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Our favorite problem

Let Q C R3 be a bounded Lipschitz polyhedron with boundary TI.
Consider a (uniformly bounded and SPD) diffusion matrix A : Q — R3%3.
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Our favorite problem

Let Q C R3 be a bounded Lipschitz polyhedron with boundary TI.
Consider a (uniformly bounded and SPD) diffusion matrix A : Q — R3%3.

The Poisson problem

Given f : Q = R, find v: Q — R such that

f in €,
0 onT.

u

{ —V - (AVu)
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Let Q C R3 be a bounded Lipschitz polyhedron with boundary TI.
Consider a (uniformly bounded and SPD) diffusion matrix A : Q — R3%3.

The Poisson problem

Given f : Q = R, find v: Q — R such that

f in €,
0 onT.

{ —V - (AVu)

u

For simplicity, we will assume both f and A piecewise constant in most of this talk.
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Our favorite problem

Let Q C R3 be a bounded Lipschitz polyhedron with boundary TI.
Consider a (uniformly bounded and SPD) diffusion matrix A : Q — R3%3.

The Poisson problem

Given f : Q = R, find v: Q — R such that

u 0 on'.

{—V~(AVu) = f inQ

For simplicity, we will assume both f and A piecewise constant in most of this talk.

Finite element discretization

There exists a unique u; € Pp(77) N HE(£2) such that
(AVuy, Vvi)a = (f,v)a

for all v, € Pp(T7) N HE(Q).
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Our favorite problem

Let Q C R3 be a bounded Lipschitz polyhedron with boundary TI.
Consider a (uniformly bounded and SPD) diffusion matrix A : Q — R3%3.

The Poisson problem

Given f : Q = R, find v: Q — R such that

-V (AVu) = f inQ,
u = 0 onT.

For simplicity, we will assume both f and A piecewise constant in most of this talk.

Finite element discretization

There exists a unique u; € Pp(77) N HE(£2) such that
(AVuy, Vvi)a = (f,v)a
for all v, € Pp(T7) N HE(Q).

Solved questions (at least, partially)

Can we robustly estimate the error |V (u — uy)||l?
Is there a way to optimally design/produce the mesh 7,7
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A posteriori error estimate

A posteriori estimator

For all K € 77 and vy € Pp(7:) N H3(K2), we introduce

1 (ve, K) = Wi |f + V- (AV V) I + hic | [AV vi] - nll3r-
Furthermore, for all 7 C 77, we let

2 (ve, T) = > m2(ve, K).

KeT
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A posteriori error estimate

A posteriori estimator

For all K € 77 and vy € Pp(7:) N H3(K2), we introduce

1 (ve, K) = Wi |f + V- (AV V) I + hic | [AV vi] - nll3r-
Furthermore, for all 7 C 77, we let

m(ve, T) = D (v, K).

KeT

Reliability and efficiency

IV (u = uolla S me(ue, Te)  meue, K) Sp IV (u = we)llz
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A posteriori error estimate

A posteriori estimator

For all K € 77 and vy € Pp(7:) N H3(K2), we introduce

1 (ve, K) = Wi |f + V- (AV V) I + hic | [AV vi] - nll3r-
Furthermore, for all 7 C 77, we let

m(ve, T) = D (v, K).

KeT

Reliability and efficiency

IV (u = uolla S me(ue, Te)  meue, K) Sp IV (u = we)llz

These inequalities can be tightened to “< and ng using an equilibrated estimator.
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Adaptive algorithm

Adaptive algorithm

Given an initial mesh 7g, for /=0,1,..., do

1. Compute the discrete solution v, associated with the mesh 7;.

2. Compute the estimator associated estimators 7, (u;, K).

3. Find the elements K € M, C T, where n,(uy, K) is large with Dérfler's marking.
4. Produce a new 741 where these elements have been refined with NVB.
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Adaptive algorithm

Adaptive algorithm

Given an initial mesh 7g, for /=0,1,..., do

1. Compute the discrete solution v, associated with the mesh 7;.

2. Compute the estimator associated estimators 7, (u;, K).

3. Find the elements K € M, C T; where n;(us, K) is large with Dérfler's marking.
4. Produce a new 741 where these elements have been refined with NVB.

Optimal convergence

If there exists a sequence of meshes ﬁ reachable from 7; by finite NVBs, s.t.
IW(u =1l < CITi|~*
with s > 0, then the sequence produced by the adaptive algorithm satisfies

IV (u—w)lle < CITe|
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Adaptive algorithm

Adaptive algorithm

Given an initial mesh 7g, for /=0,1,..., do

1.

Compute the discrete solution u, associated with the mesh 7.

2. Compute the estimator associated estimators 7, (u;, K).
3.
4. Produce a new 741 where these elements have been refined with NVB.

Find the elements K € M, C T; where 1,(us, K) is large with Dorfler's marking.

Optimal convergence

If there exists a sequence of meshes f reachable from 7; by finite NVBs, s.t.

IV (u—B)lla < CI7e1~°

with s > 0, then the sequence produced by the adaptive algorithm satisfies

IV (u—w)lle < CITe|

Optimal rate

If f is piecewise smooth and no anisotropic refinements are needed, then

IV (u— u)llo < CITo|7P/3,

which is the rate expected for smooth solutions, even if u is not smooth in general.

3/57
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Introduction

A displeasing variant




A displeasing variant

Let Q C R3 be an unbounded Lipschitz polyhedron with boundary T.
Consider a (uniformly bounded and SPD) diffusion matrix A : Q — R3%3.
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A displeasing variant

Let Q C R3 be an unbounded Lipschitz polyhedron with boundary T.
Consider a (uniformly bounded and SPD) diffusion matrix A : Q — R3%3.

We do not assume that I' is bounded, neither that A is constant outside a compact set.
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A displeasing variant

Let Q C R3 be an unbounded Lipschitz polyhedron with boundary T.
Consider a (uniformly bounded and SPD) diffusion matrix A : Q — R3%3.

We do not assume that I' is bounded, neither that A is constant outside a compact set.
This makes BEM or FEM-BEM coupling particularly challenging.
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A displeasing variant

Let Q C R3 be an unbounded Lipschitz polyhedron with boundary T.
Consider a (uniformly bounded and SPD) diffusion matrix A : Q — R3%3.

We do not assume that I' is bounded, neither that A is constant outside a compact set.
This makes BEM or FEM-BEM coupling particularly challenging.

The unbounded Poisson problem

Given f : Q = R, find v: Q — R such that

—V . (AV L) foinQ,
u = 0 onT,
u — 0 as|x|— +oo.
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A displeasing variant

Let Q C R3 be an unbounded Lipschitz polyhedron with boundary T.
Consider a (uniformly bounded and SPD) diffusion matrix A : Q — R3%3.

We do not assume that I' is bounded, neither that A is constant outside a compact set.
This makes BEM or FEM-BEM coupling particularly challenging.

The unbounded Poisson problem

Given f : Q = R, find v: Q — R such that

V. (AVY) = f inQ,
u = 0 onT,
u — 0 as|x|— +oo.

Questions

How should we define the discrete solution u,?
Can we robustly estimate the error ||V (u — uy)|o?
Is there a way to optimaly design/produce the mesh 7;?
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Truncate then discretized?

Truncate the domain with a box of size L, i.e. QL := QN (=L, L)
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Truncate then discretized?

Truncate the domain with a box of size L, i.e. QL := QN (=L, L)

The truncated Poisson problem

Given f : Q = R, find vl : Q — R such that

-V -(AVul) = f in QY
vt = 0 onT,
ub = 0 onTl:=0QM\T.
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Truncate then discretized?

Truncate the domain with a box of size L, i.e. QL := QN (=L, L)

The truncated Poisson problem

Given f : Q = R, find vl : Q — R such that

-V -(AVul) = f in QY
vt = 0 onT,
ub = 0 onTl:=0QM\T.

We can then use the standard toolbox to approximate u’ by u/L.
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Truncate then discretized?

The error is “artificially” decomposed as follows:
u—uf:u—uL-l— uL—uéL
~—— ~——

modeling  discretization
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Truncate then discretized?

The error is “artificially” decomposed as follows:

u—uf:u—uL-l— uL—uéL
N—— N——

modeling  discretization

Only the discretization error can be caught by an error estimator.
The modeling error has to be measured by other (often imprecise, or unknown) means.
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Truncate then discretized?

The error is “artificially” decomposed as follows:

u—uf:u—uL-l— uL—uf

—— N——

modeling  discretization

Only the discretization error can be caught by an error estimator.
The modeling error has to be measured by other (often imprecise, or unknown) means.

This leads to error bound of the form
IV (u—uf)lla <e+mn,

where ¢ is often not explicitely known or overestimated.
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Truncate then discretized?

The error is “artificially” decomposed as follows:

u—uf:u—uL-l— uL—uf

—— N——

modeling  discretization

Only the discretization error can be caught by an error estimator.
The modeling error has to be measured by other (often imprecise, or unknown) means.

This leads to error bound of the form
IV (u—uf)lla <e+mn,

where ¢ is often not explicitely known or overestimated.

Another issue is that it is hard to “balance” between ¢ and 7 in adaptive algorithms.
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Just discretize!

We consider an infinite mesh 7; of Q, with a notion of shape regularity described later.
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Just discretize!

We consider an infinite mesh 7; of Q, with a notion of shape regularity described later.

We will only ever use a finite subset 7, \ 77T of T, at each iteration /.
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Just discretize!

We consider an infinite mesh 7; of Q, with a notion of shape regularity described later.

We will only ever use a finite subset 7; \ 77T of T, at each iteration /.

Hereafter, we use the following notation

PP<T\T*)0H0(Q)_{weHo(m‘ vlk € Pp(K) VK € T\T] }

|k =0 VK e T/

for our finite element discretizations.
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Just discretize!

We consider an infinite mesh 7, of Q, with a notion of shape regularity described later.

We will only ever use a finite subset 7; \ 77T of 7, at each iteration /.

Hereafter, we use the following notation

|k € Pp(K) VK eT\T!
Po(T\ T N H(Q) = {weHé(Q)‘ le_o"( ) VKG?lT\ ' }
- 14

for our finite element discretizations.

This does implicitely introduce a truncation boundary ;.
However, we will never reference nor use the associated truncated PDE.
The truncation boundary 'y does not need to be Lipschitz, and often is not.

7/57 T. Chaumont-Frelet Adaptive finite element methods in unbounded domains



Introduction

Main results in this talk




Setting

Let Q C R3 be an unbounded Lipschitz polyhedron with boundary T.
Consider a (uniformly bounded and SPD) diffusion matrix A : Q — R3%3,
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Setting

Let Q C R3 be an unbounded Lipschitz polyhedron with boundary T.
Consider a (uniformly bounded and SPD) diffusion matrix A : Q — R3%3,

The Poisson problem

Given f : Q = R, find v: Q — R such that

-V - (AVu) f inQ,
u 0 on'l,
u — 0 as|x|— +oo.
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Setting

Let Q C R3 be an unbounded Lipschitz polyhedron with boundary T.
Consider a (uniformly bounded and SPD) diffusion matrix A : Q — R3%3,

The Poisson problem

Given f : Q = R, find v: Q — R such that

-V - (AVu) f inQ,
u 0 onf',
u — 0 as|x|— +oo.

For simplicity, we will assume both f and A piecewise constant in most of this talk.
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Setting

Let Q C R3 be an unbounded Lipschitz polyhedron with boundary T.
Consider a (uniformly bounded and SPD) diffusion matrix A : Q — R3%3,

The Poisson problem

Given f : Q = R, find v: Q — R such that

-V .- (AVu) = f inQ,
u = 0 onT,
u — 0 as|x|— +oo.

For simplicity, we will assume both f and A piecewise constant in most of this talk.

Finite element discretization

There exists a unique uy € Pp(T; \’T,f) N H3(£2) such that
(AVU% , Vv )Q = (f» Vf')Q

for all vy € Pp(Ts \Tﬁ) n H&(Q)-
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Setting

Let Q C R3 be an unbounded Lipschitz polyhedron with boundary T.
Consider a (uniformly bounded and SPD) diffusion matrix A : Q — R3%3,

The Poisson problem

Given f : Q = R, find v: Q — R such that

-V .- (AVu) = f inQ,
u 0 onf',
u — 0 as|x|— +oo.

For simplicity, we will assume both f and A piecewise constant in most of this talk.

Finite element discretization
There exists a unique u; € Pp(7: \ 7,1) N H3(2) such that

(AVuy, Vv = (f,vw)a
for all vy € Pp(Ts \T/f) n H&(Q)'

Questions (with positive answers)

Can we robustly estimate the error |V (u — uy)|q?
Is there a way to optimally design/produce the mesh 7 \T,T?
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A posteriori error estimate

A posteriori estimator

For all K € 7; and vy € Pp(Ts \7;T) N H3(S2), we introduce

7 (vi, K) = | f + V - (AV V)& + b | AV ve] - Al 5
Furthermore, for all 7 C 77, we let

v, T) = 3 (v, K).

KeT
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A posteriori error estimate

A posteriori estimator

For all K € 7; and vy € Pp(Ts \7;T) N H3(S2), we introduce

7 (vi, K) = | f + V - (AV V)& + b | AV ve] - Al 5
Furthermore, for all 7 C 77, we let

v, T) = 3 (v, K).

KeT

If f is compactly supported, n,(v;, K) is non-zero for finitely many K € 7.
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A posteriori error estimate

A posteriori estimator

For all K € 7; and vy € Pp(Ts \77T) N H3(S2), we introduce

7 (vi, K) = | f + V - (AV V)& + b | AV ve] - Al 5
Furthermore, for all 7 C 7, we let

v, T) = 3 (v, K).

KeT

If f is compactly supported, n,(v;, K) is non-zero for finitely many K € 7.

Reliability and efficiency

IV (u—ulle S neue, 7o) ne(ue, K) Sp IV (0 — o)l
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A posteriori error estimate

A posteriori estimator

For all K € 7; and vy € Pp(Ts \77T) N H3(S2), we introduce

7 (vi, K) = | f + V - (AV V)& + b | AV ve] - Al 5
Furthermore, for all 7 C 7, we let

v, T) = 3 (v, K).

KeT

If f is compactly supported, n,(v;, K) is non-zero for finitely many K € 7.

Reliability and efficiency

IV (u—ulle S neue, 7o) ne(ue, K) Sp IV (0 — o)l

These inequalities can be tightened to “< and ,Sf‘ using an equilibrated estimator.
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Adaptive algorithm

Adaptive algorithm

Given an initial mesh 7g, for /=0,1,..., do

1. Compute the discrete solution v, associated with the mesh 7; \ 7o.

2. Compute the estimator associated estimators 7, (u;, K).

3. Find the elements K € M, C T, where n,(us, K) is large with Dérfler's marking.
4. Produce a new 741 where these elements have been refined with NVB.
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Adaptive algorithm

Adaptive algorithm

Given an initial mesh 7g, for /=0,1,..., do

1. Compute the discrete solution v, associated with the mesh 7; \ 7o.

2. Compute the estimator associated estimators 7, (u;, K).

3. Find the elements K € M, C T, where n,(us, K) is large with Dérfler’'s marking.
4. Produce a new 741 where these elements have been refined with NVB.

Optimal convergence

If there exists a sequence of meshes ﬁ reachable from 7; by finite NVBs, s.t.
IV (u—=T)lla < CIT:\ Tol~*
with s > 0, then the sequence produced by the adaptive algorithm satisfies

IV (u = w)lle < CITe \ Tol >

10/57 T. Chaumont-Frelet Adaptive finite element methods in unbounded domains



Adaptive algorithm

Adaptive algorithm

Given an initial mesh 7g, for /=0,1,..., do

1.

Compute the discrete solution v, associated with the mesh 7; \ 7o.

2. Compute the estimator associated estimators 7, (u;, K).
3.
4. Produce a new 741 where these elements have been refined with NVB.

Find the elements K € M, C T; where n;(us, K) is large with Dorfler's marking.

Optimal convergence

If there exists a sequence of meshes f reachable from 7; by finite NVBs, s.t.

IV (u =)l < CIT0\ To|

with s > 0, then the sequence produced by the adaptive algorithm satisfies

IV (u = w)lle < CITe \ Tol >

Optimal rate

Under natural assumptions on f, if no anisotropic refinements are needed, then

IV (u = u)lla < CIT2\ To| =773,

which is the rate expected for smooth solutions, even if u is not smooth in general.
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Outline

Precise setting
Residual based a posteriori estimator
Adaptive algorithm

Numerical examples



Precise setting




Precise setting

Domain and coefficient




Domain and coefficient

We assume that Q C R3 is a (possibly) unbounded polyhedron.
By this, we mean that it can be covered by (infinitely many) tetrahedra
with diameters uniformly bounded from below.
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Domain and coefficient

We assume that Q C R3 is a (possibly) unbounded polyhedron.
By this, we mean that it can be covered by (infinitely many) tetrahedra
with diameters uniformly bounded from below.

[ can contain infinitely many faces, but their size is bounded from below.
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Domain and coefficient

We assume that Q C R3 is a (possibly) unbounded polyhedron.
By this, we mean that it can be covered by (infinitely many) tetrahedra
with diameters uniformly bounded from below.

[ can contain infinitely many faces, but their size is bounded from below.

QN K can be meshed with finitely many simplices for any compact K C R3
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Domain and coefficient

We assume that Q C R3 is a (possibly) unbounded polyhedron.
By this, we mean that it can be covered by (infinitely many) tetrahedra
with diameters uniformly bounded from below.

[ can contain infinitely many faces, but their size is bounded from below.

QN K can be meshed with finitely many simplices for any compact K C R3

We assume that f and A are piecewise constant. This will be made precise later.
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Precise setting

Variational formulation




Sobolev spaces

For smooth compactly supported functions, the application
C(Q) v —|Vvy|q €R.

is a norm.
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Sobolev spaces

For smooth compactly supported functions, the application
C(Q) v —|Vvy|q €R.

is a norm.

We define ﬁ&(Q) to the closure for this norm.
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Sobolev spaces

For smooth compactly supported functions, the application
C(Q) v —|Vvy|q €R.

is a norm.

We define ﬁ&(Q) to the closure for this norm.

The bilinear form (AV-, V+)q is naturally continuous and coercive over ﬁé(Q)
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Sobolev spaces

For smooth compactly supported functions, the application
C(Q) v —|Vvy|q €R.

is a norm.
We define ﬁ&(Q) to the closure for this norm.
The bilinear form (AV-, V+)q is naturally continuous and coercive over ﬁé(Q)

If v € HE(R) we do have Vv € L?(Q) and v|r = 0.
We also have v — 0 as |x| — +oo in an appropriate.
However, we do not need to have v € L?(f), so that H}(Q) # H2(£2) in general.
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Hardy's inequality

The following “Poincaré-like” inequality is paramount.

Hardy's inequality

For all v € ﬁé(ﬂ@), we have

—1
X" viigs < 2|V V||gs.
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Hardy's inequality

The following “Poincaré-like” inequality is paramount.

Hardy's inequality

For all v € ﬁé(ﬂ@), we have

—1
X" viigs < 2|V V||gs.

This is of course true for v € ﬁ&(Q) with reduced domain of integration.
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Hardy's inequality

The following “Poincaré-like” inequality is paramount.

Hardy's inequality

For all v € ﬁé(ﬂ@), we have

—1
X" viigs < 2|V V||gs.

This is of course true for v € ﬁ&(Q) with reduced domain of integration.
The choice of origin seems arbitrary for the moment, but we'll discuss that a bit later.
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Hardy's inequality

For all v € ﬁé(ﬂ@), we have

—1
X" viigs < 2|V V||gs.

This is of course true for v € ﬁ&(Q) with reduced domain of integration.
The choice of origin seems arbitrary for the moment, but we'll discuss that a bit later.

This inequality will be central. Let me show a quick proof for smooth radial functions.
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Hardy's inequality

The following “Poincaré-like” inequality is paramount.

Hardy's inequality

For all v € ﬁé(ﬂ@), we have

—1
X" viigs < 2|V V||gs.

This is of course true for v € ﬁ&(Q) with reduced domain of integration.
The choice of origin seems arbitrary for the moment, but we'll discuss that a bit later.

This inequality will be central. Let me show a quick proof for smooth radial functions.

Due to the r? weight in spherical coordinates, by IBP, we have

+oo +oo +o0
X~ v2s :/O |v\2dr:7/0 8,(\v|2)rdr=f2/0 Vo, vrdr.
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Hardy's inequality

The following “Poincaré-like” inequality is paramount.

Hardy's inequality

For all v € ﬁé(ﬂ@), we have

—1
X" viigs < 2|V V||gs.

This is of course true for v € ﬁ&(Q) with reduced domain of integration.
The choice of origin seems arbitrary for the moment, but we'll discuss that a bit later.

This inequality will be central. Let me show a quick proof for smooth radial functions.

Due to the r? weight in spherical coordinates, by IBP, we have

+oo +oo +o0
X~ v2s :/O |v\2dr:7/0 8,(\v|2)rdr=f2/0 Vo, vrdr.

Then, using Cauchy—Schwarz inequality, we have

“+o0
[ v@wndr < 111l vl
0
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Variational formulation

Variational formulation

Assume that |x|f € L2(Q). Then, there exists a unique u € ﬁ(}(Q) such that
(AVu,Vv)g = (f,v)a

for all v € HA ().
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Variational formulation

Variational formulation

Assume that |x|f € L2(Q). Then, there exists a unique u € ﬁ(}(Q) such that
(AVu,Vv)q = (f,v)a

for all v € HA ().

The proof follows from Lax—Milgram lemma.
Coercivity and continuity of the LHS are obvious by definition.
Continuity of the RHS follows from Hardy's inequality.
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Precise setting

Infinite meshes




Infinite meshes

Let 7; be a collection of simplices and 77T cT.

Shape regular mesh

We say that 7; \77T is a shape regular mesh with constant kK > 1
if the following is satisfied:
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Infinite meshes

Let 7; be a collection of simplices and 77T cT.

Shape regular mesh

We say that 7; \77T is a shape regular mesh with constant kK > 1
if the following is satisfied:

(al) 77 is a conforming partition of Q,
(a2) hx < kpk for all K € T;,
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Infinite meshes

Let 7; be a collection of simplices and 77T cT.

Shape regular mesh

We say that 7; \77T is a shape regular mesh with constant kK > 1
if the following is satisfied:

(al) 77 is a conforming partition of Q,
a2) hkx < kpk for all K € Ty,

(
(b1) 77 \ 7,1 is finite,
(

b2) k71 |xk| < hk < K|xk| for all K € '77T.
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Infinite meshes

Let 7; be a collection of simplices and 77T cT.

Shape regular mesh

We say that 7; \77T is a shape regular mesh with constant kK > 1
if the following is satisfied:

(al) 77 is a conforming partition of Q,
) K</~cpKforaI| KGT,

(a
(b1) 72\ 7,1 is finite,
(

b2) k71 |xk| < hk < K|xk| for all K € TT

We essentially ask that the “inactive” elements grow towards infinity.
This can seen as a generalized notion of shape regularity.

15/57 T. Chaumont-Frelet Adaptive finite element methods in unbounded domains



Infinite meshes

Let 7; be a collection of simplices and 77T cT.

Shape regular mesh

We say that 7; \77T is a shape regular mesh with constant kK > 1
if the following is satisfied:

(al) 77 is a conforming partition of Q,
) K</~cpKforaI| KGT,

(a

(b1) 72\ 7,1 is finite,

(b2) kY xk| < hk < K|xk| for all K € TT

We essentially ask that the “inactive” elements grow towards infinity.
This can seen as a generalized notion of shape regularity.

The requirement in (b2) is crucial and has to be compared to Hardy's inequality.
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Infinite meshes

Let 7; be a collection of simplices and 77T cT.

Shape regular mesh

We say that 7; \77T is a shape regular mesh with constant kK > 1
if the following is satisfied:

(al) 77 is a conforming partition of Q,

(a2) hx < Kkpk for all K € Ty,

(b1) 72\ 7,1 is finite,

(b2) kY xk| < hk < K|xk| for all K € TT

We essentially ask that the “inactive” elements grow towards infinity.
This can seen as a generalized notion of shape regularity.

The requirement in (b2) is crucial and has to be compared to Hardy's inequality.

Throughout, we demand that f and A are constant on each K € 7.
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Precise setting

Example




Setting

f(x)=|x|7% a> 3
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Corresponding mesh
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Corresponding mesh
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Corresponding mesh
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Corresponding mesh
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Precise setting

Another example




Setting
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Corresponding mesh
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Corresponding mesh
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Corresponding mesh
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Corresponding mesh
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Corresponding mesh
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Residual based a posteriori estimator




Residual based a posteriori estimator

A posteriori error estimator




A posteriori error estimator

A posteriori estimator

For all K € 77 and v, € P,(Ts \77T) N H3(£2), we introduce

1 (ve, K) = Wi |f + V- (AVV) I + hic | [AV v - nll3r-
Furthermore, for all 7 C 77, we let

2 (ve, T) == > n2(ve, K).

KeT
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A posteriori error estimator

A posteriori estimator

For all K € 77 and v, € P,(Ts \77T) N H3(£2), we introduce

1 (ve, K) = Wi |f + V- (AVV) I + hic | [AV v - nll3r-
Furthermore, for all 7 C 77, we let

77/2(‘/’77—) = Z U?(Vza K)'

KeT

If f is compactly supported, 7,(v;, K) is non-zero for finitely many K € 7.
In general, we can compute 7,(v;, T) as long as T is contained in a compact set.
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A posteriori error estimator

A posteriori estimator
For all K € 77 and v, € P,(Ts \77T) N H3(£2), we introduce

1 (ve, K) = Wi |f + V- (AVV) I + hic | [AV v - nll3r-
Furthermore, for all 7 C 77, we let

7712(‘/’77—) = Z 77?(‘//7 K)'

KeT

If f is compactly supported, 7,(v;, K) is non-zero for finitely many K € 7.
In general, we can compute 7,(v;, T) as long as T is contained in a compact set.

Here, are goal is to show the following properties.

Reliability and efficiency

IV (u—ulle Sneue, 7o) ne(ue, K) Sp IV (0 — )l
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A posteriori error estimator

A posteriori estimator
For all K € 77 and v, € P,(Ts \77T) N H3(£2), we introduce

1 (ve, K) = Wi |f + V- (AVV) I + hic | [AV v - nll3r-
Furthermore, for all 7 C 77, we let

7712'(‘/’77—) = Z 77?(‘//7 K)'

KeT

If f is compactly supported, 7,(v;, K) is non-zero for finitely many K € 7.
In general, we can compute 7,(v;, T) as long as T is contained in a compact set.

Here, are goal is to show the following properties.

Reliability and efficiency
IV (u—ulle S meue, 7o) ne(ue, K) Sp 1V (0 — wo)llz

In fact, one can copy-paste the standard proof for the efficiency.
The interesting (and non-trivial) property is the reliability.
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Residual based a posteriori estimator

Reliability




Why is it complicated?

The main idea of the proof is standard.
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Why is it complicated?

The main idea of the proof is standard. We write that

IV(u—u)ll S sup (AV(v—w),Vv)a= sup (AV(u—w),V(v—Jv))a
veA}(Q) veR(Q)
[Vvllo=1 [Vvllo=1

for a quasi-interpolation operator J; : ﬁé(Q) — Pp(Ti N 77T) N H ().
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Why is it complicated?

The main idea of the proof is standard. We write that

IV(u—u)ll S sup (AV(v—w),Vv)a= sup (AV(u—w),V(v—Jv))a
veHi(Q) veH} (@)
Vvile=1 Vvile=1

for a quasi-interpolation operator J; : ﬁé(Q) — Pp(Ti N 77T) N H ().

We then perform element wise IBPs to reveal the residual terms of the estimator.
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The main idea of the proof is standard. We write that

IV(u—u)ll S sup (AV(v—w),Vv)a= sup (AV(u—w),V(v—Jv))a
veHi(Q) veH} (@)
Vvile=1 Vvile=1

for a quasi-interpolation operator J; : ﬁé(Q) — Pp(Ti N 77T) N H ().
We then perform element wise IBPs to reveal the residual terms of the estimator.

We finally employ some approximation and stability properties of J,.
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Why is it complicated?

The main idea of the proof is standard. We write that

IV(u—u)ll S sup (AV(v—w),Vv)a= sup (AV(u—w),V(v—Jv))a
veHi(Q) veH} (@)
Vvile=1 Vvile=1

for a quasi-interpolation operator J; : ﬁé(Q) — Pp(Ti N 77T) N H ().
We then perform element wise IBPs to reveal the residual terms of the estimator.
We finally employ some approximation and stability properties of J,.

The difficulty here is that J;, maps into a submesh, not the whole mesh.
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Why is it complicated?

The main idea of the proof is standard. We write that

IV(u—u)l S sup (AV(u—u),VV)g= sup (AV(u—u),V(v—Jv)a
veA}(Q) veR(Q)
[Vvllo=1 [Vvllo=1

for a quasi-interpolation operator J; : ﬁé(Q) — Pp(Ti N 77T) N H ().
We then perform element wise IBPs to reveal the residual terms of the estimator.
We finally employ some approximation and stability properties of J,.

The difficulty here is that J;, maps into a submesh, not the whole mesh.
The solution hinge on

(a) a careful use of a Scott-Zhang type J,

(b) the specific shape-regularity assumptions we made,

(c) Hardy's inequality.
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Standard first step

For v € Fl%(Q) using element-wise IBPs, we prove the following:

(AV(u—w),Vv)g = (f,v)a—(AVu,Vv)q
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Standard first step

For v € Fl%(Q) using element-wise IBPs, we prove the following:

(AV(u—w),Vv)g = (f,v)a—(AVu,Vv)q
= (f=V./-(AVw),v)7, = (AVu - n,v)a7,

29/57 T. Chaumont-Frelet Adaptive finite element methods in unbounded domains



Standard first step

For v € Fl%(Q) using element-wise IBPs, we prove the following:

(AV(u—w),Vv)g = (f,v)a—(AVu,Vv)q
= (f=V./-(AVw),v)7, = (AVu - n,v)a7,

= (=Y. (AVu), )7~ (A n a7
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Standard first step

For v € Fl%(Q) using element-wise IBPs, we prove the following:

(AV(u—w),Vv)g = (f,v)a—(AVu,Vv)q
= (f=V./-(AVw),v)7, = (AVu - n,v)a7,

= (=Y. (AVu), )7~ (A n a7

1/2

IN

_2 _
e, TS0 (B IVl + it IvIB )
KeT
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Standard first step

For v € Fl%(Q) using element-wise IBPs, we prove the following:

(AV(u—w),Vv)g = (f,v)a—(AVu,Vv)q
= (f=V./-(AVw),v)7, = (AVu - n,v)a7,

— (F- V. (AVu), V)7 — %(ﬂAVu(]] e

1/2

IN

_2 _
e, TS0 (B IVl + it IvIB )
KeT;

By Galerkin orthogonality, we can replace v by v — J,v, so that

1/2
(AV(u— ), V) < (s, T7) { > (hPlv = JevliE + bty — J(ng)} :
KeT:
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Standard first step

For v € Fl%(Q) using element-wise IBPs, we prove the following:

(AV(u—w),Vv)g = (f,v)a—(AVu,Vv)q
= (f=V./-(AVw),v)7, = (AVu - n,v)a7,

— (F- V. (AVu), V)7 — %(ﬂAVu(]] e

1/2
2 _
< s ) Y (BPIVIE + bt IviIBg)
KeT;
By Galerkin orthogonality, we can replace v by v — J,v, so that
1/2
(AV(u— ), Vo < men T4 D0 (A llv = Jevli + ity = Jevly)

KeT:

It remains to show that

In=H (v = Jv)lle + IV (v = Jv)lla S Vvl
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A nonstrandard second step

Quasi-interpolation estimate

2= (v = Jv)lle + IV (v = Jev)lla S IV Vile-
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A nonstrandard second step

Quasi-interpolation estimate

2= (v = Jv)lle + IV (v = Jev)lla S IV Vile-

(a) On active elements K “far” from the truncation boundary, classicaly, we have
b=t (v = Jev)lik + IV (v = Jev)llk S IV VI,

and sum up the contributions.

30/57 T. Chaumont-Frelet Adaptive finite element methods in unbounded domains



A nonstrandard second step

Quasi-interpolation estimate

2= (v = Jv)lle + IV (v = Jev)lla S IV Vile-

(a) On active elements K “far” from the truncation boundary, classicaly, we have
b= (v = Jv)llk + IV (v = Ik S IV Vi,

and sum up the contributions.

(b) For the inactive elements, we have that

7 = Je)llgrt + 190 = Jev)lg o
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A nonstrandard second step

Quasi-interpolation estimate

2= (v = Jv)lle + IV (v = Jev)lla S IV Vile-

(a) On active elements K “far” from the truncation boundary, classicaly, we have
b= (v = Jv)llk + IV (v = Ik S IV Vi,

and sum up the contributions.

(b) For the inactive elements, we have that

272 = e )llgeyt + IV (v = Jev) 15 vl rt + 19V

anT! anT/}
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A nonstrandard second step

Quasi-interpolation estimate

2= (v = Jv)lle + IV (v = Jev)lla S IV Vile-

(a) On active elements K “far” from the truncation boundary, classicaly, we have
b= (v = Jv)llk + IV (v = Ik S IV Vi,

and sum up the contributions.

(b) For the inactive elements, we have that

272 = e )llgeyt + IV (v = Jev) 15 vl rt + 19V

anT! anT/}

N

-1
X1 llgyrt + 19 vllge
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A nonstrandard second step

Quasi-interpolation estimate

2= (v = Jv)lle + IV (v = Jev)lla S IV Vile-

(a) On active elements K “far” from the truncation boundary, classicaly, we have
b= (v = Jv)llk + IV (v = Ik S IV Vi,
and sum up the contributions.

(b) For the inactive elements, we have that

1 _

18710 = Jlgyt + 190 = I llgrt = I8 Vgt + 19Vl
< x|ty Vv
S MK gyt + 19 vllgnys
S IIVvie

due to Hardy's inequality.
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A nonstrandard second step

Quasi-interpolation estimate

2= (v = Jv)lle + IV (v = Jev)lla S IV Vile-

(a) On active elements K “far” from the truncation boundary, classicaly, we have
b= (v = Jv)llk + IV (v = Ik S IV Vi,
and sum up the contributions.

(b) For the inactive elements, we have that

—1 ) — -1

[ = Je)llgrt + IV = I)llgrrt = I8 Vilget + 19 Vlgr ot
Sl Vlgnyt + 19 Vllge
S IIVvie

due to Hardy's inequality.

(c) For the active elements touching 'y, we combine the two above arguments.
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Adaptive algorithm




Adaptive algorithm

The algorithm




Adaptive algorithm

| now want to investigate the following adaptive algorithm.

Adaptive algorithm

Given an initial mesh 7g, for / =0,1,..., do

1. Compute the discrete solution v, associated with the mesh 7; \ 7o.

2. Compute the estimator associated estimators 7, (u/, K).

3. Find the elements K € M, C T, where n,(uy, K) is large with Dérfler's marking.
4. Produce a new 741 where these elements have been refined with NVB.
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Adaptive algorithm

| now want to investigate the following adaptive algorithm.

Adaptive algorithm

Given an initial mesh 7g, for / =0,1,..., do

1. Compute the discrete solution v, associated with the mesh 7; \ 7o.

2. Compute the estimator associated estimators 7, (u/, K).

3. Find the elements K € M, C T, where n,(uy, K) is large with Dérfler's marking.
4. Produce a new 741 where these elements have been refined with NVB.

Soon, we will discuss the optimality of the sequence of meshes produced.
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Adaptive algorithm

| now want to investigate the following adaptive algorithm.

Adaptive algorithm

Given an initial mesh 7g, for / =0,1,..., do

1. Compute the discrete solution v, associated with the mesh 7; \ 7o.

2. Compute the estimator associated estimators 7, (u/, K).

3. Find the elements K € M, C T, where n,(uy, K) is large with Dérfler's marking.
4. Produce a new 741 where these elements have been refined with NVB.

Soon, we will discuss the optimality of the sequence of meshes produced.

Before that, let's answer a simpler question: Is this even a feasible algorithm?
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Adaptive algorithm

| now want to investigate the following adaptive algorithm.

Adaptive algorithm

Given an initial mesh 7g, for / =0,1,..., do

1. Compute the discrete solution v, associated with the mesh 7; \ 7o.

2. Compute the estimator associated estimators 7, (u/, K).

3. Find the elements K € M, C T, where n,(uy, K) is large with Dérfler's marking.
4. Produce a new 741 where these elements have been refined with NVB.

Soon, we will discuss the optimality of the sequence of meshes produced.

Before that, let's answer a simpler question: Is this even a feasible algorithm?
T; contains infinitely many elements, so we must be careful about Steps 2 and 3.
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Adaptive algorithm

| now want to investigate the following adaptive algorithm.

Adaptive algorithm

Given an initial mesh 7g, for / =0,1,..., do

1. Compute the discrete solution v, associated with the mesh 7; \ 7o.

2. Compute the estimator associated estimators 7, (u/, K).

3. Find the elements K € M, C T, where n,(uy, K) is large with Dérfler’'s marking.
4. Produce a new 741 where these elements have been refined with NVB.

Soon, we will discuss the optimality of the sequence of meshes produced.

Before that, let's answer a simpler question: Is this even a feasible algorithm?
T; contains infinitely many elements, so we must be careful about Steps 2 and 3.
There are also concerns about wether NVB terminates for infinite meshes in Step 4.
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Marking

Let us first investigate Steps 2 and 3.

Adaptive algorithm

Given an initial mesh 7g, for / =0,1,..., do

1. Compute the discrete solution v, associated with the mesh 7; \ 7o.

2. Compute the estimator associated estimators 7, (u/, K).

3. Find the elements K € M, C T, where 1,(uy, K) is large with Dérfler’'s marking.
4. Produce a new 741 where these elements have been refined with NVB.
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Marking

Let us first investigate Steps 2 and 3.

Adaptive algorithm

Given an initial mesh 7g, for / =0,1,..., do

1. Compute the discrete solution v, associated with the mesh 7; \ 7o.

2. Compute the estimator associated estimators 7, (u/, K).

3. Find the elements K € M, C T, where 1,(uy, K) is large with Dérfler’'s marking.
4. Produce a new 741 where these elements have been refined with NVB.

Let us first remark that if f is compactly supported, there is no problem.
Indeed, there only finitely many elements for which the estimator is nonzero.
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Marking

Let us first investigate Steps 2 and 3.

Adaptive algorithm

Given an initial mesh 7g, for / =0,1,..., do

. Compute the discrete solution v, associated with the mesh 7; \ 75.

2. Compute the estimator associated estimators 7, (u/, K).

3. Find the elements K € M, C T, where 1,(uy, K) is large with Dérfler’'s marking.
4. Produce a new 741 where these elements have been refined with NVB.

[y

Let us first remark that if f is compactly supported, there is no problem.
Indeed, there only finitely many elements for which the estimator is nonzero.

Otherwise, we need the following (weak) extra assumption.

Extra load term decay

We assume that there exists € > 0 such that
[t f € 1),

and that (an upper bound of) |||x|1t¢f||q is known.
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Marking

With the extra assumption, let me show you that Steps 2 and 3 are feasible.
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Marking

With the extra assumption, let me show you that Steps 2 and 3 are feasible.

To be perfectly accurate, we cannot perform Step 2 as written.
Indeed, there are still infitely many values of 7, (u, K) to compute.
Yet, we can obtain a satisfactory marked set M, with finitely many values.

33/57 T. Chaumont-Frelet Adaptive finite element methods in unbounded domains



Marking

With the extra assumption, let me show you that Steps 2 and 3 are feasible.

To be perfectly accurate, we cannot perform Step 2 as written.
Indeed, there are still infitely many values of 7, (u, K) to compute.
Yet, we can obtain a satisfactory marked set M, with finitely many values.

To do so, we observe that if 7, \ 7o C B, for some L > 0, then

Z nf(u;,K) =

KET,
KCBf
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Marking

With the extra assumption, let me show you that Steps 2 and 3 are feasible.

To be perfectly accurate, we cannot perform Step 2 as written.
Indeed, there are still infitely many values of 7, (u, K) to compute.
Yet, we can obtain a satisfactory marked set M, with finitely many values.

To do so, we observe that if 7, \ 7o C B, for some L > 0, then

D niunK)= Y hlIflk <

KET, KET,
KCBf KCBf
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Marking

With the extra assumption, let me show you that Steps 2 and 3 are feasible.

To be perfectly accurate, we cannot perform Step 2 as written.
Indeed, there are still infitely many values of 7, (u, K) to compute.
Yet, we can obtain a satisfactory marked set M, with finitely many values.

To do so, we observe that if 7, \ 7o C B, for some L > 0, then

2 2 2 2 2
E ni (ue, K) = E hllfllx < w H|X|f||Bf <
KET; KET;
KCBf KCBf
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Marking

With the extra assumption, let me show you that Steps 2 and 3 are feasible.

To be perfectly accurate, we cannot perform Step 2 as written.
Indeed, there are still infitely many values of 7, (u, K) to compute.
Yet, we can obtain a satisfactory marked set M, with finitely many values.

To do so, we observe that if 7, \ 7o C B, for some L > 0, then

2 2 11112 2 2 2 -2 1 2
> niu, K) = Y HlIflk < /2llIxIFIFe < R3L725) Ix| M FIR
KET, KET,
KCBf KCBf
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Marking

With the extra assumption, let me show you that Steps 2 and 3 are feasible.

To be perfectly accurate, we cannot perform Step 2 as written.
Indeed, there are still infitely many values of 7, (u, K) to compute.
Yet, we can obtain a satisfactory marked set M, with finitely many values.

To do so, we observe that if 7, \ 7o C B, for some L > 0, then

2 2 11112 2 2 2 -2 1 2
> niu, K) = Y HlIflk < /2llIxIFIFe < R3L725) Ix| M FIR
KET, KET,
KCBf KCBf

As a result, we can find L large enough to exclude only negligeable elements far away.
That way, we can find a minimal set M/, which is sufficient for optimal convergence.
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Newest vertex bisection

Our algorithm will always mark a finite set of elements M,.
However, these may lead to infinitely many refinements to enforce conformity.
In fact, we can build such counter examples, but there are “pathological”.
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Newest vertex bisection

Our algorithm will always mark a finite set of elements M,.
However, these may lead to infinitely many refinements to enforce conformity.
In fact, we can build such counter examples, but there are “pathological”.

Termination of NVB

If 7o is admissible, then NVB always terminates.
In addition, the standard closure estimate holds true.
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Newest vertex bisection

Our algorithm will always mark a finite set of elements M,.
However, these may lead to infinitely many refinements to enforce conformity.
In fact, we can build such counter examples, but there are “pathological”.

Termination of NVB

If 7o is admissible, then NVB always terminates.
In addition, the standard closure estimate holds true.

Not all shape-regular meshes 7 are admissible.
However, we can make such meshes admissible with one global refinement.
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Newest vertex bisection

Our algorithm will always mark a finite set of elements M,.
However, these may lead to infinitely many refinements to enforce conformity.
In fact, we can build such counter examples, but there are “pathological”.

Termination of NVB

If 7o is admissible, then NVB always terminates.
In addition, the standard closure estimate holds true.

Not all shape-regular meshes 7 are admissible.
However, we can make such meshes admissible with one global refinement.

This result is not surprising, but the standard proofs had to checked/modified.
Indeed, they often assume a finite and quasi-uniform mesh.

34/57 T. Chaumont-Frelet Adaptive finite element methods in unbounded domains



Newest vertex bisection

Our algorithm will always mark a finite set of elements M,.
However, these may lead to infinitely many refinements to enforce conformity.
In fact, we can build such counter examples, but there are “pathological”.

Termination of NVB

If 7o is admissible, then NVB always terminates.
In addition, the standard closure estimate holds true.

Not all shape-regular meshes 7 are admissible.
However, we can make such meshes admissible with one global refinement.

This result is not surprising, but the standard proofs had to checked/modified.
Indeed, they often assume a finite and quasi-uniform mesh.

All in all, Step 4 terminates with finitely many operations.
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Adaptive algorithm

Optimal convergence




Optimal convergence

We now wish to establish the following result.

mal convergence

If there exists a sequence of meshes ﬁ reachable from 7; by finite NVBs, s.t.

IV (u—0)lla < CIT0\ To|~*
with s > 0, then the sequence produced by the adaptive algorithm satisfies

IV (u = w)lle < CITe \ Tol >
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Optimal convergence

We now wish to establish the following result.

Optimal convergence

If there exists a sequence of meshes ﬁ reachable from 7; by finite NVBs, s.t.

IV (u—0)lla < CIT0\ To|~*
with s > 0, then the sequence produced by the adaptive algorithm satisfies

IV (u = w)lle < CITe \ Tol >

To establish this, we check the celebrated “axioms of adaptivity”.

@ C. Carstensen, M. Feischl, M. Page, and D. Praetorius, Comput. Math. Appl., 2014.
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Optimal convergence

We now wish to establish the following result.

Optimal convergence

If there exists a sequence of meshes ﬁ reachable from 7; by finite NVBs, s.t.

IV (u—0)lla < CIT0\ To|~*
with s > 0, then the sequence produced by the adaptive algorithm satisfies

IV (u = w)lle < CITe \ Tol >

To establish this, we check the celebrated “axioms of adaptivity”.

@ C. Carstensen, M. Feischl, M. Page, and D. Praetorius, Comput. Math. Appl., 2014.

As it tunrs out, they “just work” for infinite meshes.

35/57 T. Chaumont-Frelet Adaptive finite element methods in unbounded domains



Axioms of adaptivity

We need to check the following “axioms”.

Axioms of adaptivity

A1 Stability on non-refined elements:

Ine(ver, Te N Ter) = ne(ve, Te VT )l S IV (ver = vi)lla-

A2 Reduction on refined elements: For some g < 1, we have

ne(ve, Tor1 \ Te) < aqne(ve, To \ Tog1)-

A3 Discrete reliability:
This is a stronger localized version of reliability.

A4 Quasi-orthogonality:
This is always satisfied for symmetric Lax—Milgram problems with nested spaces.
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A2 Reduction on refined elements: For some g < 1, we have

ne(ve, Tor1 \ Te) < aqne(ve, To \ Tog1)-

A3 Discrete reliability:
This is a stronger localized version of reliability.

A4 Quasi-orthogonality:
This is always satisfied for symmetric Lax—Milgram problems with nested spaces.

All the standard proofs straightforwardly apply, except for A3.
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Axioms of adaptivity

We need to check the following “axioms”.

Axioms of adaptivity

A1 Stability on non-refined elements:

Ine(ver, Te N Ter) = ne(ve, Te VT )l S IV (ver = vi)lla-

A2 Reduction on refined elements: For some g < 1, we have

ne(ve, Tor1 \ Te) < aqne(ve, To \ Tog1)-

A3 Discrete reliability:
This is a stronger localized version of reliability.

A4 Quasi-orthogonality:
This is always satisfied for symmetric Lax—Milgram problems with nested spaces.

All the standard proofs straightforwardly apply, except for A3.
A3 is obtained with arguments similar to one we have seen for the reliability.
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Adaptive algorithm

Optimal rates




Optimal rates

We have learned that our algorithm does as well as the best reachable mesh.
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We have learned that our algorithm does as well as the best reachable mesh.
The next question to ask is how good is the best reachable mesh?
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Optimal rates

We have learned that our algorithm does as well as the best reachable mesh.
The next question to ask is how good is the best reachable mesh?

Here, we are going to show the following.

Optimal rate
Assume that Q =R3 and A= 1.
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Optimal rates

We have learned that our algorithm does as well as the best reachable mesh.
The next question to ask is how good is the best reachable mesh?

Here, we are going to show the following.

Optimal rate
Assume that Q =R3 and A= 1.

If |x|tef € 12(R3) and |x|llt192f € L2(R3) for |a| < p—1,
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Optimal rates

We have learned that our algorithm does as well as the best reachable mesh.
The next question to ask is how good is the best reachable mesh?

Here, we are going to show the following.

Optimal rate
Assume that Q = R3 and A= |I.
If |x|'tef € L2(R3) and |x|l*[+19af € L2(R3) for |a| < p — 1, then, for all v > 0

IV (u—Tp)lla < CIT2 \ To| =73+,

for a well-chosen sequence of meshes 7.
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Optimal rates

We have learned that our algorithm does as well as the best reachable mesh.
The next question to ask is how good is the best reachable mesh?

Here, we are going to show the following.

Optimal rate
Assume that Q = R3 and A= |I.
If |x|'tef € L2(R3) and |x|l*[+19af € L2(R3) for |a| < p — 1, then, for all v > 0

IV (u—Tp)lla < CIT2 \ To| =73+,

for a well-chosen sequence of meshes 7.

This is satisfied, e.g., by f = (14 |x|)™#* with u > 5/2.
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Optimal rates

We have learned that our algorithm does as well as the best reachable mesh.
The next question to ask is how good is the best reachable mesh?

Here, we are going to show the following.

Optimal rate
Assume that Q =R3 and A= 1.

If |x|'tef € L2(R3) and |x|l*[+19af € L2(R3) for |a| < p — 1, then, for all v > 0
IV (u=00)lla < CIT: \ To|~P/3+,
for a well-chosen sequence of meshes ﬁ

This is satisfied, e.g., by f = (14 |x|)™#* with u > 5/2.

If T is bounded and A = I outside a compact set,
we can combine this result with a localization argument.
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Optimal rates

We have learned that our algorithm does as well as the best reachable mesh.
The next question to ask is how good is the best reachable mesh?

Here, we are going to show the following.

Optimal rate

Assume that Q =R3 and A= 1.

If |x|'tef € L2(R3) and |x|l*[+19af € L2(R3) for |a| < p — 1, then, for all v > 0
IV(u=30)la < CIT:\ Tol =P/,

for a well-chosen sequence of meshes 7.

This is satisfied, e.g., by f = (14 |x|)™#* with u > 5/2.

If T is bounded and A = I outside a compact set,
we can combine this result with a localization argument.

We then obtain optimal rates under standard assumptions on the edges in I' and A.
These correspond to the absence of necessary anisotropic refinements.
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Gist of the proof

Fix v > 0. For an arbitrary 7 > 0, we are going to construct ’7/:( such that
IV(u=0)lgs <NV (u—Tou)llgs ST

and |7’:/\ < 73/pv,
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Gist of the proof

Fix v > 0. For an arbitrary 7 > 0, we are going to construct ’7/:( such that

IV (0= 30)lles < IV (u=Tou)lgs S 7

and |7’:/\ < 73/pv,

This mesh is essentially a uniform refinement of 7j in a sufficiently large ball.
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Gist of the proof

Fix v > 0. For an arbitrary 7 > 0, we are going to construct ’ﬁ such that
IV (0= 30)lles < IV (u=Tou)lgs S 7
and |7’:/\ < 73/pv,
This mesh is essentially a uniform refinement of 7j in a sufficiently large ball.
Step 1: We have a regularity shift, ensuring that
|x|¢|WVu] € L2(R3) and |x|!*=10%y € L2(R?)

for o] < p+1.
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Fix v > 0. For an arbitrary 7 > 0, we are going to construct ’ﬁ such that
IV (0= 30)lles < IV (u=Tou)lgs S 7
and |7’:/\ < 73/pv,
This mesh is essentially a uniform refinement of 7j in a sufficiently large ball.
Step 1: We have a regularity shift, ensuring that
|x|¢|WVu] € L2(R3) and |x|!*=10%y € L2(R?)
for o] < p+1.

Step 2: We perform a truncation.
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Gist of the proof

Fix v > 0. For an arbitrary 7 > 0, we are going to construct ’ﬁ such that
IV (0= 30)lles < IV (u=Tou)lgs S 7
and |7’:/\ < 73/pv,
This mesh is essentially a uniform refinement of 7j in a sufficiently large ball.
Step 1: We have a regularity shift, ensuring that
|x|¢|WVu] € L2(R3) and |x|!*=10%y € L2(R?)
for o] < p+1.
Step 2: We perform a truncation. Due to Step 1, we have
Vullgg < L78[[IxI*Vulloa S L7°.

We pick L = 771/, 5o that
IVullge S -
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Gist of the proof

Step 3: Uniform refinement of 7 inside B;.
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Gist of the proof

Step 3: Uniform refinement of 7 inside B;.

The number of “element layers” in 7o N B grows as log L = ¢|log 7|.
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Step 3: Uniform refinement of 7 inside B;.

The number of “element layers” in 7o N B grows as log L = ¢|log 7|.
There is the “same” number of elements in each layer, hence |70 N B, | < C|log7|.
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Step 3: Uniform refinement of 7 inside B;.

The number of “element layers” in 7o N B grows as log L = ¢|log 7|.
There is the “same” number of elements in each layer, hence |70 N B, | < C|log7|.

We subdivide N times the elements of 7o N B.. This is possible by NVB with N = 2".
We call the result T,. We have |T,| < C|log7|N3.
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Step 3: Uniform refinement of 7 inside B;.

The number of “element layers” in 7o N B grows as log L = ¢|log 7|.
There is the “same” number of elements in each layer, hence |70 N B, | < C|log7|.

We subdivide N times the elements of 7o N B.. This is possible by NVB with N = 2".
We call the result T,. We have |T,| < C|log7|N3.

For K € 7o N By, we have

. he \ P N
IVe-Tale 5 () 1Pt -Twlx
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Gist of the proof

Step 3: Uniform refinement of 7 inside B;.

The number of “element layers” in 7o N B grows as log L = ¢|log 7|.
There is the “same” number of elements in each layer, hence |70 N B, | < C|log7|.

We subdivide N times the elements of 7o N B.. This is possible by NVB with N = 2".
We call the result T,. We have |T,| < C|log7|N3.

For K € 7o N By, we have

. he \ P N
IVe-Tale 5 () 1Pt -Twlx

N=P||AcPOP* (u =T, u) |k

A
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Gist of the proof

Step 3: Uniform refinement of 7 inside B;.

The number of “element layers” in 7o N B grows as log L = ¢|log 7|.
There is the “same” number of elements in each layer, hence |70 N B, | < C|log7|.

We subdivide N times the elements of 7o N B.. This is possible by NVB with N = 2".
We call the result T,. We have |T,| < C|log7|N3.

For K € 7o N By, we have

~ A \P | oot ~
V=Tl = (55 ) 1977 =Tru)lk
< NP aPOPT(u = Tou)lk

< NTP|Ix PO (u = Tou) |k,
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Gist of the proof

Step 3: Uniform refinement of 7 inside B;.

The number of “element layers” in 7o N B grows as log L = ¢|log 7|.
There is the “same” number of elements in each layer, hence |70 N B, | < C|log7|.

We subdivide N times the elements of 7o N B.. This is possible by NVB with N = 2".
We call the result T,. We have |T,| < C|log7|N3.
For K € 7o N By, we have

hx \ P ~
) e = Toale

N=P||AcPOP* (u =T, u) |k

NPYIxPoP+ (u = T,u) |k,

IV -Tw)lk < (

<
<

so that R
IV (u—Tu)llg, SNP.

~
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Gist of the proof

The story so far...
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Gist of the proof

The story so far... We have shown that

IV(u—le)lls, SNTP IVullge S

with |7\ 75| < | log 7| N3.
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Gist of the proof

The story so far... We have shown that

IV(u=Tu)lls, SN™P  [|Vullge ST,

~

with |7\ 75| < | log 7| N3.

This is what we want “close” and “far” from the origin.
As before, I'll spare you the gory details of what happens “in between”.
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Gist of the proof

The story so far... We have shown that

IV(u=Tu)lls, SN™P  [|Vullge ST,

~

with |7\ 75| < | log 7| N3.

This is what we want “close” and “far” from the origin.
As before, I'll spare you the gory details of what happens “in between”.

With N = T_l/p, this solves the problem, since we then have
IV (u=Teu)lles S 7

~

and |7\—é \Tol S| |0gT\T73/p < T73/P=v for any v > 0.
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Numerical examples

A quick discussion about 2D




| have only talked about 3D so far. This is because the method does not work in 2D.
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| have only talked about 3D so far. This is because the method does not work in 2D.

To see why, it is enough to consider the fundamental solution

u(x) = log(|x|),

which does decay as |x| — 0.
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| have only talked about 3D so far. This is because the method does not work in 2D.

To see why, it is enough to consider the fundamental solution
u(x) = log(|x]),

which does decay as |x| — 0.

More rigorously, the blocking point is an extra log factor in Hardy's inequation in 2D.
Although it is “just a log”, it prevents the construction of shape-regular meshes.
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| have only talked about 3D so far. This is because the method does not work in 2D.

To see why, it is enough to consider the fundamental solution

u(x) = log(|x|),

which does decay as |x| — 0.

More rigorously, the blocking point is an extra log factor in Hardy's inequation in 2D.
Although it is “just a log”, it prevents the construction of shape-regular meshes.

I will show 2D numerics though. | will only consider RHS with angular modes.
For instance, for the first angular mode, the “fundamental” solution is

u(x) = sin(@)7

r

which has similar decay properties that the 3D fundamental solution.
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Numerical examples

Smooth solutions on structured meshes




Setting

We first consider Q = R?\ [-1,1]?, A=/, and
sin(mé@
u(x) = x(n )

for m =1 and 2, where x is a smooth cutoff such that u|r = 0.
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Setting

We first consider Q = R?\ [-1,1]?, A=/, and

u(x) = x(n )

for m =1 and 2, where x is a smooth cutoff such that u|r = 0.

The corresponding RHS f = —Auw is compactly supported.
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Setting

We first consider Q = R?\ [-1,1]?, A=/, and
sin(mé@
u(x) = x(n )

for m =1 and 2, where x is a smooth cutoff such that u|r = 0.
The corresponding RHS f = —Auw is compactly supported.

We employ the Dorfler parameter 0.3, meaning that we mark the element so that

D ue K) 2032 3 (ur, K).

KeM, KeT;
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Setting

We first consider Q = R?\ [-1,1]?, A=/, and
sin(m@)
u(x) = X(’)T
for m =1 and 2, where x is a smooth cutoff such that u|r = 0.

The corresponding RHS f = —Auw is compactly supported.

We employ the Dorfler parameter 0.3, meaning that we mark the element so that
D ue K) 2032 3 (ur, K).

KeM, KeT;

We consider p =1, 2 and 3.
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m=1and p=1
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m=1and p=2
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m=1and p=3
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Increase in diameter for
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m=2and p=3
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Increase in diameter for m = 2
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Numerical examples

Corner singularities on structured meshes




Setting

We keep the setting with Q = R?\ [-1,1]? and A = I, but we let

_sin(30)
=3

without any cutoff.
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Setting

We keep the setting with Q = R?\ [-1,1]? and A = I, but we let

sin(30)

r3

without any cutoff.

The solution v is not known analytically, and is expected to feature corner singularities.
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Setting

We keep the setting with Q = R?\ [-1,1]? and A = I, but we let

_sin(30)
=3

without any cutoff.

The solution v is not known analytically, and is expected to feature corner singularities.

We consider the Dorfler parameter 0.3, and p =1, 2 and 3.
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Convergence of the estimator
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Increase in diameter
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Numerical examples

Infinite L-shape with unstructured meshes




Setting

We consider Q = R? \ [~c0,0]?, A= 1, and

_ sin(6/3)
(1+r)8"
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Setting

We consider Q = R? \ [~c0,0]?, A= 1, and

_ sin(0/3)
s

The solution u is not known analytically, and is expected to feature a corner singularity.
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Setting

We consider Q = R? \ [~c0,0]?, A= 1, and

_ sin(0/3)
s

The solution u is not known analytically, and is expected to feature a corner singularity.

We consider the Dorfler parameter 0.3, and p =1, 2 and 3.
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Convergence of the estimator
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Increase in diameter
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Concluding remarks




Concluding remarks

The theory and implementation for AFEM naturally extend to unbounded domains.
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Concluding remarks

The theory and implementation for AFEM naturally extend to unbounded domains.

The crucial point is to employ “growing” meshes towards infinity.

This may be surprising at first. However, one can think of infinity as a point singularity.
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Concluding remarks

The theory and implementation for AFEM naturally extend to unbounded domains.
The crucial point is to employ “growing” meshes towards infinity.

This may be surprising at first. However, one can think of infinity as a point singularity.
Related results in the simpler setting of reaction—diffusion equations are available:

@ T. Chaumont-Frelet, arXiv, 2024.

@ T. Chaumont-Frelet and G. Gantner, arXiv, 2025.
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