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Lagrangian dual function

Duality

A. Rocca

Presentation Standard Form Optimization Problem:
Partl

p*:=min fy(x)
st. fi(x)<0,i=1,...,m

hi(x)=0, i=1,...,p

mVxecDCR”

m optimal value p*
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Lagrangian dual function

Duality

A. Rocca Standard Form Optimization Problem:

Presentation

Part1 minimize  fo(x)
st. fi(x)<0,i=1,...,m
h,'(X):O7 i = 1,...,p

Lagrangian:
m p
L(x,\,v) =f(x)+ Z)\ifi(x) + Z vjhi(x)
i=1 J=1

= (f,(1,\,v))

A. Rocca Duality 4 /41



Lagrangian dual function

Duality

Standard Form Optimization Problem:

A. Rocca
Presentation minimize fb(X)
Partl i
st. fi(x)<0,i=1,...,m
hi(x)=0,i=1,...,p

Lagrange Dual Function:

gOy) = Xng;(L(x,A,u)

p
= inf (fo(x +Z>\ fi(x +Z}ujhj(x))
J:
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Properties

Duality

A. Rocca m g()\,v) is concave.
Presentation u |f )\ 2 0, g()\, V) S p*7 VV

Partl

if X is a feasible point, and A > 0 then:

L(%, A, v) = H(%) + > Nifi(R) + Zyj ) < fo(8)

i=1

XGD

p
g\ v) = inf(f(x +Z)\f )+ vihi(x))
j=1

<Lk, N\ v) < fo(x), VX feasible
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Duality

A [Rezee

Presentation
Partl

Interpretations
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Figure 5.2 The dual function g for the problem in figure 5.1. Neither fo nor
f1 is convex, but the dual function is concave. The horizontal dashed line
shows p*, the optimal value of the problem.
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Dual function & Conjugate

Duality

A. Rocca

Presentation
Partl

Reminder:
We call f* the conjugate of f : R” — R, the function:

F(y) = jgg(yTx — f(x))

A. Rocca Duality 8 /41



Dual function & Conjugate

Duality
A. Rocca f*(}/) - SUp(yTX - f(X))
x€D
Presentation . . . .
Part1 For the Linear Constraint Optimization problem:

minimize fy(x)
st. Ax<b
Cx=d

ghv)  =inf(fo(x) + AT (Ax — b) + v (Cx — d))
= —b"A—dTv—sup((wATA = CTv)Tx — f(x))

= b A—dTv—f((-ATA= CTv))
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Least-norm solution of linear equations

Duality

minimize 2Tz

A. Rocca subject to Ar=1»

Presentation dual function
Partl

e Lagrangian is L(z,v) = 272 + vT(Az — b)

e to minimize L over x, set gradient equal to zero:
Vol(z,v) =20 +ATv =0 = z=-(1/2)ATv
e plug in in L to obtain g:
g(v) = L((-1/2)ATv,v) = —%I/TAATI/ %
a concave function of v

lower bound property: p* > —(1/4)vTAATY — BTy for all v
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Standard form LP

Duality e T
minimize ¢’z
A. Rocca subject to Az = b7 z =0
ieeaalil  dual function
Partl
e Lagrangian is
Lz, \v) = cla4+vT(Az—b) - \Tz

b+ (c+ ATv - Nz
e L is affine in x, hence

Ty ATy —X+¢=0
—o00  otherwise

g\ v) =inf L(z, A\, v) = {
g is linear on affine domain {(\,v) | ATv — XA + ¢ = 0}, hence concave

lower bound property: p* > —bTv if ATv+¢>=0
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Lagrange Dual Optimization Problem

Duality

A. Rocca

Presentation Dual optimization problem:
Partl

d*:=max g(\v)
st. A>0

m dom g = (\,v)|g(\,v) > —o0
m g(\, v) is concave, so this problem is a convex
optimization problem
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Definitions

Duality

A. Rocca

Presentation

Partl Weak Duality:
Strong Duality:
d* — p*
Duality Gap:
gap=p* —d"
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Slater's Constraint Qualification

Duality

A. Rocca

bresentation If the primal problem is convex with the following form, we
[Pl have conditions to ensure strong duality:

p* := minimize fy(x)

Slater: If there exist X in the relative interior of D satisfying:
fi(X) < 0 and AX = b, then strong duality holds.
This can be reduced to the constraints f; which are not affine.
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Inequality form LP

Duality

primal problem
A. Rocca minimize Tz
subject to Az <b

Presentation
Partl .
dual function

—bTXN ATA4+¢=0
—oo  otherwise

g(\) = igf ((c+ ATV Tz —b"N) = {

dual problem
maximize —bT\
subject to ATA+c=0, A=0

e from Slater's condition: p* = d* if AT < b for some &

e in fact, p* = d* except when primal and dual are infeasible
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Geometric interpretation

for simplicity, consider problem with one constraint f1(z) <0

Duality

A. Rocca interpretation of dual function:
Presentation g(A) = inf (t+ du), where G = {(f1(x), fo(z)) | z € D}
ar (u7t)€g

u u

e Mu+t = g(A) is (non-vertical) supporting hyperplane to G
e hyperplane intersects t-axis at t = g(\)
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epigraph variation: same interpretation if G is replaced with

A= {(u,t) | fi(z) <w, fo(x) <t for some z € D}

Duality
A. Rocca t
. A
Presentation
Partl
(]
Au+t = g(N\) p
g(A)
u

strong duality
e holds if there is a non-vertical supporting hyperplane to A at (0, p*)
e for convex problem, A is convex, hence has supp. hyperplane at (0, p*)

e Slater's condition: if there exist (7,%) € A with @ < 0, then supporting
hyperplanes at (0, p*) must be non-vertical
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Duality

A. Rocca

Presentation
Partl

Proof of Slater's Constraint Qualification

A. Rocca

[On Board|
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Sub-optimality

Duality

A Roees If x is a primal feasible point, and (\,v) a dual feasible point:

Presentation p* Z g(>\, I/)

Partl
0 < fo(x) — p* < fo(x) —g(A,v)

This leads to an absolute €455 and a relative €, optimality
criteria:

fo(x) — g(A,v) < €ans
fo(x) — g(A\,v)
T(X) < €rel,
fo(x) — g(A,v)
g(Av)

fo(x) <0

< €rel, g()\71/)>0
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KKT conditions - Non Convex

Duality

If fo,fi,...,fm, ho,...,hp are differentiable.
In case of strong duality, given the primal and dual optimal
Presentation points, x*, \*, v*

The Optimality KKT conditions are:

A. Rocca

(x)< 0, i=1,...,
hi(x*)= 0, i=1,...,p
Ar> 0, i=1,...,m
Nifi(x*)= 0, i=1,....m

Vfo(x +Z)\*Vf +Zu*w 0
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Duality

A. Rocca

Presentation
Partl

KKT conditions - Convex

()< 0, i=1,...,
hi(R)= 0, i=1,...,p
N> 0, i=1,...,
Nfi(®)= 0, i=1,...,m
m P
VAL + Y NVER) +) oivhi(%)= 0
i=1 i=1

For a convex problem, any point satisfying the above
conditions is optimal with a 0 duality gap.

If Slater’s conditions are true, then the KKT conditions are
necessary and sufficient conditions for optimality.
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Sumary

Duality
A Roces L(x, A\, v) = fo(x) + ZA fi(x)+ > vihi(x)
St '
Original Problem Dual Problem
p* = min fo(x) d* = max ir)1(f L(x, A\, v)
s.t. fi(x) <0 = max g(\,v)
hi(x) =0 st. A>0

m g(\,v) concave
m d* < p* :: weak duality
m d* = p* :: strong duality
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Sumary

Duality
A. Rocca
bresentation Original Problem Dual Problem
i p* = min fy(x)
st. fi(x) <0 d* = max g(\,v)
hj(x) =0 st. A>0

Complementary Slackness:
If strong duality holds, with (x*, \*,v*) the optimal solutions.
m N\ fi(x*)=0, Vi
B> 0= fi(x*) =0
mfi(x*)<0=X'=0
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Perturbed Problem

Duality

A. Rocca

Original Primal Perturbed Primal
%e's‘;:;;‘:,‘;i?; p* = min fy(x) p*(u, v) = min fiy(x)
nalysis
s.t. fi(x) <0 s.t. fi(x) < uj
hx) =0 hix) = v
p(u,v) = inf{(x)] Fx € D, i(x) < ui, hi(x) = v}
p*(0,0) = p*

If the original problem is convex, then p*(u, v) is a convex
function of (u, v).(Exercise 5.32)
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Duality

A. Rocca

Perturbation
& Sensibility
Analysis

Global Sensibility Analysis

Let's assume:
m strong duality
m dual optimum is attained in (\*,v*).
p*(u,v) > p*(0,0) = A*Tu — v*Tv

BN >>0&u <0~ p*(u,v) /

B (v > 0& v <0)or(v; <0&v;>0)~ p*(u,v) *

m NO guaranty for A¥ > 0 and u; > 0 :: only a LOWER
BOUND
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Duality

A. Rocca

Perturbation
& Sensibility
Analysis

Local Sensibility Analysis

If p*(u,v) is differentiable:

m = op*(0,0)

ou;
% __ 0p*(0,0)
=i =",

By complementary slackness:

m fi(x*) < 0= XY =0 :: small change around u; =0
B fi(x*)=0= \>0(>0) :: p* greatly affected by u;
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Duality

A. Rocca

Dual of
equivalent
Primal

Introducing New Variables

Original Problem Transformed Problem

p"* = min fo(y)
p* = min fo(Ax + b)

st. Ax+b=y
d — max |r)1<f(ﬁ)(AX —+ b)) dl>(< — max bTV o fb*(y)
=max p* = p* st. ATly=0

Reminder:
g'(w)= inf(fo(y) — viy + vTAx + bTv)
x,y
_ { —fo(v) + by, ATy =0

—o00, otherwise
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Duality

A. Rocca

Dual of
equivalent
Primal

Introducing New Equality Constraints

Original Problem Transformed Problem

p" = min fiy(yo)
p* = min fy(Aox + bo) s.t. fi(yi) <0
s.t. i(Aix+ b)) <0 Aix + b; = y;

Leads to a new dual:

1

d™* = max Z vl bi — fy (vo) — Z Nifif(vi/Ai)

st. A>0

ZA;!-I/,' =0
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Weak Alternatives

Duality

Either: (P1) has a solution OR (P2) has a solution OR none
(Only implication of the infeasibility).
Example:

A. Rocca

fi(x) <0, Vi, hj(x) =0, Vj, is feasible (1)

or
0 < g(\v), A>0, is feasible (2)

Examples of

Sl |f 2 a feasible point for (1), and (), ») feasible for (2) then:

0<g(X0) <Y Nfi(R)+)_ phi(%) <0
*
<0 =0
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Duality

A. Rocca

Examples of
Alternatives
Theorems

Strong Alternatives

Either: (P1) has a solution OR (P2) has a solution (equivalence
between feasibility of one and infeasibility of the other).
Example, with f; convex Vi:

fi(x) <0, Vi, 3x € relint(D), Ax = b, is feasible (3)

or
0<g(\v), A>0,\#0, is feasible (4)
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Farkas Lemma

Duality

A. Rocca

The Farkas Lemma is a strong alternative:

Either
Ax=b, x>0
has a solution
Example.s of or
Aeraties Aly 20, bly <0

has a solution
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Hilbert's Nullstellensatz

Duality

A. Rocca

Some generalization of alternatives theorems:
Let's have P; e R[C"], i=1...m.
Either

has a solution x € C".
Examples of OR ElQ]_, ey Qm S R[Cn] SUCh that

Alternatives
Theorems

Pi(x)Qu(x) + - - + Pm(x)Qm(x) = —1

has a solution.
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5.23.1

Duality

A. Rocca L.
By contradiction, assume

—c¢ {ZZ,’Q,‘|Z; > 0} =K
i€l

K is a convex closed cone, thus by the strict separating
hyperplane theorem, there exists ( € R™ and v € R such that :

Exercise 5.23 _CTC <, (Z Z,‘a}-> C >, \V/Z,' > 0

i€l
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5.23.1

Duality Lemma : Let K C RY be a cone. Suppose there exist p € RY
A Remz= and M € R such that

Vx e K,pTx>M

Then M >0

Proof : We will prove this by contradiction. Suppose there

exists x’ € K such that pTx’ < 0 (and thus, M < 0). Consider
2M

= - >0and y = ax’
pTX

o =

CEEREEE v € Ksince >0 and x’ € K. But:

T/
pTy =2M2 5 — oM < m
pTx
since M < 0. That contradicts the fact that pTx > M for all
xe K.
A. Rocca




5.23.1

Duality

A. Rocca From the previous lemma, we see that v > 0, so
(Zie, z,-a,T) ¢ >0, Vz; > 0. Thus, by taking z; =1, zz=0
Vi # j, we have :

al(>0,Viel

Furthermore, since —cT¢ < (Z,E,z,-a,T) ¢, Vz; > 0, by taking
zi=b; — a,Tx*, which is nonnegative and equal to 0 for i € /,
we have :

Exercise 5.23 _CTC < (Z(bl _ a;'I'X*)a;.l'> C

i€l
= 0
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5.23.1

Duality

A. Rocca

To sum this up, we have :
—cT( <0, al(>0, Viel

For an € > 0 small enough, let us consider d = x* —e(. This d
is primal-feasible :
m Fori¢l, ald=alx*—eal ¢ < bj for € small enough (the
N

<b;
strict inequality forms an open neighbourhood of x*).

mForiel, ald=alx*—cal( =bi—eal( < b;.
~—

Exercise 5.23

>0

A. Rocca Duality 36 / 41



5.23.1

Duality

On top of that :

A. Rocca
c’d = cTx* —ec™( = p* —ecT( < p*
——
<0
This contradicts the fact that p* is the optimal value. So there

exists z> 0 such that zz =0Vi& [ and ATz4+ ¢ =0. This z is
dual feasible, thus —bTz < p* (weak duality theorem). But :

Errte 523 —bTz=— E bizj = —x*T ( E z,-a,-) =cTx* = p*

iel icl
—_——

=—c

So z is dual optimal.
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5.23.2

Duality

A. Rocca

We denote (P) the primal problem (that we suppose infeasible),
(D) the dual one. Consider (P’) and its dual (D’) :

d =max — bTz
st. ATz=0 (D)

/ .
p =min 0
(P') z>0

st. Ax < b

Exercise 5.23
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5.23.2

Duality

A. Rocca

Since (P) is infeasible, so is (P’), so p* = co. (D') is feasible
(since z =0 is feasible), so d’ > 0. Suppose d’ = 0. Since :

m (D) is feasible

m d’is finite

m (P') is the dual of (D)

we have, through question 1, d’ = p’. So (P’) should be
SEEEEREN  feasible, which is a contradiction. So d’ > 0.
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5.23.2

2ol So there exists ¥ > 0 such that ATv =0 and b7V < 0. Let us
A. Rocca denote v* a feasible solution to (D). Pose, fore >0 :

z=v +ev >0

z is admissible for (D) :

T AT * To —
Alz+c=ATv +c+eATv =0
-0 =0

Furthermore,

Exercise 5.23

—bTz=—bTV" +(—bTV) —— 400
—— £+
>0

So (D) is unbounded above, and d* = +oo.
A. Rocca




5.23.3

Duality

A. Rocca
We clearly see that the problem in the example is infeasible, so
p* = 4o00. Let us find its dual problem :

maximize — z; + 2
subjectto 2 +1=10

71,2220
, As we can see, zo = —1, which is not non-negative. So the
Exercise 5.23
problem is infeasible, and d* = —oc.
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