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3-SPR parallel manipulator

Study’s kinematic mapping

T
_ [x? x4 +x3% 05

viRP SR x=Ax+d — }JEPT

M= My Mg
R [ —2x0y1 + 2x150 — 2x2y3 + 237 |
M7 = | —2x0y2 +2x1y3 + 22200 — 2x3y]
| —2x0y3 — 2x1y2 + 2x2y1 + 2Xx3Yp |
[x0” +x12 —x22 —x32 —2x0x3+2x1x2 2xpx2 + 2x1x3
Mg = 2xox3+2x1x2 X —x12+x? —x3? —2xex1 +2x312
—2xoxy+2x1X3  2Xox1 +2x3x)  Xo® —xiP —xp 4x3”




3-SPR parallel manipulator

Constraint equations

'y =Mrp, s! =Ms! i=1,2,3

0 \T '

g1 :=zpr3 =0
ga = hlmlg — hli‘gg — 21:.;3;1 -+ 2I1yﬂ -+ ZIE — Ql‘gyg =10

g3 := 2hizors + hir1ro + ToY2 + T1Y3 — Tayo — x3y1 = 0




3-SPR parallel manipulator

Constraint equations

\ 0 2

\ — 2 = :

g —Ta 112 = 7,
"j__‘___._- S, g4 = —rizg? — ’»'"12:1_.‘12 — 29 — s + (hlg — 2hihy + hgz) o>
B + (4h1 — 4hg) oy + (h12 — 2h1hg + hgg) .1‘1E =+ (—4 hl —I—4hg) 1Yo

+ (h1® + 2 hyho + ho®) zo® + (4 by + 4 ho) zays + (h1® + 2 hiha + ho?)
r3® + (—4hy — 4 hg) zays +4yo” + 4y +4y2® +4y3® =0

gs = rolxp? + ro’x1> 4 rolxe? 4 rolra? 4+ (—hlg +2hihs — hgz) 7>
+ (2h1 = 2ha) zoys + (2V3hy — 2v3hs ) woy + (—ha® — hahy — ho?)
212 +2v/3hahymyzy + (=2 by + 2hg) 210 + (=2 V3ht — 2V3hs ) 21y
+ (~ha® 4 ik — ho?) 29 + (~2 V3R +2VBha ) oy + (2h1 +2ho)

roys + (—hlE — 2hihs — hgz) r3® + (2 V3hi + 2 \/ghz) T3yl
+ (=2hy —2ho) z3ys —4yo® — 4y 2 —4ys? —4y32 =0




3-SPR parallel manipulator

Constraint equations

g =y 112 = 72

- g = —rq2x0® — r3?z? — rylze? — raws? (hlE — 2hihe + hgﬂ) 70>

4 (=2 hy + 2 hg) 2oy + (2 V3hi —2 x@hg) zoya + (h? + hyhg + hy?)
212 + 2V3hihoz1xs + (2hy — 2ha) T1yo + (—2 V3hy — 2 \/ﬁhg) 193

+ (h? = hiha + ho?) 22 + (=2V3hy +23hs ) zoyo + (=2 hy — 2ho)

zoys + (h1? +2hihy + ho?) 25 + (2‘ V3hy +2 \/Ehz) T3y
+(2h1 +2ho) z3ya + 4y’ + 4y + 4y’ + 43> =0

Study equation ; Normalization equation

g7 := ToYo + T1Y1 + Taya + x3y3 = 0
g =20’ + 12 + 12’ + 232 —1 =0




3-SPR parallel manipulator

Operation modes

1 =< 91,92, 93,94, 95, 96, 97, g8 >

Variables Ring

i {zo,x1, 22, 23,90, Y1, Y2, U3 } Clhi, ha,r1,72, 73]

Jr' =< §1,092,93, 97 >

g1 :=zpxr3 =10

g9 = hi1r1? — hyzo® — 220y1 + 221y0 + 220 — 225y = 0
g3 := 2hirprs + hirire + oY2 + T1Y3 — Toyo — x3y1 =0
g7 := ToYo + T1y1 + T2y + r3y3 =0




3-SPR parallel manipulator

Operation modes T =< q1,02,93.G7 >

1 ¢ (To, T1y1 + Toyo + T3ys, hT172 + T1Ys — Tayo — Tay1, hiz1? — hize?
S, +2x1y0 + 270y3 — 2 23y0, h1wo”ys + h1ToT3ys — T1y1Y3 + Toyo
B + 317, hiwe” + 71 %ys — 31mayo — T173y1 — 2797 y3 + 270w 31,
hiz12ays + h17173ys + h172 Y1 — 2190y — 2 Tay1ys + 2T3y130,
hi*zo®ys — hiziyoys + hizayr? — 3 hamoye® — hymays® — hyzayays
—2y0%ys — 2u1%ys — 2u2°y3 — 2us”, —h1’zo yoys + hitze Y1y
+ hi*zamay1ys + haz1yo®ys — hariyi®ys + 3 hizayoye® + hizoyoys®
+ hizayoyoys + h1zayr® + 290 ys + 2yoy1 s + 2oy Y3 + 2Y0ys°)

T : (z3, Zoyo + 191 + Toy2, hi 129 4+ Toy2 + T1Y3 — T2yo, Ry’
— hixo® — 2x0y1 + 2190 + 2 T2ys, h1xo” + ToT1Y + 2 20Ty
+ 21%ys — 3x12010 — 22973, hiP o Yo — hax19o” — haz1yn”

— hizayoys — 3 hiTay1ye — 290" — 2w0y1° — 20y — 2Yoys>)

Js @ {xp, 71, T2, T3)



3-SPR parallel manipulator

Operation modes T =< q1,G2, 73, g7 =

3 3
T=J or V(I)=JV(T)
.5 i=1 i=1

Direct Kinematics

’ICE — &U{gd;gﬁ,gﬁjgﬁ} 1= 112
Clhi, ha, 71,72, 73]

Groebner Basis : 16 solutions




3-SPR parallel manipulator : Operation modes

Instantaneous screw axis

/

Plicker-coordinates of the ISA

Po1 = (—1’% — -T% - T%)I‘l, P23 = TpYory — (—i“% - E% - m%)yl
po2 = (—xT — x5 — 23)x2, P31 = Toyor2 — (—x] — T3 — T3)Y
- Poa= (—I% - f% - —"fg)ma, P12 = TpYors — (—f% - 1’% - m%)yﬂ

Po1P23 + Po2p31 + poapiz =0

Normalized Study-parameters

cns{szﬂ:g 8

2

_ 210
Vi + x5 4 73




3-SPR parallel manipulator : Operation modes

Operation mode 1 : ﬁ;:l

;1‘[]=E|'

180 displacement of the moving

platform w.r.t the fixed base about the
ISA.

210

B2 | 5

cos(=) =z ; 8= — T
\/ ]+ T + I3

Operation mode 2 : Ko,

rq =0

ISA is always parallel to the x,y,-plane

2 2 2y . o . 2 2 .2
poi = (—2] — x5 — x5)T1,  poz = ToYory — (—] — 5 — 5)

2 2 2 2 2 2
po2 = (—xy — x5 — x3)Tr2, P31 = Toyor2 — (—T] — T3 — T3)1e

2 2 2y o ) 2 9 2
Pos = [—11-1 — r5; —I3)r3, P12 = Iplory — {—Il — Iy — 1—3}93



3-SPR parallel manipulator : Operation modes

Operation mode 1 : k4 Operation mode 2 : Ko,
Irp = ] Tq — 0
h;=1,h,=2,r,=18,r,=4.2,1r;=2 h;=1,h,=2,1r,=18,r,=1.7, 1;=2

Z1




3-SPR parallel manipulator : Singularities

Constraint singularity (Transition mode): x,=x;=0

Singular pose Joint space



3-SPR parallel manipulator : Singularities

dg; g . .
Jacobian matrix ]; = Q“F._ 93 where i=1,2; j=1,..8; k=0,..3
Oz dyy
SIZdET(JIJ

Si:x3-p'(x1, T2, 73, Yo, Y1, Y2, Y3)

0
Sy : g - p' (z0, 21,72, Yo, Y1, Y2, Y3) = 0



3-SPR parallel manipulator : Singularities

S, r® — 2,92 — 27572 37 et £ 3 et — 21200 — 20200 4 1
—2 T‘QET'EZ + 3’:“34?*34 — 2?‘22?35 + ’rga — 96 rlﬁ + 144 ’:“14:-“332 + 144 ’.'"14?‘32
+ 144 7129t — 576 7121923 + 144 712131 — 96 10° + 144 rotr3®
+ 144 r9%r3* — 96 73° + 2430 r1* — 2430 71 %r0% — 2430 71 2r52 + 2430 r9*
— 2430 1923 + 2430 rg* — 273375 = 0

Constraint singularity in joint
space: x,=x;=0

e
Ll L v Y r Ll

34 36 38 40 42 44 406 48 5.0

I




3-SPR parallel manipulator : Singularities

Other singularities in orientation workspace

o (E-'M ({L
T = COS EJCDS EJ
T = SE{gJ{'DS{{IfJ - %)
0 - Tilt and torsion angles
r9 = sin(=)sin(¢ — E)

(o = T

Ty = cas(.—jsin{%)

4o +rlial 0 0 0 Modified matrix of
Mf _ X xn24x12—z9?—1q°2 —__}2 ;I[].‘Eﬂ—ﬁ §1;I:g , 2xpro+2x17T9 Stlldy,S kinematic
Y 2xpra+2 T30 rg-—I1-+T2°—I3 —2rpT1+2x9T0 .
z —2xpT2+2 124 2roT1+2x3T0 o —x1—radtaa? mappmg



3-SPR parallel manipulator : Singularities
Singularities in each operation mode (in orientation workspace)
Operation mode 1 : Operation mode 2 :

h,=1 C o=
rg=0 :o0=1800 h; ) =0 :0=00

0 : [0°, 180°] 8 : [C°, 180°]




3-SPR parallel manipulator : Singularities

Singularities in each operation mode (in orientation workspace)

Operation mode 1 : Operation mode 2 :

rp=0 :0=180°

N
Il
—_ N =

=0 :0=00

==

N
I

-90°



MICR [deg]

3-SPR parallel manipulator : Singularities

Maximum Inscribed Circle Radius (MICR)

MICR as a function of Z/hy:3 — SPR operation mode 2

15[] | | | | | e I..:::!”:::-I—'
140 ..".__L_I"I=!====:===:::::':!---==+1
T L LS . srabbd
120 L s
ln'lll”' '
= 100F L .
vt * hgl-'lhl | I.".-I
80 + o ¥ » hefhy = JI."','S'--
m +-|- .-..I' h -'h B J 19
- & ++ ‘.,‘_'- w T 5 = ] £
°or VMICR = 30.38dad ++++ oot o « hafhp =1 7]
i ’ — L L vr?y .
-d-[]_ '. .r;ﬁd +++++ "*“'Tr—' vt + hz.-'lhl — 3."“'—} |
. "'” _|.++++++ . 1:1""' AR hafh; =12
20F T ++:;H sei A + hy/hy =5/2(
- J_-'-"' '**#‘ v v holh — 9
EreT Ty | | | | | 12/
0 []-5 1 1.5 2 25 3 35 4



Questions

» Choice of equations to solve direct kinematics in Groebner Basis.

¢ Maximum Inscribed shape for any Z.

@ : [-180°,1807]



