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B NumPDE:s

What's it all about?
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Nonlinear PDE: Discretize > Linearize » Solve B NumPPDl=s

consider:  exact solution w«* to nonlinear PDE

> strongly monotone & Lipschitz continuous energy minimization problem (scalar nonlinearity)

discretize: exact FEM solution u; ~u*  solves nonlinear discrete system
» lowest-order H'-conforming FEM (continuous piecewise linears)

. . . . . k, . .
linearize:  fixed point iterate “[* ~ u;  solves linear discrete system
» Kacanov iteration (or: Zarantonello iteration, or: damped Newton method)
k,J k,*

. , k, ok
@A solve: algebraic solver iterate u,” ~ u,” is computed

» geometric multigrid (or: PCG with additive Schwarz preconditioner)

=
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What is optimal interplay? B NumPDIs

® overall goal: approximate PDE solution u* by FE function w, within minimal time

® requires: resolve singularities + balance error components, i.e.,

discretize: uy = u* > control n(up) 2 lut —uf|
linearize:  w,*,...,u)" ~uj > control |luj —u}”|
solve: uptsouy? Ut s control lubt — ub

® note: only the ulg’j will be computed!
® adaptive mesh-refinement and iterative solver have optimal interplay, if

P guaranteed convergence for any choice of parameters
P rates = complexity for any choice of parameters

» optimal complexity for appropriate choices of parameters
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Example: AFEM for 2D model problem B NumPDIs

—div(p(|Vu*) Vu*) =1 in Q
p(|Vu*)Vu*-n=g only
w=0 onlp

® u(t) =2+

14 ¢2
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Convergence wrt. dofs & NumlPI:s
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Convergence wrt. time (adaptivity pays off!) B NumPDIs
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Rates vs. complexity B NumPDIs
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® clear: dim X, ~ #7, for fixed p 8 assume: work(Ty ) ~ #Tp  for all steps
[€,k,5] o
ki M ._ k,j
® R(a) := sup (#7T0)*ne(u,”) ® R(a) = sup E #Te ) me(uy™)
¢ )
(k,) (Eka3) o v =0
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Rates = complexity?! B NumPDIs

® R(a) := sup (#ﬁ)“ng(uﬁ’j) < 00 describes rate wrt. #7; ~ dim A}
(Lk.j)€Q
R [F] o A
® R(a) := sup Z #’77) m(uf’]) < oo describes rate wrt. total cost/runtime

(kayj)eg |€,,k/,j":O

Key argument = R-linear convergence 1, < Cq¢" ™n,, V0<m<n

— R(a) := sup (#7T2)n < sup (Z #Tm)ann < Liﬁ(a)

n€Np n€eNy p— (1 — ql/a)a

-~

=: R(a)

/
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Takeaways from intro & NumlPI:s

AFEM analysis should address rates wrt. complexity /time instead of #dofs
R-linear convergence is key to relate #dofs and complexity/time (and essentially necessary)

needs linear cost of all modules SOLVE — ESTIMATE — MARK - REFINE

» SOLVE is critical (beyond 1D)

» ESTIMATE is clear (with idealized quadrature for residual estimator)

» MARK is known (e.g., Stevenson 2007 with binning, Pfeiler—Praetorius 2020 for minimal M)
» REFINE is known (Binev—Dahmen-DeVore '04, Stevenson '08, Diening—Gehring—Storn '25T)

[ing) [ing) [ing) [ing) [
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B NumPDE:s

AFEM with contractive solver
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Contractive solver B NumPPDl=s

Blet0<r<l

® consider contractive solver for discrete FE systems

luf — will < sl — g~ forall k€N

® nothing but triangle inequality

11—k

k k— k k— k—
llup = ugll < (1= w) g — g™ < g —ug ™' < (14 8) llug —ug ™|
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Stopping criterion for contractive solver & NumlPI:s

reliability (A3)

® ot =l < ot =gl g - ) S ne(uy) + lluj — ug]|
stability (A1)
N ne(uf) + ug —ug|
solver
N ne(uf) + lug —ug ™"

® idea: equilibrate me(uf) and [Juf _“e 4
— stop solver for K = k as soon as  [Jul — ul || < Amp(ul)

» clear: [Ju* — uf|| < ne(uf)

® nested iteration: ugﬂ = uf

= a-posteriori error control for all u§ but u)

Dirk Praetorius (TU Wien) -10 -



AFEM with contractive solver B NumPPDl=s

Input: initial mesh 7o, initial guess u), adaptivity parameters 0 <6 <1, A >0
For each £ =0,1,2,... do
® SOLVE & ESTIMATE: For £k =1,2,3,..., K =: K(¢), repeat

» compute uf and [Juf —ub~|
» compute 1¢(T, uf) for all T € Ty

until - flug — g M| < Ane(uf)
® MARK: choose (quasi-) minimal M, C Ty s.t. On(up)? < ne(My, uf)?
® REFINE: 7y := refine(7;, M), u2+1 = uf,

Output: Discrete solutions u¥, corresponding estimator ny(uf) + [Juf — uf™||

® note: number of solver steps K = K (¢) might vary with ¢

=
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B NumPDE:s

Model problem & Kacanov linearization
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Model problem & NumlPI:s

Strong formulation with scalar nonlinearity
—div (u(|Vu*P)Vu*) = f in Q
u =0 on dN
® model example: M (t —s) < u(t*)t —u(s?)s < L(t—s) V0<s<t

— PDE defines operator A: H}(Q) - H~1(Q) thatis

» strongly monotone Mlu—o|* < (Au— Av, u—v)

» Lipschitz continuous  (Au — Av, w) < L|lu —v|| |Jw]|

— existence and uniqueness of weak solution u* € H{(Q)
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PDE inherent energy structure B NumPDIs

[Vo(
® energy functional / / t)dtdr — (f, v)r2(q)

Lemma (e.g., Zeidler '90)

M * * L *
o Sl =l < T@) - TW) < Sl —vl* Vo e Hy(Q)

® i.e., u* is unique minimizer of J over H} ()

® energy distance d(u,v) := J(v) — J(u) replaces energy norm || - || above
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Galerkin discretization B NumPPDl=s

Weak formulation
® find u* € Hj(Q) st.  (u(|[Vu*?)Vu*, Vo) 2 = (f, v)12@) Vv € Hj(Q)

Discrete formulation

® find uz € Ay s.t. <,u(|Vu§|2)Vu§, Vv[>L2(Q) = <f,’l)g>L2(Q) Vo € Xp

® all analytical properties transfer from H}(2) to A,

® clear: existence and uniqueness of u; and equivalence to energy minimization over X}

® but: corresponds to nonlinear discrete system so that uj can hardly be computed exactly

=
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Linearized Galerkin discretization B NumPPDl=s

Discrete formulation
® find uj € Xy st. (u(|Vui|>)Vu), Vug)rz) = (f, ve)r2) Yo € Ay

Katanov linearization (linearized discrete formulation)

[ ] given ué e Xy, find u§+1’* € Ay s.t. <}L(|V’LL]Z|2)VU];+1’*,V’U@>L2(Q) = <f, w>L2(Q)Vw € Xy

® corresponds to linear discrete SPD system (i.e., Laplace-type PDE)

®recalll M (t—s) < ()t —pu(s®)s < L(t—s) V0<s<t

=
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Convergence of exact Kacanov linearization

® given uj € A}, find U?H

Proposition (HPW’21)

8 exists 0 < g < 1s.t.

llu — wfll < 57 llug

k+1,%

d(up, uf) < £ fup —

= 0 < d(uj,u,

B
=

k‘-‘rl *)
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<f UZ>L2 Q)V’U@ € Xy

core estimate [HW'20]
[HW20]

energy equivalence
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B NumPDE:s

AFEM with linearization & algebraic solver
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Contractive algebraic solver & NumlPI:s

Linearized discrete formulation
® given up’ € &y, find uf T € Ay st (u(|Vup ! P)Vay T Vo) ey = (F 5 ved 2y Ve € X

.. 1,7 1 . . .
® compute algebraic iterates u'f 7o u'f ™ via contractive solver (for linear PDE)

® important properties:
h-robustness: contraction constant 0 < x < 1 is Tg-independent

linear cost: cost O(#7T;) per solver step (also O(Zg,zo #Tr) is OK)

(ing) [ing) [mg)
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AFEM algorithm: discretize > linearize > solve B NumPDIs
Input: 7o, Uo =0, 0<06<1, Ain > 0

For each ¢ =0,1,2,..., do

® SOLVE & ESTIMATE: For k =1,2,3,..., K =: K(¢), repeat

P Forj=1,...,J = J(¢ k), repeat

e compute u,” using multigrid solver

o compute 1¢(T,uf?) for all T € T;

,Jl

> until |||u]£” |l < sufficiently small

® until d(uf‘],uf L2 < Ao m(uf"])

\ J

8 MARK: choose minimal M, C 7; such that @ Z ne(T, uf"])2 < Z ne(T, uf"])2
TETy TeM,

8 REFINE: T¢41 := refine(7e, M), ug_f_)l = uf Y

Output: discrete solutions uf’j for all (¢,k,7) € @ C N}
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Termination of algebraic solver 1/4 B8 NumPDl:s

Equilibration criterion [HPSV’21] +— Zarantonello linearization

® stop algebraic solver if |”uk‘] k T < Heils [m( 7y + H]u — u]; el

- K LI < A me(u)

= full R-linear convergence for sufﬁaently small Ay, Aalg With respect to 0

® stop linearization if ey

Katanov: Given u} € X, find ) """ € X, such that Vv, € X,
® (u(|Vui )V, T Ve ) = (f 5 ved 2
Zarantonello: Given u’}“ € A, find ulg+1’* € Ay such that Vv, € A}
& (Vuy ™ V) raiy = (Vulb, Vog a2y + 0[(f 5 ve) 2 + (VU P)Vul , Vg 2]
Ej
B
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Termination of algebraic solver 2/4 B8 NumPDl:s

Equilibration criterion [HPSV’21] +— Zarantonello linearization

® stop algebraic solver if |||ukJ k T < Pl [ng(ug 7y + |||u§‘] k 0

K,J KlJ \J
|| )

® stop linearization if oy | < Miin W(W

= full R-linear convergence for sufﬁaently small Ajiy, Aajg With respect to 0

Equilibration criterion [BFMPS’25] +— Zarantonello linearization

® stop algebraic solver if luf” — w7 < Naig Pin 7e(ul?) + ub” — =57

K,J K ./ ,J
! ||| < >\hn W(W )

— full R-linear convergence for arbltrary Alin, Yet sufficiently small Ay and Ajip Aaig

® stop linearization if luy

B
=
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Termination of algebraic solver 3/4 B8 NumPDl:s

Equilibration criterion [HPSV’21], [BFMPS’25] — Zarantonello linearization

® stop algebraic solver if I\\u’;‘] k = < Nalg [Alin 776(“@ ) + H\u k L J”H
® stop linearization if \Huf uﬁ{ Y < A m(ue )

= full R-linear convergence for sufficiently small Aji,, Aaig

Energy-based criterion [MPS’25"] — Ka&anov, Zarantonello, damped Newton

® stop algebraic solver if I - uk_l’Jm2 < d( ’Z LTy parameter free?!
® stop linearization if d(uf‘], g{ LYY2 < A W(ug )
= unconditional full R-linear convergence for arbitrary Ay,
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Termination of algebraic solver 4/4 B8 NumPDl:s

® known: Chpg [lu,” — u;ffl"]m2 < d( ,ulzfl"]), but: Cprg unknown

Input: Jmax = N, Cmin > 0, 0< % < 1, u?70 = 'U/?_LJ

P Foreach j=1,23,...,J =: J(¢, k), repeat

Compute u’g’j from uf’j_l by one step of multigrid

Compute C7 = d(u,,uy ="/l —uf )2
until CJ7 > Cpin or wp? =uy "7 or [CJ7 >0 and j > Jyax .

P If J > Juax, thenupdate Jyax =7, Cmin < 0Cmin

Core observation from [MPS’'257]
P Jmax and Cri, are updated only finitely often

P yields uniform energy contraction d(u},ulg’J) < [1 — ¢Chin) d(u}, uif_l’J)
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Main result 1: Unconditional full R-linear conv. Q NumPDIZS
Theorem (MPS’25™)

® employ PI-FEM &, := PL(T;) N HE(Q)

® arbitrary ug’o, arbitrary 0 < 0 <1, arbitrary A\, >0

80 = {(E,k,j) € Ng : uf’j is computed by adaptive algorithm}

® step counter |{,k, j| = #{(¢',K,j') € Q : ulz,,’j/ computed earlier than ultf]}

® quasi-error H?’j = ne(u}) + luj — u’;*||| + |||u§* — u’Z’j I

— exist C >0 and0<g<1 such that
H?’J S qu,k7j|_|£/,/€/ajl|HZJ./ v(g’k,])’ (g/’k/’j/) c Q Wlth w,,klvj/’ S ’& k,]‘

VA4 y
® proof by tail summability Z HIZ, 7 < Chail HIZ’]
€',k |>1€,k,5]

=
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Main result 2: Rates = complexity B NumPDIs

Corollary (GHPS’21, BFMPS’25)
® quasi-error Hy? = me(uf) + luj — "l + " —

® assumptions for full R-linear convergence of H’Z’]

8 a>0
= sup (#T)” HIZ’] ~  sup Z #’7}1> HIZ’J
(e,k,j)GQ (f,k,j)EQ (f’,k,,j,)EQ

€',k 5" |<[€,k,5]

® direct consequence of geometric series (cf. intro)

B
=
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Main result 3: Optimal complexity & NumlPI:s

Theorem (HPSV’21; MPS’25%)
® employ P1-FEM X, := PL(T;) N H}(Q)

® arbitrary o > 0 with [|u* = sup NY( min UL < 00
y [|w*]| g NZ#IE% (#%ptSN%pt( opt))

. k.j k k, k,j
® quasi-error HZ’] = ne(u}) + luj — uz’*m + [y g u,” ||

® sufficiently small 0 < 8 <1 and sufficiently small A > 0 such that

02 4 A Ao 2 _ =
0<A<dop, 0 (o) = 0<bon = 1o or
o = T 1+c2,C2
o
—  Copt|[u*[la, = sup > #72/) Hy? < Copt max {||u*||a, . Hp®}
(EhDEQ N (i heg
1€/ 5’ |<|€.k.4]

B
=
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B NumPDE:s

Numerical experiment
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Setting B NumPDE:s

1 - —
® nonlinearity p(t) =1 +e™* 05 L |
P M =1-2exp(—3/2)
P L=6
O - -
® manufactured solution u € H (1)
> u(z) ~ r?/3 cos(2¢/3) —051 ]
1k _|
| | | | |

=
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Parameter study (p = 1) B8 NumPDl:s

N 01 02 03 04 05 06 07 08 09
Alin

0.1 0.348 0.248 0.209 (0.203) 0.210 0.207 0.213 0.252 0.320
0.2 0.371 0.247 0.209 0.205 0.200 0.220 0.231 0.334
0.3 0.348 0.247 0.209 0.202 0.220 0.230 0.327
0.4 0.349 0.248 0.209 0.190 0.220 0.229, 0.324
0.5 0.348 0.247 0.209 0.201 0.202 0.249 0.326
0.6 0.349 0.247 0.209 0.188 0.193 0.225 0.233 0.303
0.7 0.348 0.247 0.209 0.194 0.198 10.205 0.248 0.321
0.8 0.348 0.247 0.209 0.187 0@72 0.179 0.205 0.232 0.324
0.9 0.347 10.246 0.208 0.190 0.190 0.220 0.232 0.304

® target: ny(u KJ) <1072 ® show: ny(u KJ) X tlme(uf 7y
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Convergence (p = 1,

100
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10~2

error estimator / energy difference

10~3
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Convergence wrt. time (p=1, 0=0.5, \=0.7) & NumlPI:s
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Convergence of algebra (p =1,

A=07) B NumPDEs
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Convergence wrt. time (p = 1,2,3)

error estimator

10~°

107
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Conclusion B NumPEs

AFEM for nonlinear PDEs with discretize - linearize > solve

> analysis only for lowest-order FEM p =1
» numerics works also for higher-order FEM p € {1,2, 3}

so far, only simple nonlinear problems

» scalar nonlinearity (~ energy minimization problems)

» strongly monotone + globally Lipschitz continuous (~ excludes p-Laplacian)

unconditional: full R-linear convergence of quasi-error H?’j (= rates = complexity)
B perturbation analysis: optimal rates/complexity as for AFEM with exact solver

certain extensions (further linearization strategies, semilinear PDEs, goal-oriented AFEM)

Dirk Praetorius (TU Wien) -32 -



Outlook B NumPDE:s

® understood: adaptive damping for Zarantonello and Newton linearization
> open: how to deal with inexact algebra?

® understood: use linearization-adapted norms, e.g., Zarantonello
P use (ue(|Vuy P)Vuy T Vo) p2iq) instead of  (Vul T, V) 2

® open: use better estimators, e.g., equilibrated fluxes instead of standard residual estimator
» understood: for linear problems

® open: how far can the analysis be robust w.r.t. L/M?
> known: robust a-posteriori error estimation strategies for this problem class exist
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Thank you for your attention! B3 NumPli:s

@ Bringmann, Feischl, Miraci, Praetorius, Streitberger

On full linear convergence and optimal complexity of adaptive FEM with inexact solver
Comput. Math. Appl., 180 (2025)

@ Miraci, Praetorius, Streitberger

Parameter-robust full linear convergence and optimal complexity of adaptive
iteratively linearized FEM for nonlinear PDEs

Math. Comp., published online first (2025)
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https://www.dropbox.com/scl/fo/62vi1o535pnt29evtxwo8/AOGqBmXWvphzvZoZfa6t0IM?rlkey=rvt2la7b17em4vqv78cpytwdc&dl=0

B NumPDE:s

Calculus
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Axioms of adaptivity B NumPDIs
® 7y (vg) standard residual error estimator, evaluated at vy € Xy
b na(Tyvm)? = W3\ f + div (Vo) s + hrl[(AVor) -0l gy = [T

VIgeT VT,eT(Ty) YUx CTanT, Yvg Xy Yo, €A

(A1) |on(Us,vn) — naUm,vE)| < Cstab |lvn — va|| stability
(A2) a(Th\Ta,vE) < Grea a2 (TE\TH, VH) (simplified) reduction
(A3)  Nluy — ull < Creatna (Ta\Th, wiy) discrete reliability

® 0 < grea = (1/2)/C3% <1 for newest vertex bisection

8 (Clol, Cstap > 0 depend only on A, shape regularity, and polynomial degree

=
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R-linear convergence via tail summability B NumPDIs
Proposition (CFPP’14; follows by elementary calculus)

For any sequence a; € R>¢, there holds equivalence:

AC >0 <qg<1VOLSI <L ay < qu_elag/ R-linear convergence

oD
3C" > 0VL>0: Za@ < C'ay tail summability
0=t

® key = estimator reduction: mey1(uj 1) < qone(u}) + Cstavlluj,, — vyl
® remains: proof of tail summability

® requires: quasi-orthogonality (A4) provided by problem at hand

=
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Tail summability criterion B NumPDIs

Lemma (Feischl '22, BFMPS’25; follows by elementary calculus)
a(C>0 0<g<l 0<d0<1
® a4, by € R>( sequences such that

l4+n
P VlneNy: ar+1 < qag+ by, Z b2, < C(n+1)2a2
ﬁ_/ .
estimator reduction v=t
00 quasi-orthogonality (A4)
— 3AC'>0V¢>0: Zag/ < C'ay tail summability
=4
® estimator reduction: ag := ng(u}), be = Cstap [luj,; — vyl
l+n
® SPD setting (or energy minimization): Zb?, < C2 [l —uj||* < C2,,C2%me(uf)?
=4

=
=
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