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The ocean is a multiscale system

Surface relative vorticity, North Atlantic

• Processes span 10−3 to 107 m and seconds to millennia, coupled across scales
• A climate model resolves only the top-right corner: everything below ∼50 km is lost

A forecasting model pushes the cut to km the window moves, the problem does not

Whatever the grid, the unresolved scales must be homogenized ⇒ parameterized

3



The ocean is a multiscale system

Surface relative vorticity, North Atlantic

• Processes span 10−3 to 107 m and seconds to millennia, coupled across scales
• A climate model resolves only the top-right corner: everything below ∼50 km is lost
• A forecasting model pushes the cut to ∼10 km → the window moves, the problem does not

Whatever the grid, the unresolved scales must be homogenized ⇒ parameterized

3



Mesoscale eddies: the missing scale

The same NEMO double-gyre flow seen at four resolutions

Why they matter
• Carry most of the ocean’s kinetic energy
• Set the jets, the transport of heat and tracers,

and the intrinsic variability

Why we cannot simply resolve them
• Halving ∆x costs ∼16× more
• At climate resolution the eddy field is gone, not

merely blurred

→ The eddies must be modelled — and their effect is not purely dissipative
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Parameterizing the unresolved eddies?

Deterministic closures
e.g., eddy-induced diffusion
[Redi, 1982] & advection
[Gent and McWilliams, 1990]

+ robust, energetically sound
− mostly dissipative, no backscat-

ter, too little variability

Stochastic closures
e.g., random forcing
[Hasselmann, 1976], perturbed
tendencies [Palmer, 2019]

distribution, variability, UQ
often added a posteriori, may
break conservation / stability

Learned closures
from hybrid-ML to full emulators
e.g., [Bolton and Zanna, 2019,
Guillaumin and Zanna, 2021]

expressive, learned from data
conservation, on-line stability,
generalization, interpretability

Our route: physically consistent and
data-driven
Derive the stochastic model from the conservation laws,
so that energy consistency holds by construction; then
learn the unresolved statistics from high-resolution data
or from observations.

ERC Synergy Grant STUOD
Stochastic Transport in Upper Ocean

Dynamics
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Stochastic transport [Bauer et al., 2020a]
1. The flow map becomes random

dXt = v(Xt, t)dt
︸ ︷︷ ︸

resolved

+ dWt(Xt)︸ ︷︷ ︸
unresolved

X0

2. The noise: modes Brownian motions

dWt x
n

n x d n
t

n d n
n d n

n d n

3. A quantity carried by the random flow

q Xt t

q Xt dt t dt

value carried unchanged

q Xt dt t dt q Xt t Itô–Wentzell Eulerian form

Stochastic transport operator
tq dq v dt dWt q

backscatter

a q

dissipation

dt

advection by the noise energy backscatter
inhomogeneous diffusivity: a dWtdWT

t dt

Structure for free
fluctuation and dissipation are exactly balanced, so energy is conserved pathwise [Li et al., 2023a]
solutions converge to the deterministic model as the noise vanishes, so the closure is consistent
[Debussche et al., 2023]
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Beyond white noise
Why white noise is not enough here? The unresolved ocean flow is not zero-mean — jets meander,
eddy trains recur — and not white in time: eddies decorrelate over days to weeks, not instantly.

(i) Give the slow part a drift [Li et al., 2023a]

t

slow coherent part

fast decorrelated part

dWt −→ Γt dt︸ ︷︷ ︸
drift

+ dW̃t︸︷︷︸
martingale

• Girsanov’s theorem makes this legitimate:
under a new measure, W̃ is again a Wiener field

✓ the martingale structure — hence every
conservation property of Dt — is untouched

(ii) Give the fast part a memory
[Debussche and Mémin, 2025]

lag s

white: s

OU: e s

Replace dWt by a time-correlated field t:

dXt v t dt t dt d t t dt dWt

t is an Ornstein–Uhlenbeck field:
t s e t s

Wong–Zakai: as , t
sds Wt, the model

converges back to the white-noise formulation
a single family, with interpolating between
smooth and white

8
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under a new measure, W̃ is again a Wiener field

✓ the martingale structure — hence every
conservation property of Dt — is untouched

(ii) Give the fast part a memory
[Debussche and Mémin, 2025]

lag s

white: δ(s)

OU: e−s/τ

τ

Replace dWt by a time-correlated field ηt:

dXt =
(
v + Γt

)
dt + ηt dt, dηt = − 1

τ
ηt dt + 1

τ
dWt

• ηt is an Ornstein–Uhlenbeck field:
E[ηt ⊗ ηs] ∝ e−|t−s|/τ

✓ Wong–Zakai: as τ → 0,
∫ t
0 ηsds → Wt, the model

converges back to the white-noise formulation
⇒ a single family, with τ interpolating between

smooth and white
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A hierarchy of stochastic models

Quasi-
geostrophic

[Bauer et al., 2020b,
Li et al., 2023a]

Shallow water
[Brecht et al., 2021,

Tucciarone et al., 2025b]

Primitive
equations

[Tucciarone et al., 2025a]

Boussinesq /
Boundary layer

[Jamet et al., 2024,
Li et al., 2025]

richer physics | one and the same operator Dt

Stochastic primitive equations
Key ocean state variables: momentum v u v w T,
pressure p, density , temperature T, salinity S

tu fv xp u dt

tv fu yp v dt
zp g

v dWt

tT T dt tS S dt
eos T S p

Each model derived from an asymptotic
expansion, with consistent noise scaling
Material derivative stochastic
transport, implemented in NEMO
[Tucciarone et al., 2025a]
Well-posed even for the full stochastic PE
system [Debussche et al., 2025]

Everything is determined except the modes
n and the drift t.

That is what we learn from data.
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(a) Proper orthogonal decomposition [Li et al., 2023a]

POD extracts the dominant coherent structures of the coarse-grained high-resolution flow, as
orthogonal modes ranked by energy.

dWt x
k

k k x d k
t k k : eigenpairs of the covariance

Simple, robust, extensively tested — restores the jet and the low-frequency variability of coarse runs
Stationary: the covariance is frozen once and for all, so the unresolved field carries no temporal
organization
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(b) Dynamic mode decomposition [Li et al., 2023b]
DMD fits a linear dynamical system to the same data, giving spatio-temporal modes (ϕm, ωm) — each
mode now carries its own frequency.

Split at a cut-off c:

c
m c

u
m c

t
m c

ei mt
m x dWt

m u
ei mt

m x d m
t

Natural split by frequency: slow drift, fast noise
Better variability and backscatter, with fewer modes than POD
Needs a long, well-sampled high-resolution record; c is a tuning knob
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(b) Dynamic mode decomposition [Li et al., 2023b]
DMD fits a linear dynamical system to the same data, giving spatio-temporal modes (ϕm, ωm) — each
mode now carries its own frequency.

Split at a cut-off π/τc:

Mc = {|ωm| < π/τc}, Mu = {|ωm| > π/τc}
Γt =

∑

m∈Mc
eiωmtϕm(x), dW̃t =

∑

m∈Mu
eiωmtϕm(x)dβm

t

✓ Natural split by frequency: slow → drift, fast → noise
✓ Better variability and backscatter, with fewer modes than POD
− Needs a long, well-sampled high-resolution record; τc is a tuning knob
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(c) Towards learning from observations [Tucciarone et al., 2025a]
Problem: POD and DMD both need full 3-D high-resolution velocity — available from a reference

simulation, never from observations.

What we do observe: sea surface height from
altimetry (SWOT), sparse profiles from Argo

Hybrid approach
2-D Drift — DMD on the surface geostrophic velocity
u g

f :

t u
m c

ei mt
m x

3-D noise — a homogeneous 2-D field, modulated by a
vertical profile:

dWt c x z dBt

Now: the only data entering is SSH — the vertical
profile is model-driven (from a resolved variable)
Next: let Argo profiles set it from data

13



(c) Towards learning from observations [Tucciarone et al., 2025a]
Problem: POD and DMD both need full 3-D high-resolution velocity — available from a reference

simulation, never from observations.

What we do observe: sea surface height from
altimetry (SWOT), sparse profiles from Argo

Hybrid approach
• 2-D Drift — DMD on the surface geostrophic velocity

uη = g
f ∇

⊥η:

Γt = uη +
∑

m∈Mc
eiωmt ϕm(x)

• 3-D noise — a homogeneous 2-D field, modulated by a
vertical profile:

dWt = c(x, z)
(
G ∗ dBt

)

• Now: the only data entering is SSH — the vertical
profile is model-driven (from a resolved variable)

• Next: let Argo profiles set it from data

13



1. Introduction
2. Stochastic transport modeling
3. Data-driven calibration
4. Numerical validation in NEMO
5. Conclusion & perspectives



Implementation in NEMO

• Operational ocean model developed by
the European community

• Finite differences on an Arakawa C grid,
non-linear free surface, MPI

• Noise advection and Itô diffusion inte-
grated with a Milstein-type scheme

Isopycnal projection of noises

dWt P dWt P I
T

offline noises online noises

dWt

P dWt

Along-isopycnal mixing
exceeds diapycnal mixing
by seven orders of
magnitude

! Unconstrained noise stirs
across density surfaces and
erodes the thermocline — a
numerical artefact, not
physics
Model-driven noise needs
no projection: it is built from
resolved fields that already
carry the stratification

15
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Configuration and simulations [Tucciarone et al., 2025a]
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Mean structure and variability

a) R27d b) R3d c) POD(u↓) d) POD(ũ) e) DMD(u) f) DMD(η)
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10-year mean KE (top) and turbulent KE (bottom), normalized by R27

• deterministic R3: no jet at all

every stochastic model im-
prints the eastward jet in the
long-term mean
POD: turbulent KE confined
near the western boundary
DMD: turbulent KE spread
over the basin — closest to
R27
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Spectra and scores
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• Spatial (left): the deterministic run is depleted at all wavelengths
• Temporal (right): 2–3 decades of energy missing below 100 d
• The DMD noises sit on top of R27 in the 20–100 d band → the right
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Preliminary results: OU noise in a QG model

Surface relative vorticity of different runs on a 10 km grid

✓ In both stochastic runs the noise is simply homogeneous — nothing is calibrated on data here

Time correlation sharpens the flow: more coherent jet, stronger vorticity gradients, finer filaments
Ongoing: the same noise is being validated in NEMO, in a realistic global configuration
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Take-home messages

• Stochastic transport is a physically consistent container for learned closures.
Derived from the conservation laws, energy-consistent by construction, and the same operator serves
the whole hierarchy.

What is learned from data is the noise, not the physics.
POD gives a stationary noise; DMD splits slow coherent (drift) from fast decorrelated (noise), and does
better with fewer modes.

It works where it matters.
On a coarse grid the eddy-driven jet is recovered, the spectra are restored over – decades, and
the distance to the reference is halved.

Surface data works might be enough.
DMD( ) learns the drift from sea-surface height alone and nearly matches the full 3-D calibration, but
could be further improved by combining observation profiles.
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Towards generative noise models

ANR PINOT — Physics-Informed Neural networks for Ocean Turbulence

with E. Simonnet (INPHYNI), A. Venaille (ENS de Lyon), B. Deremble (IGE)

Two directions

1. 3-D reconstruction from observations. Condition on surface fields (SSH, SST) and sparse
Argo profiles, then sample the full 3-D state → the full DMD requires, and an improved prior
for data assimilation [Rozet and Louppe, 2023]

2. Calibration of the stochastic model. Learn the law of the unresolved field given the resolved
one → a diffusion model [Ho et al., 2020] samples dWt, while Dt enforces the physics

⇒ How do we keep a learned, non-Gaussian noise physically admissible?
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Thank you for your attention!
Questions and discussion

Long Li | long.li@univ-cotedazur.fr | https://matlong.github.io
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