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Non-Linear Multi-Objective Optimization

X1
X* set of non-dominated solutions: Pareto set (plain lines)
f(X*) set of non-dominated outcomes: Pareto front (plain lines)
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Introduction

Non-Linear Multi-Objective Optimization

General Non-Linear Multi-Objective Optimization (NLMOO) problem:

min f((x)) .

s.t x) <
ho) = 0 (1)
x €R"”

Let X = {x € R"|g(x) <0, h(x) = 0}.
o Objective functions: f : R" — RX,
o Inequality constraints: g : R" — RP,
o Equality constraints: h: R" — R9.

Functions may be non-linear.
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Introduction

What is continuation ?

Unformal definition

Local approximation/coverage of a manifold of solutions.

o Local mean the use of local informations/observations,

@ Solutions: of a system of equations, an optimization problem, ...;
inducing (implicit) parameters,

@ In NLMOO, when regular:

o Two objectives — Manifold of dimension 1 (curves of solutions),
o Three objectives — Manifold of dimension 2 (surfaces of solutions),
o ...
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Introduction

Continuation in Non-Linear Multi-Objective Optimization

X1
X* manifold of non-dominated solutions (plain lines)
f(X*) manifold of non-dominated outcomes (plain lines)
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State of the Art  Scalarizing Methods

Scalarizing Methods

Non-Linear Multi-Objective Optimization problem
min  f(x) = (A(x),...,(x))
st g(x)<0
h(x)=0

Scalarizingl

min  f(x,v)
s.t g(x,v) g
h(x,v) =
g(x) < 0
h(x) =0
Sequence of Mono-objective problems, v € {v1,va,...}
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Scalarizing Methods: Examples

@ Weighted Sum:
Minimize Afi(x) + (1 — A\)f(x)
e c-Constraint:
Minimize f2(x), s.t. fi(x) <e
e Normal Boundary Intersection:
Maximize t, s.t. f(x) = px + dt,
pa = A%+ (1 — \)yl. Vector d normal to the
utopia plane
e Normal Constraint:
Minimize f(x), s.t. dTf(x) —dTuy >0,
pa =297+ (1 - N9t and d = 91 — 52

f
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Scalarizing Methods: Examples

min  f(x)
s.t g(x) <0 @ Weighted Sum:
h(X) =0 Minimize Afi(x) 4+ (1 — \)fh(x)
@ c-Constraint:
ScaIarizingJ Minimize f(x), s.t. fi(x) <e
@ Normal Boundary Intersection:

Maximize t, s.t. f(x) = u, + dt,

. -~ V
min f(X7 ) po = AP+ (1 — \)§t. Vector d normal to the

st B(x,v)<0 utopia plane
h(X, V) =0 @ Normal Constraint:
Minimize f(x), s.t. dTf(x) —dTu, >0,
() <0 py =292+ (1= )9t and d =yt — 32
h(x) =0
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State of the Art Parametric Optimization

Parametric Optimization

Parametric Optimization problem:
min  f(x,v)
s h(x,v)=0
g(x,v) <0
x eR"

f:R™™ 5 Rand v €V CR™ vector of parameters.
Continuation is natural in such applications:
o Parameters are explicit.
o Use of local informations interesting.
@ Optimal solutions are usually computed as solutions to first order
optimality conditions.



State of the Art Parametric Optimization

Parametric Optimization

First order conditions:

Vxf(x, V)X + Vxg(x,v)r + Vih(x,v)s =0

(Vi=1,...,p) gi(x,v)r =0
(Vi=1,...,q) hi(x,v) =0
AT +rTr+sTs—1 =0

With x e X CR", v e R™, A€ Ry, r e R} and s € RY.
System of n4+ m+ 1+ p + q variables with n+ p 4+ g 4+ 1 equations:

F(x)=0, F:R*t™ — R?

Regular — m-dimensional manifold of solutions

ISR Muiiobjective Continuation G
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State of the art

Literature on Parametric Optimization:
o Algorithms [Rao and Papalambros, 1989, Rakowska et al., 1991].
o Singularity detections [Lundberg and Poore, 1993].
o Multi-Parametric [Dominguez et al., 2010].
Towards Multi-Objective Optimization:
o Tackling Multi(Bi)-Objective optimization [Rakowska et al., 1993].

ISR Muitiobjective Continuation IS G
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State of the art

First order optimality conditions:
Parametric problem based on Weighted Sum

V()1 + Viha(x)A2 + Veg(x)r + Vxh(x)s =0

(VI = 137p) gi(X)ri =
(Vi=1,...,q) hi(x) =0
AMA+rTr+sTs—1 =0

NLMOQOO first order conditions
Vh(x)\ + Vh(x)\2 + Vg(x)r + Vh(x)s =0

(Vi=1,...,p) &(x)r: =0
(Vi=1,...,q9) hi(x) =0
AMA+rTr+sTs—1 =0

ISR Muitiobjective Continuation IS G
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Continuation methods and applications

Continuation methods used to solve underconstrained systems of
equations.

General problem

F(x)=0, F:R"™™ » R"
Solutions form a m-dimensional manifold.
Appears in:
o Study of parameters in differential equations;
@ Homotopy for solving polynomial systems;

o Non-Linear Optimization (interior-point methods, parametric
optimization);

IEEEEAETRNETEEEENEEE  Muiiobjective Continuation [ G
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Continuation methods example: Predictor/Corrector
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State of the Art ~ Continuation Methods

NLMOOQO hybridized with Continuation Methods

Continuation methods:

o For first order conditions of NLMOO [Hillermeier, 2001].
Applications in Metaheuristics:

o Curve-based Genetic Algorithm [Harada et al., 2007]

o PSO and continuation [Schiitze et al., 2008]

o Steepest Descent (HCS) as continuation [Schiitze et al., 2009]
Applications in Global methods:

o Recovering algorithm [Schiitze et al., 2005]

o Bi-objective method inspired by
NBI [Pereyra, 2009, Pereyra et al., 2013]

o Global Search [Lovison, 2011, Lovison, 2012]
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& Help for both metaheuristics and global algorithms,
© Few actually consider inequality constraints,

& Few gives certification of the continuity.

o False representation of the manifold.
e Loss of solutions.
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State of the Art ~ Continuation Methods

Summary

¢ Continuation methods + NLMOO promising,

& Help for both metaheuristics and global algorithms,

& Few actually consider inequality constraints,

& Few gives certification of the continuity.
Certification can be (numerically) achieved:

o Smale a-theory or Kantorovich theorem — maximal step
[Beltran and Leykin, 2012, Faudot and Michelucci, 2007],

o Interval Analysis and parametric Interval Newton operators
[Kearfott and Xing, 1994, Martin et al., 2013].

Towards a certified and rigorous continuation method for (inequality)
constrained NLMOO.

Here, restricted to the Bi-Objective case.
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Bi-Objective Constrained Certified Continuation Method

© Bi-Objective Constrained Certified Continuation Method
o Parallelotope-based Certified Continuation
o Handling Inequality Constraints
o Experiments
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Bi-Objective Constrained Certified Continuation Method Parallelotope-based Certified Continuation

ParCont: Certified Continuation with Parallelotopes

@ Parallelotopes and parametric Interval Newton
[Goldsztejn and Granvilliers, 2010]
o Used in Constraint Programming,
o Based on interval analysis,
o Spouse the shape of the manifold.

e ParCont: Parallelotope-based Continuation
[Martin et al., 2013]

e Singularities
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Optimality conditions

Let the system of first order optimality conditions:

Vh(x)\ + Vh(x)\2 + Vg(x)r + Vh(x)s =0

(Vi=1,...,p) &i(x)ri =0
(Vi=1,...,q9) hi(x) =0
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Bi-Objective Constrained Certified Continuation Method Handling Inequality Constraints

Optimality conditions

Let the system of first order optimality conditions:

Vi(x)A\1 + Vh(x)A2 + Vg(x)r + Vh(x)s =0
(Vi=1,...,p) g(x)r; =0
(Vi=1,...,q) hi(x) =0
MA+rTr4sTs—1

Singularity when there exists i with r; = 0 and gj(x) = 0: change in the
set of active constraints.

Problem

ParCont can not handle inequality constraints.

Towards a certified active set management strategy

ISR Muiiobjective Continuation s



Bi-Objective Constrained Certified Continuation Method Handling Inequality Constraints

Dealing with inequalities [Rakowska et al., 1993]

Let A C {1,2,...,p} be the set of active constraints at a feasible solution
x. Let g and 7 be the induced inequality vector and weights.

To deal with singularities from change in the active constraint set:
@ Solve the system:

Vh(x)A1 + Vh(x)A2 + Vz(x)r + Vh(x)s =0

(Vi € A) gi(x) =0 )
(Vi=1,...,q) h(x) =0 2)
M +rTr4+sTs—1 =0

o Change the set A when activating/disactivating a constraint.
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Handling Inequality Constraints

Detecting change in the active set

Example:

Detection of a possible activation (gj(x) = 0),
Certify the activation: Interval Newton,

Change A, isolate the activation, orient the
continuation (r; > 0),

Restart the Continuation.
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Bi-Objective Constrained Certified Continuation Method Experiments

Implementation

ParCont is implemented in C++, with:
o RealPaver API [Granvilliers and Benhamou, 2006],
o Gaol interval arithmetic library [Goualard, 2006],
o Lapack linear algebra library [Anderson et al., 1999],

Towards a method for recovering a (local) Pareto optimal set starting from
one single solution.
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Experiments

Bi-Objective Constrained Certified Continuation Method

lllustrative problem
The following problem corresponds to the design of a speed reducer:

r. 5 1052
min f1(x) = 0.7854x1x2(T + 14.933x3 — 43.0934)
— 1.508x1 (xg + x2) + 7.477(xg + x2) + 0.7854(xaxg + x5>2)

min f(x) = \/(745X4/X2X3)2 +1.69 x 107/0.1X63
1

1
stg(x)= —5— — — <0 gp(x) = —5— — —— <
) X1X22X3 27 ) x1x22x32 397.5
3
X; 1
5 _ - <o s
4 1.93

X;:‘ 1
g3(x) = 7~ o S0 &)=
X2X3Xg 1.93 XpX3X7

g5(x) = xox3 — 40 < 0; go(x) = — —12<0
X2

X
gr(x) =5 — = < 0; gg(x) = 1.9 — xg + L5xs < 0
X2
go(x) =1.9 — x5 + 1.1x7 < 0; gio(x) = fi(x) — 3300 < 0

g11(x) = \/(745x5 /x2x3)% + 1.575 x 108/0.1 — 1100 < 0

with 2.6 < x1 < 3.6, 0.7 < x <0.8, 17 < x3 <28, 7.3 < x4, x5 < 8.3,

2.9 < x5 < 3.9 and 5 < x; < 5.5. Variable domains are considered as
inequality constraints.
"Benjamin MARTIN (University of Nantes) Multi-objective Continuation S 28/44
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lllustrative problem: results
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lllustrative problem: results
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lllustrative problem: results
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Bi-Objective Constrained Certified Continuation Method Experiments

Summary

Informations:
o Each step of ParCont has O(n®) time complexity,

o Compared to non-certified methods, it has to use a smaller step
length.

Pros and Cons:

& ParCont ables to produce certified enclosures of Pareto-optimal
solutions,

@ Local optimality is proven for each enclosure,

& Use only local informations.

© Required twice continuously differentiable objectives and constraints,
& Some singularities not handled,

< Limited to 1-dimensional manifolds (bi-objective problems).
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Conclusion

Summary

We have seen that:
o Many state of art approaches attempt to parameterize
Pareto-Optimal solutions,
o Continuation methods and NLMOO promising in different
applications,
o A certified continuation method ParCont for bi-objective problems,
dealing with change in active set of constraints, is proposed.
Next ?

o Integration of ParCont in a global method: only one point per
connected components is required,
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Conclusion

Summary

We have seen that:
o Many state of art approaches attempt to parameterize
Pareto-Optimal solutions,
o Continuation methods and NLMOO promising in different
applications,
o A certified continuation method ParCont for bi-objective problems,
dealing with change in active set of constraints, is proposed.
Next ?
o Integration of ParCont in a global method: only one point per
connected components is required,
o Adaptation of ParCont to 3-Objectives.
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CTP1 [Deb et al., 2001]: Standard bi-objective problem with 2 variables.

min  f1(x) = x

min  f(x) = (1 + x2) exp(—x1/(1 + x2))

st gi(x) =1— f(x)/(0.858 exp(—0.541f(x))) < 0
2(x) =1 — f2(x)/(0.728 exp(—0.295(x))) < 0
X1, X2 S 1
X1, X2 Z 0 |

Start ParCont at ;.



Experiments

NSGAIl  +

ParCont
095 |
09
NSGAII:
085 @ Computation time: 0.25 s,
08 | @ Population size: 200,
@ Generation: 100.
078 1 ParCont:
07 F @ Computation time: 0.0925 s,
@ 57 parallelotopes,
065 5tp P
@ 7 Active set changes.
06 | r
055 |- R
05 . . . . .
0 02 04 06 0.8 1 12



Tanaka [Tanaka et al., 1995]: Bi-objective problem with 2 variables.

[ min  fA(x) =x1
min  f(x) = x
st gi(x) = —x —
g(x) = 2x12 + 2x22 -1<0
X1, X2 <
L x1,x2 >0

Disconnected Pareto-front. ParCont started at:

4 (0042\ 5 (058
(1.038 = \ora) ¥

Multi-objective Continuation

2 — x2 + 1+ 0.1cos(16arctan(xi/x2)) <0

1.039
0.043
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11 T T T T T T T

"NSGAIlT +

ParCont
il x\% ]
09 [ R
08| |
07 b R
0 k- NSGAII: |
’ @ Computation time: 0.6 s,
05 - @ Population size: 200, b
04} @ Generation: 300. i
ParCont:
03 |
@ Computation time: 0.46 s,
02 @ 534 parallelotopes. \\ |
01 R




LZ3 Modified [Li and Zhang, 2009]: n-dimensional bi-objective problem.

[ min fi(x) =x + %Z?:z(xi — 0.8xy cos(67x1 + %))2 |
min H(x) = 1=t + 3 27,00 — 0.8xsin(6mx + 7)°
st x <1

X1 > 0

xi<1,i=2,...,n

x>-1,i=2....n |

ParCont start at f;" with n = 10.
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Projection on (x1,x2, x3) ParCont
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ParCont

NSGAII:
@ Computation time: 1.3 s,

@ Population size: 200,

@ Generation: 400.
ParCont:

@ Computation time: 11.2 s,
@ 2315 parallelotopes.
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