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Parameterised Probabilistic Models
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Probability to reach 
Expected # steps to

Markov chains with parametric probabilities
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For which x is probability to reach in [9/60, 11/60]?  

(x2 - x3) / (x2 - x + 1) in [9/60, 11/60]?  

Typically x=0 and x=1  
are excluded
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Induced Markov chains

Parametric Markov chains induce an infinite set of Markov chains
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Synthesis Goals

Inputs:  
a pMC describing a family + a property f eg. can G be reached with probability > p?

3. Find the realisation with the maximal  
probability to reach G.

2. Find all realisations satisfying f. 

1. Find a realisation (an MC) satisfying f.
Synthesis goals: 

Cost-based variants: 
4. Find the cheapest realisation satisfying f.
5. Find all within-budget realisations satisfying f.

6
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Feasibility is ETR-Complete

7

   
coNP

     
NP

    
PTIME

PSPACE

SAT: Given a Boolean 
formula, is it satisfiable?

Has the LP a feasible 
solution?

coETRETR
Given a polynomial, 
has it a real root?

Given a set of 
polynomials, do they 
have a common root?

The problem of finding a  
feasible realisation is ETR-complete. 
 
It is only exponential  
in the number of parameters

[Hutschenreiter et al, 2017, JCSS’21]
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surveyed in [Arxiv19]

[CAV15]

[ATVA16]

Only care for some 
satisfactory pointCare for all points

Several variants of encoding 
via SMT solvers
Parameter lifting:  
abstraction-refinement

Sampling based methods 
such as particle swarm 
or hill-climbing

Iterative convex 
 optimisation schemes

Practical Parameter Synthesis

8

[Chen et al.’14, 
VMCAI’22]

[ATVA’18, TAC’22]
[TACAS’17]Abstraction-refinement w 

local monotonicity [TACAS21]
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Graph preservation

9

Pr

x

x

x

1 − x

1 − x
Pr

x

Solution 
function

x ↦ 0 is not graph preserving

1

1

ℳ ℳ[x ↦ 0]

Practical methods exploit continuity. 
 
The complexity analysis is  unaffected by this observation. 
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Focus on topology changes

Two variants of Knuth-Yao

11
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A discrete setting

Product line

= +
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Markov chain to evaluate reliability:

A discrete setting
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Modelling families with pMCs

x1

x2

x3

x4

y1

y2

y2

y1

x1 x2 x3 x4
y1 y2

xi ∈ {0,1}, ∑ xi = 1

yi ∈ {0,1}, ∑ yi = 1
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Reparameterization to “family MCs”

[x = 1]

[x = 2]

[x = 3]
[x = 4]

[y = 1]

[y = 2]

[y = 2]
[y = 1]

x = 1 x = 2 x = 3 x = 4 y = 1 y = 2

x ∈ {1,2,3,4}

y ∈ {1,2}
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Family Generators

✓  Parametric Markov chains 

➡    Parameter-labeled transitions —> uncountably many MCs 
➡    Topology preserving 

✓  ProFeat 

➡    Extensions to PRISM modelling language 
➡    Analysis support

[Chrszon et al, Form Asp Comp 2018]

[Daws, Lanotte et al, Hahn et al, Bartocci et al, Brim et al,]

✓  QFLan 

➡   Focus on product lines

[Vandin et al, SPLC 2015, FM 2018]

✓  Modal transition systems 

➡ May and must transitions  
➡ Synthesis with dependencies (qualitative) 
➡ Probabilistic extensions

[Larsen, Thomsen, LICS 1988]

[Benes et al, ATVA 2011, LPAR 2012]
[Delahaye et al, Inf Comp 2013]

20
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Complexity

• Feasibility is now NP-complete 
• even for “Probability to reach G = 1?”  (Remember: topology changes) 

[FAoC’21, JCSS’21]

   
coNP

     
NP

    
PTIME

PSPACE

pMC feasibility (qual)

pMC feasibliity (qual, 
fixed topology)

coETRETRpMC feasibility (quant)
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A discrete setting

Product line
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Families

24



Synthesising Discrete Parameters in Probabilistic Models 
Sebastian Junges 
SynCop 2022

Families
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All-in-one MDP (disjoint union of all MCs)

26

[Chrszon et al, Form Asp Comp 2018]
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Algorithms

Abstraction-Refinement
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All-in-one MDP (disjoint union of all MCs)
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[Chrszon et al, Form Asp Comp 2018]
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“forget” in which instantiation we are

29

[TACAS’19]
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“forget” in which instantiation we are

Nondeterministic 
choice

Nondeterministic 
choice

Nondeterministic 
choice

We obtain a quotient MDP

30

[TACAS’19]
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Consistent strategies

All instantiations are induced by some deterministic memoryless strategy….

31

Induced MC of quotient MDP, and an instantiation of the family:

[TACAS’19]
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Inconsistent strategies

Some strategies are inconsistent wrt the parameters, 
(other strategies are consistent)

Induced MC of quotient MDP, not an instantiation:

32

[TACAS’19]
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Analysing the quotient

Consistent strategies are subset of all strategies.

Probability

Reachability 
probability

max probability
min probability

MDP model 
checking

33

[TACAS’19]
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Analysing the quotient

Does an instantiation exist s.t. induced probability is more than   ?λ

threshold la          λ

No!

Yes!

??

Refine with divide 
and conquer

max probability
min probability

[TACAS’19]

34
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Divide and Conquer Refinement

35
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Abstraction-Refinement (by splitting)

?

Full Situation Algorithm POV

?

?

36
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Algorithms

Counterexample-Guided Inductive Synthesis

37
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Families

38

[FM’19]
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Counterexample Reasoning Idea

Counterexample don’t care

We reach the red state with probability at most  ..λ

No!

39

[FM’19]
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Counterexample-Guided Inductive Synthesis

Synthesiser  
(SMT-solver)

Verifier  
(model checker)

40

[FM’19]
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Counterexample-Guided Inductive Synthesis

Synthesiser  
(SMT-solver)

Verifier  
(model checker)

41

[FAOC’21]
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Counterexample-Guided Inductive Synthesis

Synthesiser  
(SMT-solver)

Verifier  
(model checker)

Generalisation!  
(model checker)

42

[FAOC’21]
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Counterexamples
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Generating Counterexamples

Greedy

44
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Possible counterexample generation for ℙ≤0.4(◊fail)
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Generating Counterexamples
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Generating Counterexamples
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Counterexamples

Overview

• Counterexamples should minimize holes (“Hole-aware counterexamples”) 
• Algorithms: 

• Greedy (outlined above) 
• MaxSAT approach from [Dehnert et al., 2014] 
• SWITTS [Jantsch et al, 2020] 

• Weakness: Counterexamples make no assumptions about possible 
extensions 
They assume that with probability 0 the system goes to fail.  

• Idea: Use lower bounds on the probability to fail in any family member. 
Bounds can be computed via abstraction-refinement

50
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Counterexamples modulo family
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• use  as a probabilistic shortcut from state  to the target 
•  =  minimum reachability probability through  

all possible continuations of  within the family

𝗏𝖺𝗅(s) s
𝗏𝖺𝗅(s)

s

[TACAS’21]
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Counterexamples modulo family
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Counterexamples modulo family
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Counterexamples modulo family
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The Best of Both Worlds

Implemented in PAYNT 
 
using Python, building upon Z3 and the probabilistic model checker Storm

56

[TACAS’21]
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PAYNT example (1)

57

[CAV’21]Details: see  
https://github.com/randriu/synthesis
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PAYNT example (2) [CAV’21]
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PAYNT example (3) [CAV’21]
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Using PAYNT

60

[CAV’21]
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Sketching Probabilistic Programs

▪ Synthesise guards and updates in DPM control program with 16 holes
▪ Specification = conjunction of expected #lost reqs and energy consumption

Challenge

▪ Family size = 43,000,000 control programs of average size of 3,600 states
▪ Our approach: 9 hours; baseline: > 1 month

Results (16 parameters)

[Benini et al, IEEE CAD 1999]

61
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Maze POMDP

Minimise the expected #steps to exit the maze

▪ 22 parameters
▪ 9,400,000 possible strategies
▪ 200 states average MC size 

▪ baseline: about two days 

▪ our approach: 1 hour

62
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Herman’s Randomised Self-Stabilisation

Body Level One 
Body Level Two 

63
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Improving Herman’s Randomised Self-Stabilisation

Body Level One 
Body Level Two 

Can we do better?
Use a single bit of memory and 25 different coin biases

▪ 7 parameters
▪ 3,100,000 possible strategies
▪ 1,100 states average MC size 

▪ baseline: about 1,5 days 

▪ our approach: 17 minutes

Initially use most fair coins, memory 0, and later highly unfair coins, memory 1

64
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Conclusion Future directions

• Integrating more/different counterexamples, see work by Baier et al. 
• Dedicated support for richer properties 
• More oracles 
• Dedicated support for POMDP controllers 
• Infinite parameter domains 
• Better modelling support

66

• Lots of applications for discrete parameters 
• Abstraction refiinment and CEGIS are both major steps forward 
• A lot remains to be done


