Robust adaptivity for nonlinear partial differential equations
A Newton method on subspaces for ODEs
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in adaptive time stepping and [12, 31, 34] current applications in geophysics). Particulaﬂy, adaptive step size
control goes back to the 1890s, when C. Runge used computations with halved step sizes to find reliable digits in
his calculations [22, Page 164]...
[4] M. FEISCHL AND D. NIEDERKOFLER, Optimal adaptive implicit time
stepping, 2025.
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Fig. 11. Stability factors and error bound for the Lorentz system

2. Computability and predictability

Was man mit Fehlerkontrolle nicht berechnen kann, dariiber muss mann schweigen
(Wittgenstein).
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Throughout we suppose F’ locally Lipschitz: there exists > 0 such that

( 1) IF'(z+p)— F'(@)llxyy < Lr(lzlx)llpllx for all p € By

We consider the update in the k-th iteration of Newton’s method
Ty = Tx-1 + axpr € Xg, Ry = F(xp-1) + F'(Tx—1)Pk, (6)

Then the classical argument in convergence proofs is
oy
F(zr) =F(xk-1) +/ F'(xg—1 + spx)(pr) ds
0
=(1 — o) F'(zg-1) + o R + &, (7)
Qg
&k ::/ (F'(zk-1 + spk) — F'(zk-1)) (pk) ds.
0

By assumption (1) we have
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Bloelks Lk = L(|lzk] x)-

Ipellx <r = |y <



( 2) There exists 0 < X\ < 1 such that for all &

[Blly < AlF(z—1)lly-
(1] R. S. DEMBO, S. C. EISENSTAT, AND T. STEIHAUG, Inezact Newton
( 3) There exists M}, such that methods, SIAM J. Numer. Anal., 19 (1982), pp. 400-408.

lokllx < M|l F(xp—1)ly.
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Applying these assumptions we get
LkMka%

D(ar) = [|1F(zr)llyr < (1 — (=N + Hpkl\x) IF(@r-1)lly = pr ®(zh-1)-

This leads to linear convergence, pr < p < 1, of the merit function under
the condition
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Let (X, {(,-)x) and (Y, (-, )y) be two Hilbert spaces and (Z,|| - ||z) be a z= Lao(sq—')
Banach space continuously embedded in X. We consider nested subspaces . |
P"'W“Q . 2=X

(Xo,Y()) cC...C (Xk—l,Yk—l) - (Xk,Yk) c...C (X, Y)

with dimY), = dim X, = N;.

19 ly; = sup (¥, y)
yE€By,,

Po:Y' »Y W13 = 1PyI% + (- POV V€Y.

Tk = Tk—1 + axpr € UN Xk, Ry := F(z—1) + F'(zk—1)pk,



(H1) We suppose there exists an open set U C Z, such that F € C*(U,Y’),
F'(z) € L(X,Y’) for all z € U, and F’ locally Lipschitz: there exist
Lr € BY(R") and r € B*(U), such that for z € U and all p € B,(y) 2z
we have z +p € U and

I1F'(z + p) = F'(@)llcxvy < Le(ll2)llpll 2

(H2) There exist estimators 7 : Xy = R, (x : Xy X X > Rand Cr € R
such that for all £ and z,p € X},

I(I-POF@)ly: < Crmi(@), I-Pe)(F@)+F @p)ly: < Cr(e,p)
(H3) There exists 8 > 0 such that for all &

mk(z) + BIF(@)lly; < me-1(z) + BIF(2)lly;_, Yz € Xj.

—il
(H4) Forall k, 0 <a<1,z€ X

Lr(|lzllz)e”

2 |Ip||22 Vp e anBr(z),Z-

n(z+ap) < (1—a)nk(z)+aly(z, p)+

H5) The discrete tangent equation
g
pEXk: (F(z)+ F(2)p,y)y'xy =0 VyeYy

admits a solution for all z € X, k € N and there exist M,Cp €
Bt (R") such that

Ipcllz < M(||=l|2)I|1F'(2)lly; + Co(llzllz) (mk(zk-1) + Ck(zk-1,Pk)) -
(H6) The initial guess zy € U has a bounded sublevel set

sup{[|z]|z [ z € U, [|[F()]ly < [|F(zo)ly"}-
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Algorithm: Subspace Newton

Parameters: € >0,aa>0,>0,0< A< 1,0<c,w<1,0<k<1.
Input: (Xo,Yp) and zp € Xp. Set k =0 and ®_; := .

while ®y(zr) > ¢
(A1) Solve the tangent equation.
Set Mg :=min{\, ®;_,} and & := A\ Pp_;.
(Xk, Yk,pk) result of AFEM applied to (6k) Xk—l, Yk—l)-
(A2) Compute the step size and update.
et = r({lax-1[)/[pi|z and j = 0.
while & (251 + oV pr) > (1 — c0)®k(z_1)
Set a,(cjﬂ) = wa,(cj),
if afcj ) < a, stop the algorithm and report failure.
Set £+ £ +1
end while
Set ay, := a,(g).
Set zp := Tp—1 + arpk.
end while




Theorem 5.2 (Convergence of Newton). Suppose that Algorithm 5 gener-
ates a sequence of steps with

a > a>0.
Then

i) We have linear convergence of the merit function:

al=X

Q. < prPr-1, pr < 1— 5

it) R-linear convergence of (Ci(k—1,Pk)ken and (||pkllz)ken-

iit) There is kg € N such that superlinear convergence holds

D < Ca®M% Yk > ko,

iv) If the algorithms converges towards a solution =* with F'(z*) regular,
(|lz* — k|| z)ken converges R-linearly.



Lemma 5.3. Let é; be the accuracy in in step (A1). If there exists an
adaptive algorithm, which, given di, the pair of subspaces (Xi—1,Yk—1), and
zk—1 € Xk—1, produces a new pair of finite-dimensional subspaces (Xi, Yi) C
(X,Y) and corresponding solution to the tangent equation pr € Xp,
such that

Ck(Tk—1,Pk) < 0k, Ngp— N1 < C’Aé,:l/s.

Then we have the complezity estimate

k.
Y Ny — Ny < Ce™'/e,
k=1

where k. is the number of iterations performed by the algorithm.
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(primal) Xp:=PnC(]), Yi:=Pf xR",
(dual) X}, := Pf, Yy, := Pt 0 HE(J).
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W(z):= inf sup d'(z)(p,y) >v(z) — sup pn(z,p).
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[3] M. FEISCHL, Inf-sup stability implies quasi-orthogonality, Math. Comp.,
91 (2022), pp. 2059-2094.
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0 0 4.652e—03 0.00 0.000e+00 0.00 2.20le—03 2.45le—03 10 0
1 0 122304 003 3.163e—03 0.00 1.202—04 213806 35 3
2 0 1.712e-07 0.00 9.776e—05 0.03 1.711e—07 8.774e—11 835 7
3 0 4171e—09 0.02 1.389e—07 0.00 4.171e—09 1.84le—16 5592 4
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it bt mer  pPmer ol pyp) n F@)ly; N meshiter
0 0 2271e+00 0.00 0.000e4+00 0.00 7.255e—01 1.546e+00 400 0
1 4 1938400 0.85 2.858¢e+01 0.00 1.645e—01 1.774e400 425 3
2 3 1.934e+00 1.00 2.88le+01 1.01 1.302e—01 1.804e+00 443 1
3 4 L1.758e+00 0.91 3.700e+01 1.28 9.019e—02 1.668e+00 460 1
4 4 1.678+00 0.95 3.684e+01 1.00 8.937e—02 1.589e+00 460 0
5 4 1.550e+00 0.92 3.362e+01 0.91 8.573e—02 1.464e+00 472 1
6 4 1.470e+00 0.95 2.830e+01 0.84 8.514e—02 1.385e+00 472 0
7 4 1.403e+00 0.95 2.284e+01 0.81 8.565e—02 1.317e+00 472 0
8 3 1.345¢+00 0.96 1.850e+01 0.81 8.572e—02 1.260e+00 472 0
9 2 1.254e+00 0.93 1.45le+01 0.78 6.666e—02 1.188e+400 483 1
10 3 1.094e4+00 0.87 1.504e+01 1.04 6.604e—02 1.028e+00 485 1
11 3 1.012e+00 0.93 1.337e+01 0.89 6.878e—02 9.432e—01 485 0
12 2 8.442e—01 0.83 1.152e+01 0.86 4.413e—02 8.00le—01 496 1
13 2 6.232e—01 0.74 8.767e+00 0.76 3.781e—02 5.854e—01 508 1
14 2 5.391le—01 0.87 6.564e+00 0.75 4.130e—02 4.978e—01 508 0
15 2 4.519e—01 0.84 4.886e+00 0.74 4.364e—02 4.083e—01 508 0
16 1 3.937e—01 0.87 3.620e+00 0.74 4.669¢e—02 3.470e—01 508 0
17 1 2414e—01 0.61 1.914e+00 0.53 4.765e—02 1.938e—01 508 0
18 0 8174e—02 0.34 1.006e+00 0.53 1.922e—02 6.252e—02 533 1
19 0 8206e—03 0.10 1.261e—01 0.13 7.823e—03 3.839e—04 580 1
20 0 4.873¢e—04 0.06 7.226e—03 0.06 4.866e—04 7.406e—07 1071 3
21 0 1.858¢—06 0.00 4.005e—04 0.06 1.857e—06 7.098e—10 13767 6
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— it bt mer  pPmer IIp]l Pllpl n ||F(x) ”yk/ N  meshiter
0 0 1.000e-02 0.00 0.000e4+00 0.00 1.038e-03 8.961e-03 2000 0
1 6 9.679¢-03 0.97 3.177e+01 0.00 6.562e-04 9.023e-03 2053 1
| 2 7 9.674e-03 1.00 2.992e+01 0.94 6.563e-04 9.018e-03 2053 0
\ 3 7 9.671e-03 1.00 2.906e+01 0.97 6.563e-04 9.014e-03 2053 0
T PP T Y Y Y V.YV ‘ 4 7 9.667¢-03 1.00 2.825e+01 0.97 6.564e-04 9.011e-03 2053 0
SRaGaeaNARAARRE . 5 7 9.664e-03 1.00 2.746e+01 0.97 6.565e-04 9.008e-03 2053 0
fhesh 61 3 6.050e-03 0.94 2.381e+00 0.90 6.765e-04 5.373e-03 2053 0
— 62 2 5.967e-03 0.99 2.134e4+00 0.90 6.780e-04 5.289¢-03 2053 0
63 2 5.546e-03 0.93 1.686e+00 0.79 6.792¢-04 4.866e-03 2053 0
64 2 4.928¢-03 0.89 1.322e+00 0.78 6.801e-04 4.248e-03 2053 0
65 1 4.399¢-03 0.89 1.027e+00 0.78 6.817e-04 3.718e-03 2053 0
66 0 1.433e-03 0.33 5.526e-01 0.54 2.305e-04 1.203e-03 2388 1
’ “ H 67 0 7.965e-05 0.06 2.533e-02 0.05 7.783e-05 1.826e-06 3388 1
68 0 8.873e-06 0.11 6.836e-05 0.00 8.873e-06 2.567e-12 7014 2
69 0 3.417e-07 0.04 8.579e¢-06 0.13 3.417e-07 2.349e-14 20351 3
70 0 4.445e-09 0.01 2.901e-07 0.03 4.445e-09 1.832e-14 86118 4
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