Hybrid modeling of hyperbolic systems of equations for fluid flows
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Machine Learning [1] is the new revolution in applied sciences. A recent major breakthrough
[2] is meteorology modeling [3] with hybrid models. Hybrid models are based on the coupling of
a standard PDE fluid model with a Neural Network representation of sources.

A possible model for fluid flow around the earth can be inferred from [2, 3]. It is a set of
Euler /Boussinesq/St Venant-like system of equations with Coriolis force (in abstract form)

U + L(U,0,U,8,,U,...) = S¥N(a), 6= all Neural Network weights, (1)
U(z,0) =g, initial data at time ¢ = 0,

where one has a large dataset of observations D = {(«;, 8;,7) | 1 <i < N with 1 <« N}. The
initial solution is B, the current observations are « and the final solution is . The Neural
Network modeling of the sources Sév N(a) can be reinterpreted as a local subgrid model. A cost
function evaluated at given final time T > 0 is written as

J(0) = %Z/ . Uz, T : as, B, 0) — | da (4+ many other terms).
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The function J must be auto-differentiable with respect to the weights 6 so that one can
train/minimize it and obtain a quasi-optimal value 6,,;. The critical mathematical issue [3]
is that the discrete solution Up a¢(x,nAt : «y, 5, 0) of the hyperbolic model must be auto-
differentiable as well.

A simple e)iamplg is the 1D advection equation diu + ad,u = 0 with the upwind scheme
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A j+%Azj7% = 0. The flux u;?Jr% = Go(u},ujy,) follows the characteristic lines:
Go(a,f) = aif a > 0 and Gu(a,8) = B if a < 0. The time steps are composed one after the
other. What matters is the regularity of the flux where R(z) = max(0,x) is a notation for the
ReLU function F(a,, 8) = aG4(e, 8) = R(a)a — R(—a)B. The observation is that the upwind
scheme, and so any numerical scheme which follows the characteristic lines, contains the ReLU
function which evidently is not differentiable at the origin.

This observation was also done in [6] for hybrid modeling of geophysical flows.

I will review some recent mathematical and numerical advances [4, 5] which establish a func-
tional setting for auto-differentiability of the upwind scheme and a possible route for the devel-
opment of discrete hybrid models for fluid flows.

References

1] Bengio-Goodfellow-Courville. Deep learning. MIT press, 2017.

DO

Kochkov et al. Neural general circulation models for weather, Nature, 2024.

3] Brenner, The Neural GCM and other remarks, online, College de France, 2025.

DG e D

Després. A framework for nonsmooth autodiff with maxpooling functions, TMLR, 2025.

Ut

Després, The limit set of Neural Network functions trainable by Machine Learning, in prep.

[
[
[
[
[
[

6] Louis Thiry et al, MQGeometry-1.0: a multi-layer quasi-geostrophic solver on non-

rectangular geometries, Geosci. Model Dev., 17, 1749-1764, 2024.



