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Let E-HAω be Heyting arithmetic in all finite types with
extensionality (as in Benno’s talk).

We consider E-HAω
∗

st , the
extension of E-HAω with types σ∗ for finite sequences of elements
of type σ and a new predicate stσ for each type σ. Also assume
the following axioms

External quantifiers axioms:

I ∀stx Φ(x)↔ ∀x(st(x)→ Φ(x)).

I ∃stx Φ(x)↔ ∃x(st(x) ∧ Φ(x))

Standardness axioms:
I x =σ y ∧ stσ(x)→ stσ(y);
I stσ(t) for each closed term t;
I stσ→τ (f ) ∧ stσ(x)→ stτ (fx);

External induction:
(Φ(0) ∧ ∀stn0 (Φ(n)→ Φ(n + 1)))→ ∀stn0 Φ(n)
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Herbrand realizability

Assign to each formula Φ of E-HAω
∗

st the formulas Φhr and Φhr(a)
of E-HAω

∗
st such that Φhr ≡ ∃̃staΦhr(a) according to the following

clauses :

1. Φhr :≡ [Φ] for internal atomic formulas Φ;

2. st(t)hr :≡ ∃sta [t ∈ a];

If Φhr ≡ ∃staΦhr(a) and Ψhr ≡ ∃stb Ψhr(b), then:

3. (Φ ∧Ψ)hr :≡ ∃sta, b [Φhr(a) ∧Ψhr(b)];

4. (Φ ∨Ψ)hr :≡ ∃sta, b [Φhr(a) ∨Ψhr(b)];

5. (Φ→ Ψ)hr :≡ ∃sts [∀stt (Φhr(t)→ Ψhr(s[t]))];

6. (∀x Φ)hr :≡ ∃sta [∀x Φhr(a)];

7. (∃x Φ)hr :≡ ∃sta [∃x Φhr(a)].



∃st -free formulas

Definition
We say that a formula of E-HAωst is ∃st -free if and only if it is built:

1. from atomic internal formulas s =0 t;

2. by conjunctions ∧;

3. by disjunctions ∨;

4. by implications →;

5. by quantifications ∀ and ∃ ;

6. by standard universal quantifications ∀st (but not ∃st ).



Lemma
I For all ∃st -free formulas Φ@st of E-HAω

∗
st , we have

I (Φ@st)hr ≡ (Φ@st)hr(a);
I E-HAω

∗

st ` (Φ@st)hr ↔ Φ@st .

I For all formulas Φ of E-HAω
∗

st , the formula Φhr(a) is ∃st -free.
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Caracteristic Principles

Definition

(HAC) ≡ ∀stx ∃sty Φ(x , y)→ ∃stF ∀stx ∃y ∈ Fx Φ(x , y).

(HIP@st) ≡ (Φ@st → ∃stx Ψ(x))→ ∃sty (Φ@st → ∃x ∈ y Ψ(x)).

(NCR) ≡ ∀x ∃sty Φ(x , y)→ ∃stz ∀y ∃x ∈ z Φ(x , y).



Soundness

Theorem (soundness theorem of hr)

For all formulas Φ of E-HAω
∗

st , if

E-HAω
∗

st + P ` Φ,

then there are closed terms t of appropriate types such that

E-HAω
∗

st ` Φhr(t).

Abbreviation
P := HAC + NCR + HIP@st .



Characterization

Theorem (Characterization theorem of hr)

For all formulas Φ of E-HAω
∗

st , we have

E-HAω
∗

st + P ` Φ↔ Φhr.

Abbreviation
P := HAC + NCR + HIP@st .
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Majorizability

Let E-HAω be Heyting arithmetic in all finite types with full
extensionality and with primitive equality only at type 0.

Definition
I The Howard-Bezem strong majorizability ≤∗σ is defined by:

I s ≤∗0 t :≡ s ≤0 t;
I s ≤∗ρ→σ t :≡ ∀v ∀u ≤∗ρ v (su ≤∗σ tv ∧ tu ≤∗σ tv).

I ≤∗σ is not reflexive! We say that xσ is monotone if and only if
x ≤∗σ x .
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Majorizability

Proposition

1. E-HAω ` x ≤∗σ y → y ≤∗σ y;

2. E-HAω ` x ≤∗σ y ∧ y ≤∗σ z → x ≤∗σ z.

Theorem (Howard’s majorizability theorem)

For all closed terms tσ of E-HAω, there is a closed term sσ of
E-HAω such that E-HAω ` t ≤∗σ s.
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E-HAω
st

Enrich the language and the axioms of E-HAω as follows.

I stσ(tσ) (for each finite type σ).
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Some abbreviations

I ∀̃x Φ(x) abbreviates ∀x(x ≤∗ x → Φ(x)).

I ∃̃x Φ(x) abbreviates ∃x(x ≤∗ x ∧ Φ(x)).

I ∀stx Φ(x) abbreviates ∀x(st(x)→ Φ(x)).

I ∃stx Φ(x) abbreviates ∃x(st(x) ∧ Φ(x)).

I · · ·



Intuitionistic nonstandard bounded modified realizability

Assign to each formula Φ of E-HAωst the formulas Φb and Φb(a) of
E-HAωst such that Φb ≡ ∃̃staΦb(a) according to the following
clauses :

1. Φb :≡ [Φ] for internal atomic formulas Φ;

2. st(t)b :≡ ∃̃sta [t ≤∗ a];

If Φb ≡ ∃̃staΦb(a) and Ψb ≡ ∃̃stb Ψb(b), then:

3. (Φ ∧Ψ)b :≡ ∃̃sta, b [Φb(a) ∧Ψb(b)];

4. (Φ ∨Ψ)b :≡ ∃̃sta, b [Φb(a) ∨Ψb(b)];

5. (Φ→ Ψ)b :≡ ∃̃stB [∀̃sta (Φb(a)→ Ψb(Ba))];

6. (∀x Φ)b :≡ ∃̃sta [∀x Φb(a)];

7. (∃x Φ)b :≡ ∃̃sta [∃x Φb(a)].



Monotonicity

Lemma (monotonicity of b)

For all formulas Φ of E-HAωst, we have

E-HAωst ` Φb(a) ∧ a ≤∗ c → Φb(c).



∃̃st-free formulas

Definition
We say that a formula of E-HAωst is ∃̃st-free if and only if it is built:

1. from atomic internal formulas s =0 t;

2. by conjunctions ∧;

3. by disjunctions ∨;

4. by implications →;

5. by quantifications ∀ and ∃ (so also ∀̃ and ∃̃);

6. by monotone standard universal quantifications ∀̃st (but not
∃̃st).



∃̃st-free formulas

Lemma
I For all ∃̃st-free formulas Φ@̃st of E-HAωst, we have

I (Φ@̃st)b ≡ (Φ@̃st)b(a);
I E-HAωst ` (Φ@̃st)b ↔ Φ@̃st .

I For all formulas Φ of E-HAωst, the formula Φb(a) is ∃̃st-free.
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Caracteristic Principles

Definition
I mACω ≡ ∀̃stx ∃̃sty Φ→ ∃̃stY ∀̃stx ∃̃y ≤∗Yx Φ;

I Rω ≡ ∀x ∃sty Φ→ ∃̃stz ∀x ∃y ≤∗ z Φ;

I IPω@̃st ≡ (Φ@̃st → ∃̃
stx Ψ)→ ∃̃sty (Φ@̃st → ∃̃x ≤

∗ y Ψ);

I MAJω ≡ ∀stx ∃sty (x ≤∗ y).

Proposition

The principle Rω implies the principle MAJω, that is E-HAωst + Rω

proves all instances of MAJω
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Soundness

Theorem (soundness theorem of b)

For all formulas Φ of E-HAωst, if

E-HAωst + P ` Φ,

then there are closed monotone terms t of appropriate types such
that

E-HAωst ` Φb(t).

Abbreviation
P := E-HAωst + mACω + Rω + IPω@̃st + MAJω.



Characterization

Theorem (Characterization theorem of b)

For all formulas Φ of E-HAωst, we have

E-HAωst + P ` Φ↔ Φb.

Abbreviation
P := E-HAωst + mACω + Rω + IPω@̃st + MAJω.
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Intuitionistic nonstandard bounded functional
interpretation

Assign to each formula Φ of E-HAωst the formulas ΦB and ΦB(a; b)
of E-HAωst such that ΦB ≡ ∃̃sta ∀̃stb ΦB(a; b) according to the
following clauses.

ΦB :≡ [Φ] for internal atomic formulas Φ;

st(t)B :≡ ∃̃sta [t ≤∗ a].

If ΦB ≡ ∃̃sta ∀̃stb ΦB(a; b) and ΨB ≡ ∃̃stc ∀̃std ΨB(c ; d) then:
(Φ ∧Ψ)B :≡ ∃̃sta, c ∀̃stb, d [ΦB(a; b) ∧ΨB(c ; d)];

(Φ ∨Ψ)B :≡ ∃̃sta, c ∀̃ste, f [∀̃b ≤∗ e ΦB(a; b) ∨ ∀̃d ≤∗ f ΨB(c ; d)];

(Φ→ Ψ)B :≡ ∃̃stC ,B ∀̃sta, d [∀̃b ≤∗Bad ΦB(a; b)→ ΨB(Ca; d)];

(∀x Φ)B :≡ ∃̃sta ∀̃stb [∀x ΦB(a; b)];

(∃x Φ)B :≡ ∃̃sta ∀̃stc [∃x ∀̃b ≤∗ c ΦB(a; b)].
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Monotonicity

Lemma (monotonicity of B)

For all formulas Φ of E-HAωst, we have

E-HAωst ` ΦB(a; b) ∧ a ≤∗ c → ΦB(c; b).



Characteristic principles

Definition
I mACω ≡ ∀̃stx ∃̃sty Φ→ ∃̃stY ∀̃stx ∃̃y ≤∗Yx Φ;

I Rω ≡ ∀x ∃sty Φ→ ∃̃stz ∀x ∃y ≤∗ z Φ;

I Iω ≡ ∀̃stz ∃x ∀y ≤∗ z φ→ ∃x ∀sty φ;

I IPω∀̃st ≡ (∀̃stx φ→ ∃̃sty Ψ)→ ∃̃stz (∀̃stx φ→ ∃̃y ≤∗ z Ψ);

I Mω ≡ (∀̃stx φ→ ψ)→ ∃̃sty (∀̃x ≤∗ y φ→ ψ);

I BUDω ≡ ∀̃stu, v (∀x ≤∗ u φ ∨ ∀y ≤∗ v ψ)→ ∀stx φ ∨ ∀sty ψ;

I MAJω ≡ ∀stx ∃sty (x ≤∗ y).



Proposition

I E-HAωst + Iω ` BUDω.

I E-HAωst + Rω ` MAJω.



Soundness

Theorem (soundness theorem of B)

For all formulas Φ of E-HAωst, if

E-HAωst + P ` Φ,

then there are closed monotone terms t of appropriate types such
that

E-HAωst ` ∀̃stb ΦB(t; b).

Abbreviation
P := mACω + Rω + Iω + IPω∀̃st + Mω + BUDω + MAJω.



Characterization

Theorem (characterization theorem of B)

For all formulas Φ of E-HAωst, we have

E-HAωst + P ` Φ↔ ΦB.

Abbreviation
P := mACω + Rω + Iω + IPω∀̃st + Mω + BUDω + MAJω.



Transfer Principles

Definition

1. (T∀) ≡ ∀stf (∀stx φ→ ∀x φ);

2. (T∃) ≡ ∀stf (∃x φ→ ∃stx φ);

where f are all the free variables in the internal formula φ.



Adding Transfer

Theorem

1. Adding T∀ or T∃ to E-HAω
∗

st + R + HGMPst leads to
nonconservativity over HA.

2. Adding T∀ or T∃ to E-HAωst leads to inconsistency.



Recovering standard interpretations

If we restrict ourselves to the purely external fragment (only
quantifiers of the form ∃st and ∀st ) then we recover the bounded
functional interpretation.



Diamond translation

Definition
The diamond translation � assigns to each formula φ of HAωE the
formula φ� of E-HAωst accordingly to the following clauses. For
atomic formulas, we define:

1. (s =0 t)� :≡ s =0 t;

2. (s Eσ t)� :≡ s ≤∗σ t.

For the remaining formulas, we define:

3. (φ ◦ ψ)� :≡ φ� ◦ ψ� for ◦ ∈ {∨,∧,→};
4. (`x E t φ)� :≡ `x ≤∗ t φ� for ` ∈ {∀, ∃} ;

5. (`x φ)� :≡ `stx φ� for ` ∈ {∀, ∃} .



Recovering standard interpretations

Theorem
For all formulas φ of HAωE, we have:

1. E-HAωst ` φB′(a; b)� ↔ (φ�)B(a; b);

2. E-HAωst ` (φB
′
)� ↔ (φ�)B.



Krivine’s negative translation

AK :≡ ¬AK (Φat is an atomic formula)

I (Φat)K :≡ ¬Φat,

I (¬Φ)K :≡ ¬ΦK,

I (Φ ∨Ψ)K :≡ ΦK ∧ΨK,

I (∀x Φ)K :≡ ∃x ΦK.

Theorem (Soundness and characterization of K)

For all formulas Φ of the language of E-PAωst, we have:

1. E-PAωst ` Φ ⇒ E-HAωst + I-LEM ` ΦK;

2. E-PAωst ` Φ↔ ΦK.



Factorization U = KB

Theorem (factorisation U = KB)

For all formulas Φ of the language of E-PAωst, we have:

1. E-HAωst + I-LEM ` ∀̃a, b (ΦU(a; b)↔ ¬∀̃c ≤∗ b (ΦK)B(a; c));

2. E-HAωst + I-LEM ` ∀̃a,B (ΦU(a;Ba)↔ (ΦK)B(a;B));

3. E-HAωst + I-LEM + mACωst ` ΦU ↔ (ΦK)B.



Application

I Using the factorization U = KB and the soundness theorem
of B one gets new proofs of the soundness and
characterization theorems of U.
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Realizability with q-truth

Assigns to each formula Φ of E-HAωst the formula
Φbq :≡ ∃̃staΦbq(a) of E-HAωst according to the following clauses,
Φbq ≡ ∃̃staΦbq(a) and Ψbq ≡ ∃̃stb Ψbq(b)):

φbq :≡ [φ],

st(t)bq :≡ ∃̃sta [t ≤∗ a],

(Φ ∧Ψ)bq :≡ ∃̃sta, b [Φbq(a) ∧Ψbq(b)],

(Φ ∨Ψ)bq :≡ ∃̃sta, b [(Φbq(a) ∧ Φ) ∨ (Ψbq(b) ∧Ψ)],

(Φ→ Ψ)bq :≡ ∃̃stB ∀̃sta [Φbq(a) ∧ Φ→ Ψbq(Ba)],

(∀x Φ)bq :≡ ∃̃sta [∀x Φbq(a)],

(∃x Φ)bq :≡ ∃̃sta [∃x (Φbq(a) ∧ Φ)].



Realizability with t-truth

φbt :≡ [φ],

st(t)bt :≡ ∃̃sta [t ≤∗ a],

(Φ ∧Ψ)bt :≡ ∃̃sta, b [Φbt(a) ∧Ψbt(b)],

(Φ ∨Ψ)bt :≡ ∃̃sta, b [Φbt(a) ∨Ψbt(b)],

(Φ→ Ψ)bt :≡ ∃̃stB ∀̃sta [(Φbt(a)→ Ψbt(Ba)) ∧ (Φ→ Ψ)],

(∀x Φ)bt :≡ ∃̃sta [∀x Φbt(a)],

(∃x Φ)bt :≡ ∃̃sta [∃x Φbt(a)].



bt = bq ∧ id

Theorem
For all formulas Φ of E-HAωst, we have

E-HAωst ` ∀sta (Φbt(a)↔ Φbq(a) ∧ Φ).



Soundness of bq and bt

Theorem
For all formulas Φ of E-HAωst, if

E-HAωst ±mACω ± Rω ± IPω@̃st ±MAJω ` Φ,

then there are closed monotone terms t such that

E-HAωst ±mACω ± Rω ± IPω@̃st ±MAJω ` Φbq(t),

E-HAωst ±mACω ± Rω ± IPω@̃st ±MAJω ` Φbt(t).



Characterization of bq and bt

Theorem
For all formulas Φ of E-HAωst, we have

E-HAωst + mACω + Rω + IPω@̃st + MAJω ` Φbq ↔ Φ,

E-HAωst + mACω + Rω + IPω@̃st + MAJω ` Φbt ↔ Φ.
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Intuitionistic nonstandard bounded functional
interpretation with q-truth

Assign to each formula Φ of E-HAωst the
formula ΦBq :≡ ∃̃staΦBq(a; b) of E-HAωst according to the
following clauses (where ΦBq(a; b) is the part inside square
brackets, φ is an internal atomic formula, ΦBq ≡ ∃̃sta ∀̃stb Φbq(a)
and ΨBq ≡ ∃̃stc ∀̃std Ψbq(b)):
ΦBq :≡ [Φ],

st(t)Bq :≡ ∃̃sta [t ≤∗ a],

(Φ ∧Ψ)Bq :≡ ∃̃sta, c ∀̃stb, d [ΦBq(a; b) ∧ΨBq(c; d)],

(Φ ∨Ψ)Bq :≡ ∃̃sta, c ∀̃ste, f [(∀̃b ≤∗ e ΦBq(a; b) ∧ Φ) ∨ (∀̃d ≤∗ f ΨBq(c ; d) ∧Ψ)],

(Φ→ Ψ)Bq :≡ ∃̃stC ,B ∀̃sta, d [∀̃b ≤∗Bad ΦBq(a; b) ∧ Φ→ ΨBq(Ca; d)],

(∀x Φ)Bq :≡ ∃̃sta ∀̃stb [∀x ΦBq(a; b)],

(∃x Φ)Bq :≡ ∃̃sta ∀̃stc [∃x (∀̃b ≤∗ c ΦBq(a; b) ∧ Φ)].



Intuitionistic nonstandard bounded functional
interpretation with t-truth

ΦBt :≡ [Φ],

st(t)Bt :≡ ∃̃sta [t ≤∗ a],

(Φ ∧Ψ)Bt :≡ ∃̃sta, c ∀̃stb, d [ΦBt(a; b) ∧ΨBt(c ; d)],

(Φ ∨Ψ)Bt :≡ ∃̃sta, c ∀̃ste, f [∀̃b ≤∗ e ΦBt(a; b) ∨ ∀̃d ≤∗ f ΨBt(c ; d)],

(Φ→ Ψ)Bt :≡ ∃̃stC ,B ∀̃sta, d [∀̃b ≤∗Bad ΦBt(a; b)→ ΨBt(Ca; d) ∧ (Φ→ Ψ)],

(∀x Φ)Bt :≡ ∃̃sta ∀̃stb [∀x ΦBt(a; b)],

(∃x Φ)Bt :≡ ∃̃sta ∀̃stc [∃x ∀̃b ≤∗ c ΦBt(a; b)].



Factorization Bt = Bq ∧ id

Theorem
For all formulas Φ of E-HAωst, we have

E-HAωst ` ∀̃sta, b (ΦBt(a; b)↔ ΦBq(a; b) ∧ Φ).



Soundnesses of Bq and Bt

Theorem
For all formulas Φ of E-HAωst, if

P ` Φ,

then there are closed monotone terms t such that

P ` ∀̃stb ΦBq(t; b),

P ` ∀̃stb ΦBt(t; b).

Abbreviation
P := E-HAωst ±mACω ± Rω ± Iω ± IPω∀̃st ±Mω ± BUDω ±MAJω.



Unfortunately, we are unable to present a theorem that
characterizes the least theory containing E-HAωst and proving
ΦBq ↔ Φ for all formulas Φ of E-HAωst) and Bt.



A parametrised approach

Herbrandized functional interpretation (for IL).
Let TP = SP = HAωst. We instantiate the three parameters as
follows:

x ≺st a ≡ ∃sta ∧ (x ∈ a)

x ≺τ a ≡ τ∗(a) ∧ (x ∈ a)

∀x @ a A ≡ ∀x ∈ a A

W(x) ≡ τ∗(x)



Proposition (Herbrandized functional interpretation)

With the parameters instantiated as above we have:
{{τ(x)}}a ⇔ ∃sta ∧ (x ∈ a)

{{A→ B}}f ,gx ,w ⇔ ∀y ∈ f xw{{A}}xy → {{B}}
gx
w

{{A ∧ B}}x ,vy ,w ⇔ {{A}}xy ∧ {{B}}vw
{{A ∨ B}}b,x ,vy ,w ⇔ ∃z ≺B′ b(∀sty ′ ∈ y{{A}}xy ′ ♦z ∀stw ′ ∈ w{{B}}vw ′)

{{∃zτA}}xy ⇔ ∃zτ∀y ′ ∈ y{{A}}xy ′
{{∀zτA}}xy ⇔ ∀zτ {{A}}xy
so that {{A}}xy can be seen to correspond to ADst(x ; y).



Some questions and work in progress

I What applications are there for the interpretations with truth?
Can they give additional information about Transfer?

I Is it possible to use any of these interpretations in Proof
Mining?

I Unify nonstandard interpretations with “classical”
interpretations (Dialectica, Shoenfield, Diller-Nahm,...)
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