speed of in-
teraction between the flow and the bedload and they stay competitive with
the explicit simulations even when this speed reaches high values. When aug-
menting the Froude number, implicit solutions become less promising since
the maximum CFL number allowable decreases, and using more DeC itera-
tions can just partially mitigate this circumstance. Therefore, for the larger
considered Froude numbers implicit time advancing remains interesting only
for low values of A;,. Making a comparison between the two models, the
MPM model shows higher values of CFL allowed by the solution accuracy,
confirming what was found in a previous study. However, also for this model,
a decrease of the CFL with increasing Froude has been found. The A, — F'r
value couples for whom the implicit simulations are convenient have been
identified for each case and model analyzed.

The last chapter focuses on the application of implicit simulations to a
2D problem modelling the bedload evolution in a contracting channel, a test
case that has been object of interest in many studies [1, 30, 40|. Making
a comparison to the results of [1] it is possible to notice a good agreement
of the results that proves the accuracy of implicit simulations, but some
differences were also found. Looking at the bedload evolution in the middle
of the channel for different times steps, the results carried out with implicit
solutions here show lower peaks than those of [1]: this has due to the different
grid resolution and to the use of a different numerical method. In fact, in
other references in which a similar test case has been studied the bottom

evolution shows a better agreement with the results of this work.



Appendix A

Sediment transport formulae

e Van Rijn formula [10, 17, 26, 27|: in this formulation, used expecially
for rivers, the interaction between fluid forces and sediment grain weight

produces bedload and saltation:
Qb = CoupOp (A.1)

where ¢, is sediment concentration for bedload, u; grain velocity and ¢,
the dimension of the layer where sediments are transported. An other

formulation proposed by Van Rijn that includes Shields parameter is:

Qb 0.005 /dsp\ 02 2.4
TR (52) (Vo - Vo) *'Va (A.2)

while for the suspension load there is the expression:
h
qs = / vedz = cuhF (A.3)
0

where c is the solid concentration, @ is the mean velocity in the field,

F'is an integral function of the problem and h is the height of the flow.
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e Parker formula [29, 33| has this expression:

VIAD?
o = 000218 072G VIR 0y go3se (A

(1 - )‘p) ’ 97‘7
with
5474(1 — 0.853/&)%5 £>1.59,
G(&) = Q exp[14.2(6 — 1) — 9.28(6 —1)7] 1 <€ > 1.59, (A.5)
514.2 £ < 1

e In Camenen and Larson formulation [10, 38| the bedload sediment

transport has the following expression:

|a] = 073‘56xp<—4.5&> (A.6)

7-C
where 7, is the shear stress at the bottom due to the current, 7., is the

critical shear stress computed by the critical Shields theory and C'is a

constant given by:

12
C= (A7)

where p and p, are the water and sediment density.
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anche ai miei nonni, zii e parenti, per aver contribuito anche loro a questo

traguardo con i loro incoraggiamenti.

Infine, ma non come ultimi, vorrei ringraziare tutte le persone, amici,
conoscenti e altri, che in un modo o nell’altro hanno fatto parte della mia
vita, anche solo per poco: ognuno di essi ha contribuito, chi pit o chi meno,
a farmi crescere e a cercare di diventare una persona migliore...fare nomi
non é semplice, e tantomeno in ordine di importanza, ma come non sen-
tirmi grato ad Alessia, Melania, Elisabetta, Pia, Francesca, Daniela, Marco,
PierFrancesco, Danilo, Maria Concetta, Annalisa, Ezia, Claudia, Annarita,

Lucia, Astrid e tanti, tanti altri...



Credo di aver finito...o forse no, resta una persona che devo ringraziare...me
stesso. Avrei potuto e dovuto fare di meglio, sicuro, ma resta un dato di fatto:
siamo noi gli artefici di ci6 che ci succede, ci6 che perdiamo e ci6 che otte-
niamo...Come consiglio per il futuro non posso quindi che darmi questo: noi
possiamo essere il nostro peggior nemico, ma se lo vogliamo siamo anche la

persona pii preziosa che possa aiutarci.



