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Motivating problems

I McKean SDEs for fluid turbulent subscale models [Pope 95, 03; Durbin Speziale 94, Dreeben Pope
98, Waclawczyk Pozorski Minier 04]

Xt = X0 +

∫ t

0

Usds

(Ut,Θt) = (U0,Θ0) +

∫ t

0

EP [`(Us,Θs) |Xs] ds+

∫ t

0

EP [γ(Us,Θs) |Xs] dWs,

Ingredient of the problem :

- Singular interaction (mean field) kernel in the diffusion term.
- degenerate diffusion coefficient

I Calibrated Local and Stochastic Volatility (LSV) models [Gyöngy 86; Guyon Henry-Labordére 12]
dSt
St

= rdt+
a(Yt)√

E[a2(Yt)|St]
σDup(t, St)StdWt

dYt = α(t, Yt)dBt + ξ(t)dt

where σDup(t, y) is the Dupire’s local volatility function
[Abergel Tachet 2010 , Jourdain Zhou 2017]
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Generic form

Find (X,Y, ρ) such that ρt = P ◦ (Xt, Yt)
−1 satisfying

Xt = X0 +

∫ t

0

b(Xs, Ys)ds+

∫ t

0

σ(Xs)dBs

Yt = Y0 +

∫ t

0

Λ[Xs; ρs]ds+

∫ t

0

Γ[Xs; ρs]dWs

(X0, Y0) is µ0-distributed
(Wt; t ≥ 0),(Bt; t ≥ 0) are two independent Rd standard Brownian motions.
Λ and Γ defined for (x, f) ∈ Rd × L1(Rd × Rd), as

Λ[x; f ] =

∫
Rd `(y)f(x, y)dy∫

Rd f(x, y)dy
1{

∫
Rd f(x,y)dy 6=0}

and Γ[x; f ] =

∫
Rd γ(y)f(x, y)dy∫

Rd f(x, y)dy
1{

∫
Rd f(x,y)dy 6=0}.
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Toy model number one
Let’s put b = 0 and go back this drift term with Girsanov transform.
This impose that strong ellipticity is assumed for σ: ∃ a∗, a∗ > 0,for all x ∈ Rd,

0 < a∗Id ≤ σ(x)σ(x)t ≤ a∗Id.

Let’s put ` = 0, for simplicity

Theorem B. & Jabir preprint

In addition σ is such that X exists.
γ is Lipschitz and bounded on Rd, and satisfies the strong ellipticity constraint : ∃ α∗, α∗ > 0,
for all (x, y) ∈ Rd × Rd,

0 < α∗Id < γ(x, y)γ(x, y)t < α∗Id.

ρ0 is L2(R2d) and such that ρX0 (x) =
∫
Rd ρ0(x, y)dy ≥ m > 0.

Then there exists a unique strong solution to
Xt = X0 +

∫ t

0

σ(Xs)dBs

Yt = Y0 +

∫ t

0

E[γ(Ys)|Xs]dWs
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Main argument number one : Linear/Nonlinear Fokker Planck equation

Given f ∈ C((0, T );L2(R2d)) ∩ L2((0, T );H1
x,y(R2d)),

Lemma

There exists a unique solution in C((0, T );L2(R2d)) ∩ L2((0, T );H1
x,y(R2d)) to

∂tρ(t, x, y)− 1
2

trace(∇2
x × (σ(x)σt(x)ρ(t, x, y))

− 1
2

trace(∇2
y × (Γ[x, f ]Γt[x, f ]ρ) = 0,

for all (t, x, y) ∈ (0, T )× R2d,

ρ(0, y, u) = ρ0(x, y), for all (x, y) ∈ ×R2d.

and

sup
0≤t≤T

‖ρ(t)‖2L2(R2d) +

∫ T

0

(
‖∇xρ(t)‖2L2(R2d) + ‖∇uρ(t)‖2L2(R2d)

)
dt ≤M

gives the existence of a solution ρ in C((0, T );L2(Rd)) ∩ L2((0, T );H1
x,u(R2d)) to the

nonlinear Fokker Planck equation.
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Main argument number two : iterative construction of the process

Theorem – (Zhang 2005)

Assume that S is continuous function of (t, x), strongly elliptic uniformly in time. Assume that
∇xS(t, ·) ∈ L(2d+1)

loc (Rd), uniformly with respect to t ∈ [0, T ], b ∈ L(2d+1)
loc (R+ × Rd).

Then there exists a unique strong solution up to the explosion time for equation

dXt = S(t,Xt)dWt.

(In our case, S is will be also bounded so, there is no explosion).
Set (Y 0

t , 0 ≤ t ≤ T ) = Y0, and, for n ≥ 1, given (Y nt ; t ≥ 0) in (Ω,F ,P),

Y n+1
t = Y0 +

∫ t

0

EP [γ(Y ns ) |Xs] dWs.

Given ρn = Law(Y n) ∈ C((0, T );L2(R2d)) ∩ L2((0, T );H1
x,u(R2d)), we can prove that

Γ[x; ρn] = EP [γ(Y nt ) |Xt = x] ∈ L(2d+1)
loc if

∫
Rd ρ0(x, u)du > 0

EP

[
max
t∈[0,T ]

|Y n+1
t − Y nt |2

]
≤ T

∫ T

0

EP
[
|EP [γ(Y ns ) |Xs]− EP

[
γ(Y n−1

s ) |Xs
]
|2
]
ds

≤ ‖γ‖2Lip
∫ T

0

EP
[
EP
[
|Y ns − Y n−1

s |2 |Xs
]]
ds
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And what when σ could degenerate ?

Strategy one 
Xt = X0 +

∫ t

0

Usds+εBt

Yt = Y0 +

∫ t

0

EP [`(Ys)|Xs] ds+

∫ t

0

EP [γ(Ys) |Xs] dWs,

Strategy two 
Xt = X0 +

∫ t

0

Usds

Yt = Y0 +

∫ t

0

Λε[Xs; ρs]ds+

∫ t

0

Γε[Xs; ρs]dWs

+ use recent advances on the flow regularity of McKean SDE’s to get the regularity of ρ ? [Crisan,
McMurray 2017]
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Toy model number two
The moderated local McKean SDE :

Xt = X0 +

∫ t

0

σ(p(s,Xs))dWs, 0 ≤ t ≤ T

p ∈ C1,2
b ([0, T ]× Rd) is such that the law of Xt is p(t, x)dx.

Hypotheses :
I σ Lipschitz, C3 mapping on R
I Strong ellipticity ∀x ∈ Rd,∀y ∈ R, x∗σ(y)x ≥ mσ|x|2.
I p0 in the Hölder space H2+α with 0 < α < 1.
I non negativity for the diffusion matrix leading the Fokker-Planck PDE written on divergence

form :

∀x ∈ Rd,∀y ∈ R, x∗
(
(σσ∗)′(y)y + (σσ∗)(y)

)
x ≥ 0.

is used to obtain uniqueness of the Fokker-Planck equation.
I Strong ellipticity on the leading matrix

there exists mdiv > 0, ∀x ∈ Rd,∀y ∈ R, x∗
(
(σσ∗)′(y)y + (σσ∗)(y)

)
x ≥ mdiv|x|2.

Theorem – (Jourdain Méléard 98)

The McKean Vlasov Fokker-Planck equation has a solution in H1+α
2
,2+α, and the nonlinear

SDE admits a unique strong solution.
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Toy model number two

The moderated local McKean SDE revisited : d = 1

Xt = X0 +

∫ t

0

σ(p(s,Xs))dWs, 0 ≤ t ≤ T

p ∈ L2([0, T ];L2(R)) is such that the law of Xt is p(t, x)dx.

Hypotheses :

I u 7→ σ(u) is in C1
b (R).

I u 7→ α(u) := (σ2(u)u)′ = 2σ′(u)σ(u)u+ σ2(u) is also bounded continuous on R, and

α(u) = 2σ′(u)σ(u)u+ σ2(u) ≥ η > 0, uniformy in u

I u0 ∈ L∞(R) ∩ L1(R), and
∫
|x|2u0(x)dt <∞

Theorem –(B. Jabir preprint)

Under the above hypotheses, there exist a solution in law to the above SDE.
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Main argument number one : PDE analysis of the smoothed FK equation
We denote σ2

ε(p) := σ2(p) + ε, ∀p ∈ R.
that maintains the strict positivity hypothesis on σ2

ε : (σ2
ε(p)p)′ = (σ2(p))′+ε, ∀u ∈ R.

∂uε

∂t
− 1

2
4x(σ2

ε(uε)uε) = 0

u0 given in L2
(1)

Lemma

Under the previous hypotheses equation (1) admits a unique solution in L2([0, T ];H1(R))
satisfying the energy inequality

sup
t∈[0,T ]

‖u(t)‖2L2(R) + ε

∫ T

0

‖∂xu(t)‖2L2(R)dt ≤ ‖u0‖2L2(R)

sup
ε

∥∥∥∥ ∂∂x (σ2
ε(uε)uε

)∥∥∥∥
L2([0,T ]×R)

< +∞.

(uε, ε) is a Cauchy sequence in L2((0, T )× R).
We have also the uniqueness of the solution of the limit equation in L2((0, T )× R)) such that(
σ2
ε(u0)u0

)
is in L2([0, T ];H1(R)).

Proof : mainly adapted from Vasquez 06 book on porous media equation (Chapter 5).
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Main argument number two : analysis of the smoothed SDE

Step 1) From uε solution in L2([0, T ];H1(R)) of the smoothed FP equation, we construct (by
mean of smoothing and martingale problem) a weak solution to

Xε
t = X0 +

∫ t

0

√
σ2
ε(uε(s,Xε

s )dWs

Step 2)
√

2σ2
ε(uε(t, x)) > ε for all (t, x) ∈ [0, T ]× R. Law(Xε

t ) admits a density hε satisfying

hε(t, x) = Gγt (u0) +
1

2

∫ t

0

4xGγt−s(σ
2
ε(uε)− γ2)hεs)(x)ds

for Gγt the Gaussian semigroup with variance γ2t. For a good choice of γ, this allows to prove
that hε is in L2, so hε = uε, and we have obtain a unique weak solution to the smoothed
nonlinear SDE.

Step 3) Tightness of the sequence (Xε, ε) and convergence in L2 of the densities. Identification
of the limit with rather classical arguments
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This is joint work with Jean Francois Jabir (University of Valpareiso )
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